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NHUNG BAI TOAN BAT PANG THUC CO BAN TRONG COSI.

Cho nnguyén va n >2 . Tim gia trj nho nhat cia A = z + .

X

Giai:

1 n+1

T
n so —
n

Ebookherem

ai mién phi Dé thi - Tai liéu Hoc tdp

A o2l L, . T 1 "
Dau dang thuc xdyrakhi — = — <z = %
n "

n+1

n+1’nn

Gia tri nho nhét cua A =

Cho nnguyénvan>2vaz>k >”+\1/;.Tim gia tri nho nhitcia A =z + ln
x
Giai:
Véi o>k >"n
x" k" r k v "2k "3k s

1 1 1 1 1
S(z-k)|1-— + + + ...+ >0
(:E ){ ok (:En—l xn—Qk $n_3]€2 kn—l jj|

Q(m_k) xk — 1 + 1 + 1 +...+1 >0
.’Ek wn—l .fl)'n_Qk wn—SkQ kn—l

Ta co: 1 + 1 1 1 <M omn? <ok

1 2 + 37.2 et 1 1
z" "k 2"k k" k" "yl

Suyra f(z) > f(k)dung véi moi =z > k > U

Gia tri nho nhét cua A:k+% khi z = k.

Cach2:

m m x" m m " m

T
n so —,m>0
m
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=k

Ta chon m sao cho: 1 =>m=2"" ="

T
m "

o . 1 "1
Bai giai: A = m1+...+ ‘/B1+ +z- mlz(n+1)n+1 ‘/Bl +z|l- nl
k7l+ k’n,+ In k7l+ k’n,+ I'n k7l+

xr

n so

k7L+1

Viz>k >"+\1/; nén n < k"' suyra: A > (nk—:l) +k(1— k:l”j =k+ kln = f(k)

Cho hai s thyc & # 0,y # 0 thay d6i va théa man diéu kién: (z +y)ay = 2° +y* —xy . Tim gid trj Ion nhat

1 1
ST
z )

cua biéu thirc : A =

Dé thi Dai hoc khéi A nim 2006

Giai:
Xét (:c+y)xy::c2+y2 — 1y (*)
1 1
batu=—v=—.
Z Y
1 1 1 1 ) e
TadUQC—+—=—2+—2——:>u+v:u2+v2—uv:>(u+v) —(u+v):3uvé—3(u v) )

r -y xr y oy
:>(u+v)2—4(u+v)SO:>OSu+vS4

z* + P 3 (:B+y)(:1c2 +y° —zy) (z+y)(z+yy z* + 1y + 2zy

Khido: A= 33 3 3 - 3 3 2 2
Ty ry Ty ry
:A:%+%+£:(u+v)2él6.
R VR

¢ e . 1
Dau dang thuc xay ra khi v = v = 2 hay :Bzyza.

Cho z,y,z1a 3 so thuc duong thay d6i . Tim gi4 tri nho nhat cia biéu thic

P=x £+i +y g+i + 2z E+l
2 yz 2 2 xy

Dé thi Pai hoc khéi B nim 2007

Giai:
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1 1 1
P= (:z: +° +z ( + j —|x +y2+z2)[1+—+—j
2 Yz TYZ

P> 19\3/1’2@/222 3 L
2 x?yQZQ

Ding thic xayrakhi 2 =y=2=1.

Vay gié tri nho nhét cia biéu thic P = 2

Dé thi Dai hoc khéi A nim 2009

Cho z, v,z 1a cac sb thuc duong thay d6i va thoa mén diéu kién z.y.z = 1.Tim gia tri nho nhit caa biéu thirc

P xQ(y+z) .\ y2(2+x) s 22(x+y)
Y y+2zx/; z z+2x\/; z :E+2y\/;

Dé thi Pai hoc khéi A nim 2007

Giai:
Qx\/_\/xyz 2y\/7\/xyz 22\/_\/xyz 2x\/_ 2y\/7 2z\/—
y y+22\/_ Z z+2:c\/_ T x+2y[ Y y+22\/_ z z+2:c\/_ T x+2y[

1
0=y y+2z\/; x\/;—g(—2a+4b+c)
bat: b=z + 20 = yf—%(a—2b+4c)
=7 :E+2y\/; e = é(4a+b 2¢)

Khi dé: PZ%[—2a+4b+c+a—22+4c+4a+b—20j2%(_6+4{ﬁ+2+£}+{£+2+9D.
a c

HayPZ%(—6+4.3+3):2.

Vay gia tri nho nhit cia biéu thitccia P =2 khia=b=c=1.

Cho céc s6 thue khong 4m z, y thay d6i va théa man « +y = 1. Tim gia tri 16n nhét va gia trj nho nhat cua
biéu thirc S = (4:102 + 3y)(4y2 + 3:1:) + 251y .
Dé thi Cao ding khéi B nam 2009

Giai:
Nhén xét: vai tro gidng nhau (d6i xtmg) cua z,y .
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S = 12(w3 + y3) +162%y" + 3dxy = 12(3: + y)(x2 +y° - xy) +162%y" + 34y

2
Hay S = 12(3: + y)((z + y)2 - 3xyj +162°y° + 34ay = (4xy - ij + 191

2
Vi z,y khong &m va thoa man x+y=15uyra0£xys($;yj :i
2
:>—lﬁ4xy—lS§:>OS ZJ::Uy—l +ES§.
4 4 4 4 16 2

s ‘ 2 . 1 s ‘ .
Vay gia tri 16n nhat cia 5235 khi x:y:E va gia tri nhd nhat cua § =0 khi z =0,y =1.

I I3 3 / 5
Cho céc s0 thuc z,y thay doi va thoa man (IL‘ + y) + 4xy > 2. Tim gia tri nho nhat cua bicu thic
A= 3(:1;4 +yt 4 a;QyQ) —2(3:2 + yQ) +1
Dé thi Pai hoc khéi B nim 2009

Giai:
:(:B+y)3+(x+y)222:>x+y21.

