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Chuong 1. DAI CUONG HINH HOC KHONG
GIAN

A. Toém tit ly thuyét

1. Mat phang

Mat phéng, mat ban, mit nudc hd yén lang, mat san nha,... cho ta hinh &nh mét phan
ctia mat phang.

2. Diém thudc mat phing

Cho diém A va mat phang (a). Khi diém A thudc mat phang («), ta néi A nam trén ()
hay mat phang («) chira A, hay mit phang (a) di qua diém A va ki hiéu A € (a), dugc
biéu dién & hinh 2.

Tinh chat 1. C6 mot va chi mot duong thang di qua hai diém phan biét.

Tinh chit 2. C6 mot va chi mot mat phang di qua ba diém khong thang hang.

Tinh chat 3. Néu mot duong thang ¢ hai diém phan biét. thudc mot mat phang thi
moi diém cta duong thang déu thudc mat phang do.

Tinh chat 4. Ton tai b6n diém khong ciing thudc mot mat phang.

Tinh chat 5. Néu hai mat phang phan biét c6 mot diém chung thi c6 mét diém chung
thi ching con mot diém chung khéc nia.

3. Cach xac dinh mét mit phang
Co ba cach xac dinh mot mat phéng:

e Mit phang dugc hoan toan xac dinh khi biét mat phang di qua ba diém khong
thang hang.

e Mit phang dugc hoan toan xac dinh khi biét mat phang di qua mot diém va chia
mot dudng thang khong di qua diém doé.

e Mait phang dugc hoan toan xac dinh khi biét mat phang di chira hai dudong thang
cat nhau.

4. Hinh chép va t dién

e Trong mat phang («) cho da gidc 16i AjAzA;...A,. Ldy mot diém S khong
thudécmat phéng («) va lan luot néi diém S véi cac dinh Aq, Ay, As,. .., A, ta dudc
n tam gidc SA1 Ay, SAA3,. .., SA,A1. Hinh gém da gidc AjAA3... Ay van tam
gidc SA1 Ay, SA2A3,. .., SA, A dugc goi la hinh chép, ki hiéula S.A1AA3 ... Ay

e S duoc goi la dinh cua hinh chép, da giac AjAAs3... Ay, cac tam gidc SA1 A,
SAyAs,. .., SA, A1 dugce goi la cac mat bén ctia hinh chop, SA;, SAy, SAs,. .., SA,
duogc goi la cac canh bén caa hinh choép.

e Tén cua hinh chép goi theo tén ctia da gidc day. Hinh chdp tam giac con goi la
hinh tu dién.
Hinh ti dién c6 bén mat 1a cac tam giac déu goi la ti dién déu.
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Ay

Hinh chép tam giac . . .. .. Hinh choép tu giac co
(hinh t& dign) PR CROPIEIAC g 015 Hinh thang
S
B
C
D
Hinh chop tu giac co
day la hinh binh
hanh

B. Bai tap ren luyén

Phuong phép gidi: Mubdn tim giao tuyén ctia hai mat phang, ta di tim hai diém chung
phan biét thudc ca hai mat phang. N6i hai diém chung dé dugc giao tuyén can tim.

Bai 1. Cho ti gidc ABCD sao cho cac canh dbi khong song song v6i nhau. Liy mot
diém S khong thudc mat phang (ABCD). Xac dinh giao tuyén ctia

1. Mat phéng (SAC) va mat phéng (SBD).
2. Mat phang (SAB) va mit phang (SCD).
3. Mat phang (SAD) va mat phang (SBC).

Loi giai.

1. Goi H la giao diém cta AC v6i BD.



Khi dé HeAC H SAC

i do H e BD = e ( )N
(SBD) (1).
Dé thdy S € (SAC)N(SBD) (2).
Tix (1) va (2) suy ra SH la giao tuyén
ctia hai mat phang (SBD) va (SAC).

2. Goi K 1a giao diém cta hai dudong

thang CD va AB.
Khi do {S€4 Lk
99 kecp

(SAB)N(SCD) (3).

Dé thdy S € (SAB)N(SCD) (4).

Tix (3) va (4) suy ra SK la giao tuyén
hai mit phang (SAB) va (SCD).

3. Goi L la giao diém ctia hai dudng

thang AD va BC.
Khi do (-S40 L ¢
b K e BC

(SAD)N(SBC) (5).