A= 3(ZB4 +y’ +x2y2)—2(:z:2 +y2)+1 :g(q,A +yt+at + gt +25B2y2)—2(:132 +y2)+1

A =%(x4 +y4)+g(az2 +g/2)2 —Q(x2 +y2)+1

2

)

8
=~

+

NS
=

I

—_—

z° +y2)2 — 227y > ({L‘z +y2) —(ZL’4 +y4) =z +y Z%(SEQ +y2)2

Khido A Z%(CUQ "'yQ)Q +g(x2 +Z/2)2 —2(3:2 +y2)+1 hay AZ%(&:Q +g/2)2 —Q(x2 +y2)+1

:A22t2—2t+1,t21.
4 2
e Lorens A 9 (e NP A , 1
Xét ham so f(t):Zt — 2t +1 xéc dinh va lién tyc trén ntra khoang §;+oo .
Ta co f'(t)=2t7222—1>0,tzl:f(t) ddng bién trén nira khoang l;+oo .
2 4 2 2

1 9 g 1
Khi d6 min A = min t)=f| - |=—.DPang thtc xayrakhi t = —
iin f(t) f@ - Ping y 5

te| —+o0
2

DIEM ROI TRONG BAT DANG THUC COSI
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Bai toin mé dau : Cho a,b > 0va thoa midn a + b < 1. Tim gia tri nho nhat cia biéu thirc
1 1

P= + .
1+a®>+b> 2ab

Giai:
1 1 4 4
+—> =
1+a*>+b° 2ab o> +2ab+b"+1 (a+0)+1
1+a®+b° =2ab (a=b)’+1=0
&
a+b=1

Loi gidi 1. Ta co: P = Zgzg

Dau" = "xayra < { . Hé v6 nghiém. Vay khong ton tai min P.

a+b=1

Loigiai 2. Taco: P = L + L + L > 4 + ! = 4 + !
1+a*>+b> 6ab 3ab o’ +6ab+b0>+1 3ab (a+b) +1+4ab 3ab
2

Matkhécabs(a;bJ :i.VayPZ + 1 z%

1+a*+b* = 3ab )
Dau"=" xdyra < <{a=b <:>a=b=§.
a+b=1

. (e 1 1 .
Loi binh: loi gidai 1. va loi gidi 2 gan nhu tuong tu nhau, cung ap dung bat dang thirc —+ — > . Tai sao

a b a+bd

\ PN Ty S A a1 i . coaa 1 1 1
trong cung mot bai todn ma c6 dén hai dap so ? Do dau ma 101 giai 2 tai sao lai tach =

+ ?. Do
2ab  6ab 3ab

chinh la ky thudt chon diém roi trong bt ding thikc.

Céc bt dang thirc trong cac dé thi dai hoc thong thuong 1a d6i xtng voi cac bién va ta du doan ddu bang xay
ta khi cac bién bang nhau va xay ra tai bién.

21 > +l+4ab.
a®+b° ab

Cho a,b > 0va théamén a + b < 1. Tim gia tri nh6 nhat cua biéu thic P =

Giai:

Do P la biéu thire d6i xtng v6ia,b, ta dy doan min P dattai a = b =

1
2
1

Tacod: P = 1 +L+ 4ab+1 +1 > 4 + 2,14ab. + 1 >7
a® +b> 2ab 4ab 4ab (a+b)2 \ 2ab a+b




Nguyén Phia Khanh — Pa Lat . http//:www.maths.vn

a® +b* =2ab
Diu "=" xayra < =t oa=b=l.
16 2
a+b=1

Vay gié tri nho nhat cua biéu thirc P = 7 dattai a = b = %

Thao khdo hai loi gidai khdc :

Loi gidi 1:
P = 1 +l+ 4ab + L + 1 > 1 21f4ab.i+iz4+2+iz6+L
a’> +b° ab 4ab ) 4ab (a+b)2 2ab  4ab 4ab 4ab
a’® +b* = 2ab
£ \ 9,0 1 1 1
Dau " =" xdyra < Ja’b :E @a:b:E.Thaya:bzgVaotaduqcPZ?.
a+b=1

Vay gié tri nho nhat cua biéu thirc P = 7 dattai a = b = %
Loi binh 1:

, s A ~ , A < , 5 . 1 A X A A , , A \
Qua céch giai trén ta da chon dung dau dang thuc xdy rakhi a = b = B nén dan dén viéc tach cac sO hang va
s . 9 A 5 < A ’ . 1 \ , r A+ N ~ 12 . s
gia tri nho nhat cua biéu thuc P = 7dattai a =0 = B la dang , nhung budc cudi cung ta da lam sai , vi du

(1—(1)2 +a > a,ding thirc xay rakhi a =1 = mim{(l—a)2 +a} =a?.

Loi gidi 2:

el +2ib+2ib+4abza2+b§+2ab+2ib+4ab:(afb)2 +(2ib+4abj.

Mt khéc 2leb+ dab > 21/2%).4@ —2J2.Vay P>4+2/2 = min P = 2(2 +\/§)

Loi binh 2:

Thoat nhin thdy bai toan da giai dtng . Thuc té thi sao? . Viéc tach % = QTib + QTib dé 1am xuét hién ding

thiuc a® +b* + 2ab = (a + b)2.
a=>b

min P =2 (2 + \/5) & QTib = 4ab . Hé vo nghiém. Pang thirc khong xay ra , do d6 khong ton tai min P.
a+b=1

Cho 3 sb thuc duong a,b,c thoamin a +b+c < g . Chting minh rang :
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1. a+b+c+1+1+1>E.

a b ¢ 2
2 \/a +i+\/62+l+\/cz-|ri>3\/E

a’ b c 2
3 \/a +i+\/b2+l2+\/ +—2>3\/_
C a
Giai:

1. a+b+c+1+1+1>E

a b ¢ 2

Ta c6 thé pham sai 1am: a+b+c+l+l+1233abc+3 > 6, [Yabc

1 1
a b c M_ 'M

Dau dang thirc xdy rakhi @ =b = ¢ = Inhung khid6 a +b+c =3 >g (trai gia thiét) .