Dé thdy S € (SAD) N (SBC)  (6).

Tix (5) va (6) suy ra SL la giao tuyén
hai mat phéng (SAD) va (SBCQ).

Bai 2. Cho ti dién ABCD. Goi I, | lan luot 1a trung diém cac canh AD, BC.
1. Tim giao tuyén ctia hai mat phéng (IBC) va mat phéng (JAD).

2. Lay diém M thudc canh AB, N thudc canh AC sao cho M, N khong la trung diém.
Tim giao tuyén ctia mat phang (IBC) va mat phang (DMN).

Loi giai.
1. Do gia thiét I € AD nén I € (JAD).

Suyral € (BCI)N(AD]) (1).

Tuong tu, taco | € (BCI)N(AD]) (2).

Tix (1) va (2) suy ra I] 1a giao tuyén ctia hai
mét phang (BCI) va (AD]).

2. Goi E la giao diém ctia hai duong thang DM

va BI. Ec Bl

C AL S
Khi do E e DM = E € (MND)N
(IBC) (3).
Tuong tu, goi F 1a giao diém ctia DN va CI
suy ra F € (BCI)N (MND) (4).
Tix (3) va (4) suy ra EF la giao tuyén hai mat
phang (BCI) va (MND).
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O

Bai 3. Cho tu dién ABCD. Léy cac diém M thudc canh AB, N thudc canh AC sao cho
MN cét BC. Goi I 1a diém bén trong tam gidc BCD. Tim giao tuyén ctia

1. Mat phéng (MNTI) va mat ph:fmg (BCD).
2. Mit phang (MNI) va mat phang (ABD).
3. Mat phang (MNI) va mat phang (ACD).

Loi giai.

1. Goi H la giao diém cua MN va BC.

Suyra H € (MNI)N(BCD) (1).

Do I la diém trong ABCD nén I €

(MNI)N (BCD) (2).

Tir (1) va (2) suy ra IH la giao tuyén

ctia hai mat phang (MNT) va (BCD).
2. Gia st E la giao diém ctia hai duong

thang IH va BD.

ViH € MNva 42€8P ¢ ¢
! VA \EeIH

(MNI)N(ABD) (3).

Dé thdy M € (ABD)N (MNI) (4).
Tix (3) va (4) suy ra ME la giao tuyén
hai mat phang (ABD) va (MNI).

3. Tuong tu, goi F la giao diém cua
hai duong thang IH va CD. Ta suy

FeCh  p ¢ mNpn
M \reiIH
(ACD) (5).

Do N € ACnén N € (ACD,).

Khi déo N € (MNI)N(ACD) (6).

T (5) va (6) suy ra NF la giao tuyén
ctia hai mét phang (ACD) va (MNI).

O]

Bai 4. Cho hinh chop S.ABCD co day la hinh thang c6 canh AB song song v6i CD. Goi
I 1a giao diém ctia AD va BC. Lay diém M thudc canh SC. Tim giao tuyén ctia

1. Mat phang (SAC) va mit phang (SBD).

2. Mit phang (SAD) va mat phang (SBC).

3. Mat phang (ADM) va mat phang (SBC).
Loi giai.

1. Goi H la giao diém cta AC va BD.



Suyra H € (SAC)N(SBD) (1).

Dé thdy S € (SAC)N(SBD) (2).

Tir (1) va (2) suy ra SH la giao tuyén cta hai mat
phang (SAC) va (SBD).

2. Do I 1a giao diém ctia hai duong thang AD va BC.
Nen )T €A L1 e saDyn(sBO) (3)
“resc |

Dé thdy S € (SAD)N(SBC) (4).
Tir (3) va (4) suy ra SI la giao tuyén hai mat phang

(SAD) va (SBC).
3. Do gia thiét ta c6 e AD I € (ADM)nN
- Do gié thiét ta c6 3 —

(SBC) (5).
Vi M € SC nén M € (SBC). Do d6 M € (ADM) N
(SBC) (6).
Tir (5) va (6) suy ra IM la giao tuyén cta hai mat
phang (ADM) va (SBC).

O]

Bai 5. Cho hinh chép S.ABCD day la hinh binh hanh tam O. Goi M, N, P lan lugt la
trung diém ctia canh BC, CD, SA. Tim giao tuyén ctia

a) (MNP)va (SAB). b) (MNP) va (SBC).
) (MNP) va (SAD). d) (MNP) va (SCD).
Loi giai.

1. (MNP)N (SAB).

Goi F = MNN AB, E = MN N AD
(vi MN, AB, AD C (ABCD))

P € (MNP) )
Vi nén
P e SA C(SAB)

P e (MNP)N(SAB) (1).

y . [Fe€ MN C (MNP)
Mat khac F e AB C (SAB) nén
F € (MNP)N(SAB) (2).
Tir (1) va (2) suy ra (MNP) N (SAB) =
PF.

2. (MNP)N (SAD).

Ta o P € (MNP) L p e
a COo
P e SA C(SAD)

(MNP) N (SAD) (3).

E € MN C (MNP)
Mat kha Ny
WKNAC E ¢ AD c (sAD) <

(MNP)N(SAD) (4).
Tix (3) va (4) suy ra (MNP) N (SAD) =
PE.
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3. Tim (MNP) N (SBC).
K € PF C (MNP)

Trong (SAB). Goi K = PF N SB. Ta cd = K € (MNP) N (SBC) (5).
rong (5AB). Goi aCO{KESBC(SBC) < MNF)NGBE) 6)

(M e(MNP)
Mt kh M € (MNP) N (SBC) (6).
2 aC{MEBCC(SBC)é € (MNP)N(5BC) (6)

Tit (5) va (6) suy ra (MNP) N (SBC) = MK.

4. Tim (MNP) N (SCD).
Trong mat phang (SAD). Goi H = PENSD. Ta ¢6 {

(MNP) N (SCD) (7).

(N € (MNP)
Mt kh N € (MNP) N (SCD) (8).
dtkhdc o b op  (scpy 7 N € MNP)N(SCD) (8)

Tit (7) va (8) suy ra (MNP) N (SCD) = NH.

H € PE C (MNP)
H e SD C (SCD)

O

Bai 6. Cho tir dién SABC.Lay M € SB, N € AC, I € SC sao cho MI khong song song
v6i BC, NI khong song song véi SA. Tim giao tuyén ctia mat phang (MNT) véi cac mat
(ABC) va (SAB).

Loi giai.

1. Tim (MNI) N (ABC).
N € (MNI)
1
N € AC C (ABQO)
(ABC) (1).
Trong (SBC), goi K = MI N BC.
K e MI C (MNI)
K I
'\KkeBCc (o — K& MNDN
(ABC) (2).
Tix (1) va (2) suy ra (MNI) N (ABC) = NK.

nén N € (MNI)N

2. Tim (MNI)N (SAB).
Trong (SAC), goi | = NI N SA.
. | M € (MNI)

T — M e (MNDN
aco {MGSBC(SAB) (MND

(SAB) (3).
(] eNIc(MNI
Mat khac {] csacsap )€
(MNTI) N (SAB) (4).
Tix (3) va (4) suy ra (MNI) N (SAB) = M].
Il

Bai 7. Cho ti dién ABCD, M la mét diém bén trong tam giac ABD, N 1a mot diém bén
trong tam gidc ACD. Tim giao tuyén ctia cac cdp mat phang sau

a) (AMN) va (BCD). b) (DMN) va (ABC).

Loi giai.



1. Tim (AMN) N (BCD).
Trong (ABD), goi E = AM N BD.

Ta c6 4C SAMCWUMNY vy
a
“® \E e BD c (BCD)

(BCD) (1).
Trong (ACD), goi F = ANNCD.

C

(BCD) (2).
Tir (1) va (2) suy ra (AMN) N (BCD) = EF.

2. Tim (DMN) N (ABC).
Trong (ABD), goi P = DM N AB.

Ta co JLEPMCOMN) - p o by
a Co
P € AB C (ABC)

(ABC) (3).
Trong (ACD), goi Q = DN N AC.
. [Qe DN C (DMN)
Ta c6 {QEACC(ABC) = Q € (DMN)nNn
(ABC) (4).
Tix (3) va (4) suy ra (DMN) N (ABC) = PQ.

]

Bai 8. Cho tir dién ABCD. Lay I € AB, | la diém trong tam gidc BCD, K la diém trong
tam gidc ACD. Tim giao tuyén ctia mat phang (IJK) v6i cdc mat cia ti dién.