=6

Phan tich bai toan :

Tur gia thiét a,b,c duong thoaméin a +b + ¢ < %, goi y hudng giai bat dang thic trung binh cong, trung

binh nhan. 22a+b+cz3\/3abc = Jabe S%.Dét: z =abe S%

Khi d6 : a+b+c+l+1+123\/3abc+3

1
a b ¢ Yabe

= 3(&; + lj . Dy doan dang thirc xay ra khi 2 = %

x
1
r =— 1
Ta chon « > 0sao cho: 2 sg=2t==.
z_1 4
a =z

Bai giai:

a+b+c+ + + >3 l >3 4:L“+l—3:1: >Z’>21/4:z:l—9:zc—12—9:E
T T T 2 2

Ding thirc xay rakhi a = b =

2. \/a2+i+\/b2+i+\/c2+iz 3\/ﬁ.
a’ b’ ¢ 2

Phan tich bai toan :

Tir gia thiét a,b,c duong thod mén a +b + ¢ < %, goi ¥ hudng giai bat dang thirc trung binh cong, trung

binh nhan. %2a+b+cz3\/3abc = Yabc S%.Dét: z = abc S%,dfmgthfrcxéyrakhi ZEI%.

, 1
Xét z° + — chon @ > 0 sao cho:
X 2 ]‘ X
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Ap dung bat dang thirc trung binh cong, trung binh nhan cho 17 sd, trong d6 16 s6 1a S va s6 a”:
16z
1 1 )" T e
v +— =1 +16.— 2172’ - = x2+—22—°€.
T 162 162 T 2
917
-15 -15
1 4/ al? 2 4/]_’7()17 5 4/ Cl?
= - ,f - ac +—
2 32 2
217 917 ¢ 217
1
N 5 s a5 15 15 15 \3
:\/a2 +%+\/b2 +i2+\/c2 +i2 2%[(1" +b1 +c”]2%.3[a"b”c”}
a b C 2; 2?
, 1 , 1 , 1 _3V17 3\/ 3\/17
a +— 4,/ +—+ c+—2+( ) . .
a b’ ¢’ 2 2
217 217
1
Ping thitc xdyrakhi a =b=c = .
Cach khac :
- I 1) — 1
Chon: u = [a;—j,v = (b;—j,w = [c;—j
a b c
Dung bt déng thic vecto ul + o] + ‘;‘ S ;‘

2
\/a2+i+\/b2+l+\/c2+l2 (a+b+c)2+ LINE ) I J(abe)* + =
a’ b’ ¢’ a b c J(abe)?

JGZ+L+J62+A+JCZ+Angx+1:3Jx+L+£>3J2 e 1,15
a’ b? c’ T 162 16z 16 =z 16z

, . 1
Ding thirc xayrakhi a = b =c¢ =5

3. a2+i+ b2+i+ 02+l2ﬂ_
b c? a’ 2

1
Tuong ty trén . Xét z + — chon a > 0 sao cho:
y = Ty
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Ap dung bat dang thirc trung binh cong, trung binh nhan cho 17 sd, trong d6 16 s6 1a S va s6 a”:
16y
16 1 -16
17,4, 17
x+i—x +16L>1717x( 2] = x2+l22\/1—7$7y
16y 16y Y o17
1 1 -16
\/—a”b 17 1 \/—bﬁ ?_ s 1 S \/ﬁcﬁav
I — —2 ajc + — 2 —ﬂ
217 ¢ 217 a 217
1 -16 1 -16 1 -16
PRIy [ c2+l2\/E alb T + b7 4 clTg T 3\/_( c)l7>3 1725:—3\/E
b’ ¢ a’ 2 32 2
217 217 217

Ping thirc xay ra khi a=b=c=%.

v~ L1 1 N TPy S
Cho z,y,z > 0 vathéa man — + — + — = 4. Tim gia tri 16n nhat cua bicu thic
r oy z

1 1 1
+ +
2 +y+z2z x+2y+z x+y+2z
Pé thi Pai hoc khéi D nim 2007

P =

Giai:

a2005 + b2005 <1

. Chimg minh rang :
2005 + 2005 <1

Cho cac s0 khong am a, b, x,y thoa cac diéu ki¢n {
x

(11975.1)30 + b197o.y30 <1

Todn tudi tho 2 —sé 27

Giai:

Nhén xét : Cac da thirc tham gia trong bai toan cung bac 2005 = 1975 + 30, dong thoi sé mii ciia cac bién
tuong tng bang nhau.

Ap dung bat dang thirc trung binh cong , trung binh nhan cho 1975 s a®™” va 30 sé 2%
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1975(.;;(:; + ?;8.):1:2005 > go(){)/(amor) )1975 .(x2005 )30 — 19T 30 (1)
+

1975.6% + 304" . 1975 30
e (1975+30)y 3 Qooﬂ)/(bm) () =0 (2)

Tir (1)va (2) suy ra 1975.(a™ + 5™ ) + 30.(2” + v ) = 2005.(a'".2" + 5" ") (3)

a®™ 4% <q 2005 2005 2005 2005
T s s = 20052 1975. (0™ + 5 + 30. (% + ) (4)

Tir (3) va(4) suy ra 2005 > 2005. (a7 2™ + b7 4™ ) = 072" 4 57" <1

Dau dang thire xay ra khi o' = 2% 0" = ¢*.
am+n + bﬂl+7l S 1

Tong quat : Cho cac so6 khong am a,b, z,y thoa cac dieu kién . Chuing minh rang :
xm-%—n + ym+n S 1

a".z" +b"y" <1.