Loi giai.
GoiM = DKNAC,N =DJNBC,H = MNNK].
ViH € MN C (ABC) = H € (ABC).
Goi P= HINBC,Q = PJNCD, T = QKN AD.
Theo cach dung diém & trén ta o
(ITK) N (ABC) = IP
(IJK) N (BCD) = PQ
(IJK) N (ACD) = QT
(IJK) N (ABD) = TI.

Thiét dién 1a phan chung ctia mét phang (P) va hinh (H).

Xac dinh thiét dién 1a xac dinh giao tuyén ctia mat phang (P) v6i cac mat ctia hinh (H).
Thuong ta tim giao tuyén dau tién ctia mat phang (P) v6i mot mat phang («) nao d6
thudc hinh (H), giao tuyén nay dé tim dugc. Sau d6 kéo dai giao tuyén nay cat cic canh
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khéc ctia hinh (H), tir d6 ta tim dugc cac giao tuyén tiép theo.
Da gidc gidi han boi cac doan giao tuyén nay khép kin thanh mot thiét dién can tim.

Bai 9. Cho hinh chép S.ABCD. Goi M la mot diém trong tam giac SCD.
1. Tim giao tuyén ctia hai mat phang (SBM) va (SAC).
2. Tim giao diém ctia duong thang BM va (SAC).
3. Xéc dinh thiét dién ctia hinh chép khi cat béi mat phang (ABM).

Loi giai.

1. Tim (SBM) N (SAC).

Trong (SCD), goi N = SM N CD.
Trong (ABCD), goi ACN BN = O.

Tncs JOSBNCEBN) | o oo
490 e Ac c (sAC)

(SBN) (1).
Mat khac S € (SAC)N(SBN) (2).
Tir (1) va (2) suy ra (SAC) N (SBN) = SO.

2. Tim BM N (SAC).
Goi H = BM N SO.

Ta 6 |1 € BM —~ H = BMnN
A VH e s0 c (sAC) -

(SAC).

3. Xac dinh thiét dién ctia hinh chép cat bsi (ABM).
. (I € AH C (ABM)
Trong (SAC), goi I = AH N SC. Ta c6 = 1€ (5CD)N(ABM) (3).

I € SC C (SCD)
Mait khac M € (SCD) N (ABM) (4).
Tix (3) va (4) suy ra (SCD) N (ABM) = IM.
Trong (SCD), goi ] = IM N SD. Khi d6 (SAC) N (ABM) = AJ va (SBC)N (ABM) = BI.
Vay thiét dién can tim 1a t giac ABIJ].

O]

Bai 10. Cho ti dién ABCD. Trén AB, AC lay 2 diém M, N sao cho MN khéng song
song BC. Goi O 1a mot diém trong tam giac BCD.

1. Tim giao tuyén ctia (OMN) va (BCD).
2. Tim giao diém ctia DC, BD v&i (OMN).
3. Tim thiét dién cta (OMN) véi hinh chép.

Loi giai.

1. Tim (OMN) N (BCD).
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Trong (ABC), goi H = MN N BC.

H € MN C (MNO)
Ta c6 — H € (BCD)N
aCO{HEBCC(BCD) (BCD)

(MNO) (1).
Mit khéc O € (BCD) N (MNO) (2).
Tir (1) va (2) suy ra (BCD) N (MNO) = HO.

2. Tim DC N (OMN) va BD N (OMN)).
Trong (BCD), goi I = BD N HO.

Tacs 4L €BD — [ = BD N (MNO)
Y eHO c(MNO) T T ‘
Trong (BCD), goi | = CD N HO.
 (JecD
T: = = CDnN
4o {]EHOC(MNO) J
(MNO).

3. Tim thiét dién cia (OMN) va hinh chép.
(ABC)N(MNO) = MN

Tacg § ABDINMNOY =MLy ieh dien can fim 1a tir gide MNJI
a Cco . va 1e 1en can uum la 1aC .
(ACD)N(MNO) = NJ & : &

(BCD) N (MNO) = I]

Bai 11. Cho ti dién SABC. Goi M € SA, N € (SBC), P € (ABC), khéng c6 duong
thang nao song song.

1. Tim giao diém ctia MN vé&i (ABC), suy ra giao tuyén ctia (MNP) va (ABC).
2. Tim giao diém ctia AB v6i (MNP).

3. Tim giao diém cua NP v6i (SAB).

4. Tim thiét dién ctia hinh chép cat bsi mat phang (MNP).

Loi giai.

1. Tim MN N (ABC).
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. Tim ABN (MNP).
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Chon mat phéng phu (SAH) chia MN.
Tim (SAH) N (ABCQ).

Taco A € (ABC)N(SAH) (1).

Trong (SBC), goi H = SN N BC.

H e SN C (SAH)

H e BC c (ABc) 1 € GADN
(ABC) (2).

Tir (1) va (2) suy ra (SAH) N (ABC) = AH.
Trong (SAH), goi Il = MN N AH.

he MN = ] = MNN
I € AHH C (ABC) N

(ABC).

Tim (MNP) N (ABC).

Ta c6 P € (MNP) N (ABC) (3).

Mit khéc I € (MNP) N (ABC) (4).

Tir (3) va (4) = (MNP) N (ABC) = PI.

Ta c6

Ta co

Trong (ABC), goi K = ABN PI.

. [KeAB N
4 “© VK e PI c (MNP)

(MNP).

K = ABnNn

. Tim NP N (SAB).

L € PN

= L =PNN(SAB).
L € MK C (SAB) ( )

Trong (MNK), goi L = PN N MK. Ta c6 {

. Trong (ABC), goi ] = BCN PI. Khi d6 (MNP) N (SBC) = JN.

(MNP)N (SAB) = MK
(MNP)N(SBC) = IQ
(MNP)N (SAC) = MQ
(MNP)N(ABC) = KJ.
Vay thiét dién can tim 1a ta gidc MQJK.

Trong (SBC), goi Q = SCN JN. Ta cé

O]

Bai 12. Cho t dién SABC. Goi I, ], K 1an luot 1a 3 diém nam trong ba mat phang
(SAB), (SBC), (ABC).

1. Tim giao diém cta I] v6i (ABC).

2. Tim giao tuyén ctia (IJK) vdi cac mat ctia hinh chép. Tir d6 suy ra thiét dién ctia
(IJK) cat boi hinh chop.

Loi giai.

1. Tim giao diém cta I] v6i (ABC).
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Trong (SAB), goi M = SI N AB.
Trong (SBC), goi N = S] N BC.
Suy ra (SIJ) N (ABC) = MN.

Trong (S1]), goi H = 1] N MN.

C |Hel]
Ta co = H =
H € MN C (ABC)

1] N (ABC).

2. Tim giao tuyén cta (IJK) va (ABC).
(K € (IJK)N (ABC)
= HK = (IJK)N (ABC).
H € (IJK)N(ABC) LR N( )
Trong (ABC), goi D = HKNBCva E = HKN AC.

+ Tim (IJK) N (SBC).

Taco | € (IJK)N(SBC) (1). Mat khac {g 2 ggcc((;gé)) = D € (IJK)N(SBC) (2).
Tix (1) va (2) suy ra D] = (IJK) N (SBC).

+ Tim (IJK) N (SAB).

Taco I € (IJK)N(SAB) (3).

Trong (SBC), goi F = D] N SB. Ta c6 {11:: 2 SD]; E éé{f};) = F € (IJK)N(SAB) (4).
Tix (3) va (4) suy ra FI = (IJK) N (SAB).

+ Tim (IJK) N (SAC).

Trong (SAB), goi L = FINSA.Ta co {i i gchc((lsli)c) = L= ({JK)N(SAC) (5).

. . [E € HK C (IJK)
Trong (ABC), goi E = HKN AC.Ta co = E € (IJK) N (SAC) (6).

E € AC C (SAC)
Tix (5) va (6) suy ra LE = (IJK) N (SAC).
Vay thiét dién can tim 1a t giac DFLE.

Bai 13. Cho hinh chép S.ABCD c¢6 day ABCD la hinh binh hanh tam O. Goi M, N, I
1an lugt nam trén ba canh AD, CD, SO. Tim thiét dién ctia hinh chép voi mat phéng
(MNI).

Loi giai.
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Trong (ABCD), goi | = BD N
MN,K=MNNAB,H=MNN
BC.

Trong (SBD), goi Q = I] N SB.
Trong (SAB), goi R = KQ N SA.
Trong (SBC), goi P = QH N SC.
Vay thiét dién la ngia gidc
MNPQR.