Cho z,y,z1a cac sb duong thoa man diéu kién: z° + y* + 2° = 1. Tim gia tri nho nhit cua biéu thirc:

A= V2 2
z T Y

Giai:

2 2 2
Tacod: Az—(xyj +(£j +(ﬁ] +2(y2+z2+x2).
z x Y

Ap dung bét dang thirc: 2° + y* + 2° > oy + yz + 2z
Taduge: A* > (y° +2° +2°)+2(y° +2° +2°) = 3(y° +2° +2°) = 3.

Drfmgthﬁ:cxéyra@ﬁzﬁzﬁzx:yzzz

1
Vay minAzx/g dat duogc khi x:y:z:i_

J3

Cho 3 sb thuc dwong a,b,c thoa man a* +b* + ¢* =1 . Ching minh ring :

a+b+cz3x/§'

B>+ A+ad® a’+0b° 2

Phan tich bai toan :
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e Trudng hop tong quat , gia st 0 < a < b < ¢ thoa man didu kién a® +b? + ¢®> =1, vy ta c6 thé suy ra
0 < a <b < c <1 haykhong?. Nhu vay didu kién a,b,c khong chinh xac vi déu dang thirc chi xay ra khi
O<a=b=c

:abce(o-i}
a2 +b+c2=1 """ V3]
Y R XA 2,72 02 4 .22, 2.2, 2 2 12 ...
® Ta thay moi lién hé gi ctia bai toan ?. D€ thay a” +b° + ¢ =1 va b” +c°,c” +a”,a” + b°. Goi y ta dua

+b+023\/§

1-a* 1-0* 1-¢ 2
® Vivai trd a,b,c nhu nhau va 2 ¥ phan tich trén goi y ta dua dén cach phan tich

bai toan vé dang can chirng minh :

a ZﬁaQ
1-a* 2
a b c 33 A . b J3
1—a2+1—1)2+1—022 5 (a2+62+c2)vacanchungmmh 1_b227b2.
Cc \/§ 2
>NV
-2~ 2°
® Ta thu di tim 101 gidi :

a NI 1 343 2 9 4 2 2\2 8 2 212
z—a & > &S ——2a(l-a") e —=2a"(1- & —22a°(1-
2220 O g2y 1oyl egzdl-a) oo 22a(l-a)

o |2a*(1-a*) =2a*(1-a*)(1-a?)
D3 thiy
20* +(1-a*)+(1-a%)=2
Ap dung bét dang thirc trung binh cong trung binh nhan
2 =202+ (1-a?) +(1-a) > 342a°(1 - a®)(1 - a?)
- % > 1R (1-a)(1-a°) % > 242(1 - a?)’
Tuong tu cho céac truong hop con lai.
Giai :
a’ b c 1

Cho 3 sb thuc duong a,b,c . Ching minh rang : (a +b+ C)

+ + > =
b(ct+a) c(a+d) a(b+c) 2
Phan tich bai toan : .
® Ding thuc can chimg minh dua vé dang :

3 3 3

a c
———+m(a+c)+nb+———+k(b+a)+ pc+———
b(c+a) ( ) c(a+Db) ( )+ p a(b+c)

e Giasit 0 < a <b < c.Dudoan dang thirc xayrakhi a = b = c.

+i(b+c)+ja=0.
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3
T&dégqiméhué’nggiéi:ﬁ+m(a+c)+nb23\3/mna.D§ngth1'J:cxéyrakhi
c+a

3 1
a—:m(a+c):nb a3 m:Z
b(c+a) o ——=m(a+a)=nae < )
a=b=c ala+a) n=g
Tuong tu cho cac truong hop khéc .

Giai :

a’ 1 1 3 . a’ 1 1
———+=b+=(c+a)>=a.Dbing thic xay rakhi: ———— ==b=—(c+a).
bera) 2 4(c a) 2a ang thuc xay ra 1b(c+a) 5 4(0 a)

b 1 1 3 . b 1 1
————+=c+—(b+a)>=b.Ding thirc xay rakhi: ———~==c=-(b+a).
c(a+b) 20 4( a) 5 ang thirc xay ra lc(a+b) 26 4( a)

c 1 1 3 . c 1 1
———+=a+=(b+c) > c.Ding thirc xay rakhi: ————==a=-(b+c).
b+ 50 4( c) 5 ¢+ Dang thire xdy ra 1a(b+c) 50 4( c)

3

b? c?

A A h A .
Cong ve theo vé ta dugc b(c+a)+c(a+b)+a(b+c)

2> %(a +b+ c). Dau ding thirc xay ra khi :
a=b=c>0

Cho 3 sb thuc duong a,b,c¢ thoamén a +b + ¢ =1 . Ching minh ring :

a. \/a+1+\/b+1+\/c+1<g

boa+b+Vb+c+cta<+6.
c.a+b+3db+c+3¥Ycra <318,

d.a+b+c+l+1+1210
a b ¢

Giai:

a. \/a+1+\/b+1+\/c+1<g

Va + 24/1.(a+1)£M:2+1
2 2

Vb + =1/1.(b+1)£(b+2$=g+1 :>\/a+1+\/b+1+\/c+1S—a+;+c+3:g

\e + :4/1.(c+1)§(c+$:£+1
2 2

Piang thic xayrakhi a+1=b+1=c+1l=1<a=b=c=0=>a+b+c=0=%1

Vay \/a+1+\/b+1+x/c+1<g

b.Ja+b+Jb+c+Jc+ra<+6.

Phan tich bai toan :




Nguyén Phia Khanh — Pa Lat . http//:www.maths.vn
e Trudng hop tong quat , gia st 0 < @ < b < ¢ thoa man diéu kién a + b + ¢ =1, dau dang thirc chi xay ra

O<a=b=c ) 1 . oo 1
khi —=> a=0=c=—.Hangso can thém la —.
a+b+c=1 3 8 3

e Tur gia thiét goi y ta dua dén cach phan tich Va+b +Vb+c +Jc+a <\/_ a+b+c) hay
a+1+b+1 b+1+c+l c+ +a+1

S=Ja+b+ﬂww+Jc+ang. 32 3 4 32 3 4 3

e Ta thir di tim 10i giai : Ap dung bét dang thirc trung binh cong trung binh nhan

1 1
a+-+b+- a+b)+
Jg 32 3:Jg( J_/ +b).2 =Va+b

Tuong tu cho cac truong hop con lai .

Céch khac :
e A a+b+m) i . .
Gia st voimoi m > 0,taluéncd: Va +b = 1/ a+b ( j Van dé bay gio ta

du doan m > 0 bao nhiéu 1a phu hop?.

a+b=m 5
D@ thay dang thuc xay ra khi 1 &m==.
a:b:§ 3

Gidi :
Ap dung bét dang thirc trung binh cong trung binh nhan

— 3 5 av_ow (3 (atb)+s
a+ - \/; (a/+b).§ S §.T
2

3 2 AMiGM 3 (b+0)+*

2
Je+a = \/E (C_l_a/) 2 AMZGM § w
2\ 3 B 2 2

3 2@1+b+cy+3§ 3
SJa+b+Vb+c+Jcra < 2. = §.Q:J§mmm)

2 2

Ding thirc xay ra khi a=b=c=%.

c.a+b+3b+c+3c+a<i18.
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e Trudng hop tong quat , gia st 0 < @ < b < ¢ thoa man diéu kién a + b + ¢ =1, dau dang thirc chi xay ra

1

2
can thém la —
3

>

oyl IS

+ o+

) S
Il

O~

am
¢

= ing s

Wb W ol

O<a=b=c ) 1
' a+b+c:1:>a ¢ 3

ct+a=

e Tir gia thiét goi ¥ ta dua dén cich phan tich Ya +b + b+ c +Ye+a <18 (a+b+c) hay

2 2 2 2 2 2
(a+b)+3+3+(b+c)+3+3+(c+a)+3+3
3 3 3

T=%Ya+b+¥b+c+3¥c+a<

Gidi :
Ap dung bét dang thirc trung binh cong trung binh nhan

) 2 2 (“+b)+§+§
a+b:3z.3(a+b).§.§g 3

2 2
9 59 (bre)+3+3
e =i Sfore) 2 20
(C+a)+2+2
33

\3/c+a=§/g.3(c+a). %S 3

a+b+c)+4_39
3 V4

2
:>T=§/a+b+&°’/b+c+\3/c+a£i/% ( .gzé/ﬁ(dpcm).

C , 1
Dau dang thic xayrakhi a =b =c = 3
1 1 1
da+b+c+—+—-+-2=210
a
Phan tich bai toan :
e Trudng hop tong quat , gia st 0 < @ < b < ¢ thoa man diéu kién a + b + ¢ =1, dau dang thirc chi xay ra

O<a=b=c 1
khi =a=b=c==.

a+b+c=1 3

® Tu diéu can chirng minh ,goi y ta dua dén cach phén tich véi moi m > 0, ta ludén co6 : ma + — = 2/m..
a

Ding thirc xdy ra khi :

OVithéméT:a+b+c+l+l+l=9(a+b+c)+l+l+l—8(a+b+c)
a b b a b b
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Gidi :
Ap dung bét dang thirc trung binh cong trung binh nhan

9a+126
a

<9b+126
b

9c+126
c

:>T=9(a+b+c)+l+%+%—8(a+b+c)Z3.6—8(a+b+c)=10(dpcm).
a

Ping thic xayrakhi: a =b=c=

1
7"
Bai tap twong tw

Cho céac so thuc duong z,%, 2 va théa man mz + ny + pz = d trong d6 m,n, p,d € R. Tim gid trj 16n
nhat biéu thic A = az® + by® + ¢z

Huéng dan : Thyc hién viée chon diém roi : az’ = by2 =2’ = p
Chitng minh ring néu zy +yz + zx = 5 thi 3z* + 33> + 22 > 10

Phan tich bai toan :

e Trudc hét ta dé y mdi lién hé gitta 322, 3y?, 2%, 2y, Yz, 2x cho ta diéu gi 2, phai chiang nhiing hing ding
thitc ¢é dang : (az — by )’ > 0 < (az)* + (by)* = 20zby?.

® Phan tich :

ax® + ay’® > 2azy Ding thic xdy rakhi z = y

by? + ¢z > 2Jbcyz Ding thie xdy ra khi by? = cz
cz? + bx? > 2/chzz . Ding thic xdy ra khi ¢2? = bz’

-

2

a+b=3

a =
Bay gio ta chon a,b,c saocho:<2c =1 << <b

a = be

C =

1
2
1
2
Giai :

72+ y2 > 2xy Pang thirc xdy rakhi z = y

1 , 1
2y* + 522 > 24z Ding thic xay ra khi 2y° = 522

1 , 1
522 + 22 > 22z . Déng thic xdy ra khi — 2° = 22°
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Cong vé theo vé ta dugc : 327 + 3y* + 2% > 2(zy + y2z + 22) = 32* + 3y* + 2> > 10(dpem).

fx:y
1
2 2
Ding thirc xay ra khi : =

L, 2 z =2
—2" =2
2
ry+yz+z2r=>5

Cho 3 sb thuc duong z,v,z thoamin T+ 1y + 2 = % Chimg minh ring : 3z% + 41 + 52% > %

Phan tich bai toan :

® Tru6e hét ta dé y mdi lién hé gitta 322,412,522, 2,v,2 cho tadidu gi 2, goi y: 32° + 4> + 5z% > 21325

duge bién ddi vé dang 32° + m+4y* +n+52" + p 2 k(0 <m <n < p <k = const)
® Phan tich :