Bai 14. Cho hinh chép S.ABCD. Goi M, N, P lan lugt 1a trung diém 14y trén AB, AD
va SC. Tim thiét dién cta hinh chép v6i mat phang (MNP).

Loi giai.

Trong (ABCD), goi E = MNNDC, F =
MN N BC.

Trong (SCD), goi Q = EPN SD.

Trong (SBC), goi R = EP N SB.

Vay thiét dién 1a ngu gidc MNPQR.

Mubn tim giao diém ctia duong thang d va mat phang (P), ta c6 hai c6 hai cach lam
nhu sau
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Céach 1: Nhung bai toan don gian, co san mot mat
phang (Q) chira duong thang d va mot du’ong
thang a thuoc mat phang (P). Giao diém cta
hai dudng thang khong song song d va a chinh
1a giao diém ctia dudng thang d va mat phang

(P).

Cach 2: Tim moét mat phang (Q) chua duong thang
d, sao cho dé dang tim glao tuyén a v&i mat
phang (P). Giao diém ctia duong thang d va
mat phang (P) chinh la giao diém ctia duong
thang d va giao tuyén a vira tim.

Bai 15. Cho ti dién ABCD. Goi M, N lan luot 1a trung diém ctia AC va BC. K la diém
nam trén BD sao cho KD < KB. Tim giao diém ctia CD va AD véi mat phang (MNK).

Loi giai.

Tim giao diém ctia CD véi mp(MNK). A
Céc ban dé y CD va NK ciing thudc mat phang (BCD) va chung

khong song song nén hai dudng thang nay sé cat nhau tai mot

diém I, nhung NK lai thudc rnp(MN K) suy ra I thuoc mp(MNK).

Vay I chinh 1a giao diém ctia CD va mp(MNK).
Ta c6 thé trinh bay 13i gidi nhu sau:
Trong mat phang (BCD), goi I = CD N NK.

recb = [ = CD N (MNK)
I € NK,NK C (MNK) N '

Tim giao diém ctia AD va (MNK).

Chon mat phéng (ADC) chita AD. Sau d6 tim giao tuyén ctia (ACD) va (MNK), ta trinh bay
nhu sau:

M € (MNK)

M e AC,AC C (ACD)

I € NK,NK C (MNK)

= I € (MNK) N (ACD).

I €CD,CD C (ACD) ( )0 )

Vay (MNK) N (ACD) = MI.Goi H = MINAD. Suyra H= AD N (MNK). OJ

— M € (MNK) N (ACD).

Bai 16. Cho ti dién ABCD. Trén AB, AC, BD lay lan lugt ba diém M, N, P sao cho
MN khong song song voi BC, MP khong song song vdi AD. Xac dinh giao diém ctia
cac duong thang BC, AD, CD véi mat phang (MNP).

Loi giai.
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Tim giao diém ctia BC va (MNP).
Trong (ABC), goi H = MN N BC.
H € BC

H € MN,MN C (MNP)
BC N (MNP).
Tim giao diém ctia AD va (MNP).
Trong (ACD), goil = MP N AD.
I € AD
I € MP, MP C (MNP)
AD N (MNP).
Tim giao diém ctia CD va (MNP).

I € AD,AD C (ACD)
= IN C (ACD).
{N € AC,AC C (ACD) ( )

Trong (ACD) goi ] = NINCD.

CD
J e = ] = CD N (MNP). O
I € NI, NI C (MNP)

Bai 17. Cho tit dién ABCD. trén AC va AD lay hai diém M, N sao cho MN khéng song
song v6i CD. Goi O la diém bén trong tam giac (BCD).

1. Tim giao tuyén ctia hai mat phang (OMN) va (BCD).
2. Tim giao diém cta BC vdi (OMN).
3. Tim giao diém ctia BD vdi (OMN).

Loi giai.

1. Tim giao tuyén cta hai mit phang (OMN) va
(BCD).
Ta c6 O € (OMN) N (BCD). (1)
Trong (ACD), goi I = MN NCD.
I € MN,MN C (MNO
< MNO) | ¢ (oMN)n
I € CD,CD C (BCD)
(BCD). ()

Tir (1) va (2) ta c6 OI = (OMN) N (BCD).