3z% +m > 24/3ma,m > 0. Ding thic xay ra khi 32> =m

492 + n > 2J4ny,n > 0. Ding thic xay ra khi 4y = n

52° + p > 2./5pz, p > 0. Ding thic xay ra khi 52° = p

=2
3z =m ;
= 5
y=-—
4y* =n 14
Z =
Bay gio ta chon 2,7, 2 saocho: {5z> = p & 95
V3m =4n = [5p =g
A7 25
+y+z=— n=-=r
p=5
Giai :
3z +§ >2,(3. 25£E Ping thc xdy ra khi 322 25
3 3 3
4% + 245 >2,/4. %y Ding thirc xay ra khi 4y% = %
52° +5 > 24/5.52 . Ping thic xay ra khi 52% = 5.
Cong vé theo vé ta duge 322 + 41> + 5z* > 10(z +y + 2) 235 = 235 ( cm).

12
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=2

3

2 — . 5)

bang thirc xdy ra khi <y = 1
z=1

Cho 3 sb thuc khong am a,b, ¢ . Chimg minh rang : 1+ Yabc < %/(1 + a)(l + b)(l + c)
Giai :

1+¥abe < gf(1+a)(1+0)(1+c) & YLLT+abe <F(1+a)(1+b)(1+c)

1.1.1 abe <
Q?\’/(1+a)(1+b)(1+c) +§/(1+a)(1+b)(1+c) =1
1.1.1 abe

D‘f‘“T”J(m)(m)(m)”J<1+a><1+b><1+c>

T<1 1 + 1 + 1 +1 A b +-C
~3|14+a 1+b 1+c¢] 3|14+a 1+b 1+c
1la+1 b+1 c+1]| 1

<_ = — =
_3{1+a+1+b+1+c} 501

Dau dang thuc xayrakhi a =b=c > 0.

Tong quat :

Chimg minh ring v6i moi a;,b. > O(i =1, n)thi ta ludn ¢6 :

vfa,a,....... a, +¢bby....... b, < 1</(a1 + blj(al + b2) ........ (an + bn)

Cho 3 sb thuc duong a,b,c thoa mén a+b+c:1.Chlﬁ:ngminhrﬁng:(l—lj(%—lj(l—lj28.
a c
Giai :
VT = 1_1 1_1 1_1 :(1—aj'(1—bj'(1—cj:b+c'c+a'a+b
a b c a b c a b c
AM}GM 2\/% 2.Jca 2\/@
- a b ¢

VT = & (dpem)

Tong quét :
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Chirng minh rang : (i — 1] (l — 1] (l — 1] ........ (i — 1] >(n-1)".
z, T, T, z,

1 1 1
+

Cho 4 sb thuc duong a,b,c,d thoa ma + +
0 = SO TME Ao &G e O T T 140 14c 1+d

> 3. Ching minh rang :

! 21——1 +1——1 +1—1 = b+c+d
1+a 1+b 1+c 1+d 1+b6 1+c¢ 1+d

(
1 >3 bed
l+a 3(1+b)(1+c)(1+d)

cda

1+b 3\’/(1+c)(1+d)(1+a)

>3, dca
—0_3\/(1+d)(1+c)(1+a)

abc
d (1+a)(1+b)(1+c)

- (1+a)(1+b)1(1 +¢)(1+d) = 81(1 +a)(1 +CIEZ))E?+ c)(1+d) = abed < é

Tong quat :
Ty, Tyy Tyyorranrannnnn .z >0

Cho : 1 1 N 1 1
1+z, 1+z, 1l+z, 1+z

Bai tuong tu
Cho 3 s thuc duong a,b,c thoamén a +b + ¢ = 3 . Ching minh ring :
a b c .3

. + 2 .
CIrr 1+ T 1+a2 T2
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- b ¢ 53
a+b®> b+ c+a® 2
2 2 2
a b c
C. + + >1.
a+2b> b+2¢* c+2d°

Huéng dan :
a+b+c=3

“ 3(ab+bc+ca)<(a+b+c) = ab+bc+ca<3

a :a(1+b2)—ab2:a_ ab’ )
1+ b 1+ b 1+ b ¢ >¢-Y
1+b°>2b 1+b 2
b bc? be ¢ ca’ ca
T tu : :b— > -, — ——ZC__
tone 1+c? 1+c? 2'1+a? 1+ a? 2
. . a b c ab+bc+ca 3 3
Cong veé theo veé : + + >a+b+c—"—" T >3- =2,
ong ve e ve 1+ 1+¢® 1+a® ¢ ¢ 2 2 9

Cho 3 sb thuc duong a,b,c¢ thoa man a.b.c =1 . Ching minh rang :

a? b c 3
a. + + >
1+b)(1+¢) (I+c)(1+a) (I+a)(1+0b) 4
1 1 1
. <1
2+a 2+b+2+c
Huéng dan :
a.

Cho 3 s thuc duong a,b,c thoamén a + b +c =1 . Ching minh rang :
a’ b? c? S 1

+ >
b+c c+a a+b 2

Giai :
a’ b? c? 1 a’ b? c? 1
+ + > & +a)+ + +c)2=-+(a+b+
b+c c+a a+b 2 <b+c a) <c+a ) <a+b ¢) 2 (a ¢)
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2 2 2
a +Mb+@+ﬁ +Mc+@+f3+cm+b)21+1
b+c c+a a+b 2
a(a+b+c) bb+c+a) clc+a+bd)
+ +
b+c c+a a+b
a b c 3

= + + >—_via+b+c=1.
b+c c+a a+b 2

>3
2

Cho 3 sb thuc duong a,b,c thoamén a +b +c =1 . Ching minh rang :
ab be ca 1

a'a+b+2c+b+c+2a+c+a+2b_4'

Huéng dan :

., 1 1 4
a.Dung bat dang thoee — + = > .
8 8 a b a+b

Cho 3 sb thuc duong a,b,¢ . Ching minh rang :
a3 b3 &

1
>
“Carn)bro  Brocra) cra)ary 2@t
b @’ + b’ + ¢ >l(a+b+c)
“b(c+a) cla+d) alb+c) 2
Huéng dan :
a® a+b b+c_3 8a®
> >
Gib+o) 8 T8 24" @bt @b+ bre)zte
b b+c c+a_3 8b*
A 53 . S
a.Cach 1 : (b+c)(c+a)+ s T g _4b Céch 2: (b+c)<c+a)+(b+c)+(c+a)_6b
c c+a a+b_3 8¢c3
> >
cra)a+b) 8 T8 ~1° Cra)arp re)Hlarb)z6e
4a® a® b c+a_3
> 2 > 2
b@+a)+ﬂH{c+a)_&z b@+a)+2+ 1 250
4b* b c a+b_3
, . > A . _ > -
b. Céch 1: C(a+b)+2c+(a+b)_66 Céch 2: c(a+b)+2+ 1 _2b
4¢3 c a b+c_3
2 > d > 2
a(b+c)+ a+(b+c)=6¢ a(b+c)+2+ 1 25¢
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Cho 3sb thyc duong x,7,zthoa : x +y + z > 3 .Tim GTNN ciia

2 2 2
A=—2_ 4 ¥ L, %
N N e
(:z:+y+z)2

x? y2 z?
+ + > :
PR PN VN ol RN i Sy o
Taco: yz+\/£+\/££x+y+z.

2
2 2 2 THyY+2
Suyra: v + Y +— = > ( v ) =$+y+22§
T+ /yz Y+ z+ /xy rT+y+z+r+y+z 2 2
rT+y+z2=3
Pang thirc xay rakhi: <z =1y = 2z Sr=y=z2=1

r Yy oz
r+yz y+am 24y

Cho ba sé duong z,y,z théa man: z° + y° + z° = 3.Tim gi tri nho nhit cua biéu thuc:
5 5 5
x z
S=—"—+ Sy —+———+z' +y' + 2
y 2zt 2+t 2t +y

Ap dung BDT Cosi cho 3 sd taco:

z’ v+ 22 ozt 3
+ +

—>=g
y* + 2 4 2 2
5 3 2 4 5 3 2 4
+ 3 + 3
tuong tur B S ] 5 id T Y 2 52,8
22+ 2 4 2 27 Py’ 4 2 2
4 4 4
1 1
—+—2x2tu:orngtuy—+—2y2,z—+—222
2 2" 2 2 2 2
Cong ve véi vé cac BPT trén ta dugc
5 5 5
g — 3$ _ 3y —+ 32 2+:p4+y4+z4Zﬁ(:p?’+y3+z3)+§(ﬁc2+y2+z2)—§
Yy +z20 Z4+x 2T +y 4 4 2

Ma z° + 2° +1 > 32° hay 22° +1 > 32° twong tur 29° +1> 3y° , 22° +1 > 32°

Dodé,Q(x?’+y3+z3)23(:£2+y2+z2)—3=6:x3+y3+z323:52

N | ©

Daubingxayra < z=y=z=1
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Cho 3 sb thuc duong z,7,2 . Tim gia tri nho nhat cta biéu thirc

22 " 2
= + + .
2y+32)2z+3y) (22+3z)(2x+32) (22 +3y)(2y + 3z)
Gidi
a0 1 2 5, 2\, 1309 2\ _ 259 o
(2y + 32) (22 + 3y) —6(y +2z )+13yz£6(y +z )+7(y +2z )_7(y +z )
N 7’ S 277
2y +32)(22+ 3y) — 25(y* + 2%)
2 2 2 2
Y 2y z 2z
T tu: > > .
Hone (22 +32)(2z+32) ~ 25(2* +2%) 2z + 3y) 2y + 3z) — 25(2* +4?)
277 21 277 1 : 1
M > = 22— = M=—.
Bt B maE gy (733:2) 2 g = min M = o

z

A — >3
NS e e A

Véi ,y, 2 1a s6 dwong va 2.3z > 1 .Ching minh rang:

Hudng dan.

Pit a = vz,b = y,c =z

Bai toan trd thanh : a,b,¢1a s6 dwong va ab.c >1. Ching minh ring:

a’ N b N c S i
\/a2+bc \/b2+ac \/c2+ab _\/5
2
D@ thiy : a o ¢ (a o+ C) *

+ + >
\/a2+bc, ’\/bf+ac \/02+ab \/a2+bc +\/b2+ac +\/02+ab
Binh phuong hai vé bat dang thtrc:

2 2 4
VT2(*)2 (a+b+c) _ (a+b+c)
\/a2+bc+\/b2+ac+\/cz+ab [\/a2+bc+\/b2+ac+\/02+ab}2
S ((l+b+C)4 g (a+b+c)4 g (a+b+c)4

3(a2+b2+cz+ab+bC+a6)_3[(a+b+c)2—3(ab+bc+a0)} 3[(a+b+c)2—3}

2 2
(Vi ab+bc+acz33(abc) 23=t = (a+b+c) >29)

2 —_— —
Ta ¢6- t :3t+15+t 3+ 3 23.9+15Jr2 t 3. 3 :gjvjﬂ(*)zg
3(t - 3) 12 12 t-3 12 12 t-3 2 2

Dau bang xay ra khi 2 = y = z = 1 = diéu phai ching minh

Tong quat : ta c6 bai toan sau: véi =,z T (n > 2) la s6 duong va z .z,..t <1

12y W
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x
+ = >

&l z, n
mr: + + ... T .
/ / / 2
\/:El + 1:2.1:3...1'” \/1}2 + .flf3 .ZE4...IEn \/:Bn + :L’l.:L’2...:L’n_1

Cho 3 sb thuc duong a,b,¢ . Ching minh rang :

g+ 4t L 11
"a+3b b+3c c+3a 4a 4b  4dc’
1 1 1 1 1 1
. + + < — =+
a+b+2c b+c+2a c+a+20 4a 4b 4c
1 1 1 1[1 1 lj
c. + + <z Z+=42.
\/(a+b)(a+c) \/(b+c)(b+a) \/(c+a)(c+b) 2la b ¢
-d b-b b—-c c—a
d.2 + + + >0
d+b b+c c+a a+d
. s . N | 81
Cho x;y;2 € [0;1]. Chimg minh rdng : (2° + 2% +2 )(2_T+?+2_Zj<§
Giai :
bita =2°b=2",c=2° = a,b,c €[1;2]
o , s 1 1 1) 81
Bai toan tr6 thanh : Cho a,b,¢ € [1;2]. Chimg minh ring :(a +b + ) . + b +E < <
That vay :
1 1 1) 81 2 2 2) 81 2 2 2).9
b —+ -+ <= b S+ 2 <= b =
(a+ +C)(a+b+cj< 3 < (a+ +c)(a+b+cj< 1 <:>\/(a+ +C)(a+b+ j 5
1<a<26 (a-1)(0-2)S0 = -30+2<0 @ +2<3a S a+ > <3
Tuongtu:b+%£3,c+%£3
2 2 2
b <9 (1
= (a+ +c)+(a 5 Cj (1)

Ap dung bét dang thirc trung binh cong trung binh nhan :

= (a+b+c)+ (2 z 2j>2\/(a+b+c)(2 z 2) (2)

a C a C
. . 2 2 2 2 2 2 81
Tu:(1)Va(2)suyr32\/(a+b+c)(a 2 Cj<9<:>(a+b+c)(a+b+cj L 3)
2 . A \ 1 1 1 &1
Déng thire khong xay ra. (3) < (a +b + C)(E - 5 + J < — (dpcm).
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Cho a,b,c1a 3 sb duong thoa man ab + bc + ca = 3abc. Chimg minh rang:

ab N be N ca 3
A+ raPc+bP e i +bla+rcia A +ad+cb+a’d 4
Trich http://www.maths.vn

Giai :
ab+bc+ca=3abc<:>l+l+l=3
a b c
Véi a,b >0 taluén co a® +b* > ab(a +b) L sl.(l+1j
’ ‘a+b " 4\a b
va véi moi a,b taludn co a? +b* > 2ab.
ab ab <a_b 1 N 1
PP rale+ b abla+b)+(a* +b*)c ~ 4 | abla+b) (a*+b*)c
ab 1 1 171 1
= .S 5 |5 T
b(a +b) + (a® +b*)c 4 a+b (a +b) 4\a+b 2c
; ab 5 <L l+l 11 (1)
a” +b” +a’c+b 16\ a b 8 ¢
Tuong tu
be 1(1 1 11
S—|-+—|+== (2
b + ¢ +b%a + cta 16(6 cj 8 a )

2
1(1 1 1

3 36(12 2 S_(_"'_j A (3)

c+a’+cb+a’d 16\c a) 8b

Cong vé theo vé dang thie (1),(2)va(3) ta duoc dpem. Dau dang thirc xdy rakhi a =b =c =1.

Cho tam giac ABC ¢6 3 canh: AB =¢,BC =a,AC =b thoaman a® = b> + ¢*.Ching minh ring :
A 1a géc nhon va thod : 60° < A <90°.

Giai :
3 2
b b b
a,b,c >0 O<b<a 0<—<1 2 <E bY  reN (b c
= = a = :(—j +(—j <(—j +(—j
a®* =0+ |0<c<a g ¢ 4 CTIP a a
(5] <(2)
= < =1< 5

b>+c®—a
- . =a’<b’+c? = cosA=
a a a 2be

ad =03 +¢3 =(b+c)(b2—bc+c2)>a(b2—bc+02):>a2 >b% —be+c?

3, .3 2, 2 2, 2
b’ +c b"+c b +¢ 5 0= A<90"

2, .2 2 2, .2 2
u<1:>(30514:b+c—a<%:>14>600

be 2be
Vay 60° < A <90°.
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: A 1 1 1 1 1 1
Cho céc s0 thyc duong a,b,c théa man diéu kién : 15| —+ —+— | =10 — + — + — | + 2007
a® b a c ca

. et £ 1 1 1
Tim gid tri [6n nhat cua P = + +
J5a? +2ab +26° 56+ 2bc+2¢°  \5¢? + 2ca + 2°

Ap dung dang thuc : 1 + 1 + 1 >

T Yy 2 xHy+z

ba’ +2ab+2b" = (2a+b) +(a - b 2 (2a+0) = L <1 <1(1 : 1j

. Pang thire xay rakhi z =y = 2.

J5a? +2ab + 20> 2a+b 9

a a b
Ding thirc xay rakhi a = b

1 1 1(1 1 1]

< <= =+=4+=

Tuong tu : J50% +2be + 22 20+c 9(b b ¢
| 1 1 _1(1. 1 1

< <S—|=+=+=—

\/562+26a+2a2 2c+a 9lc ¢ a

DodéPsl l+l+l
3 b

2
Mitkhic: 1% U ¢ 2
1 1 1 ({1 1 1
— 4+ < |4+
ab bec ca 3la c

b
Ma gia thiét : 15 I S ) PRI I P
a? b? 2 (lb b

pods: 141,15 [6021
Cc

a 5
a=b=c 1 [6021
Drfmgthﬁ:cxéyrakhi: 1 1 1 6021 Sa=b=c=—,—
a b ¢ 5

1 /6021

Vay max P = —,|[——, khi 6021
3V 5

azbzc:l
3V 5