2. Tim giao diém ctia BC véi (OMN).
Trong (BCD), goi P = BCNOI. Taco P = BCN
(OMN).

3. Tim giao diém ctia BD v&i (OMN).
Trong (BCD), goi Q = BDNOI. Taco Q = BDN
(OMN).
OJ

Bai 18. Cho tur dién ABCD, lay M € AB, N € AC sao cho MN khong song song vdi

BC, I 1a diém thudc mién trong ABCD. Xéc dinh giao diém ctia cac duong thang BC,
BD, CD véi (MNT).

Loi giai.



Tim giao diém ctia BC véi (MNI).
Trong (ABC), goi H = MN N BC.
H e BC
{H € MN, MN C (MNI)
Tim giao tuyén ctia (BCD) véi (MNI).
H € MIN, MN € (MNI)
H € BC, BC  (BCD) = H € (MNI)N(ACD).
Laico I € (MNI)N(BCD).
T (1) va (2) taco HI = (MNI) N (BCD).
Tim giao diém ctia BD véi (MNI).
Trong (BCD), goi E = HI N BD.
E e BD
{E € HI,HI C (MNI)
Tim giao diém ctia CD v&i (MNI).
Trong (BCD), goi F = HINCD.
FeCD
{F € HI,HI C (MNI)

= H = BC N (MNI).

= E = BD N (MNI).

= F = CD N (MNI).
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(1)

Bai 19. Cho ti dién ABCD. Goi M, N lan luot la cac trung diém ctia cac canh AC, BC.
Trén canh BD lay diém P sao cho BP = 2PD. Lay Q thudc AB sao cho QM cat BC. Tim

1. giao diém ctia CD va (MNP).
giao diém ctia AD va (MNP).
giao tuyén ctia (MPQ) va (BCD).
giao diém ctia CD va (MPQ).

D1

giao diém ctia AD va (MPQ).
Loi giai.

1. Tim giao diém cta CD va (MNP).
Trong (BCD), goi E = CD N NP.
EeCD
E € NP,NP C (MNP)
CD N (MNP).
2. Tim giao diém cta AD va (MNP).
Tim giao tuyén cua (ACD) va

= E =

(MNP).
M € (MNP) u
M€ AC,AC c (AcD) " €
(MNP) N (ACD). (1)
E € NP,NP C (MNP)
E € CD,CD C (ACD) <
(MNP) N (ACD). 2)
T (1) va (2) taco EM = (MNP)N

(ACD).
Trong (ACD), goi F = AD N EM.
Suyra F = AD N (MNP).
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. Tim giao tuyén ctia (MPQ) va (BCD).

Trong (ABC), goi K = QM N BC.

K € BC,BC C (BCD)

{K € OM, OM C (MPOQ) = K € (MPQ) N (BCD). 3)
P € BD,BD C (BCD)

{p € (MPQ) = P € (MPQ)N(BCD,). 4)

Tix (3) va (4) ta ¢6 KP = (MPQ) N (BCD).

. Tim giao diém ctia CD va (MPQ).

Trong (BCD) goi L = KPNCD.

Lech = L =CDN(MPQ)
L € KP,KP C (MPQ) N '

. Tim giao diém ctia AD va (MPQ).

Tuong tu nhu trén, ta tim dugc ML = (PQ) N (ACD).
Trong (ACD),goi T = ADNML.SuyraT = AD N (MPQ).

OJ

Bai 20. Cho hinh chép S.ABCD c¢6 AB va CD khong song song. Goi M 1a mét diém
thudc mién trong tam giac SCD.

Ll

1. Tim giao diém N cta CD va (SBM).
Tim giao tuyén ctia hai mat phéng (SBM) va (SAC).
Tim giao diém I cua BM va (SAC).

Tim giao diém P ctia SC va (ABM). Tir d6 suy ra giao tuyén ctia hai mat phang
(SCD) va (ABM).

Loi giai.

1.

. Tim giao tuyén ctia hai mit phang (SBM) va (SAC).

Tim giao diém N ctia CD va (SBM).
Trong (SCD), goi N = SM N CD.

NecD = N = CDN(SBM)
N € SM,SM C (SBM) - ‘

Ta c6 mot luu ¥ rang (SBN) = (SBM).
Trong (ABCD), goi O = ACN BN.
O € AC,AC C (SAQ)
O € (SAC)N(SBN). 1
O € BN,BN c (sBN) = 0 € GAQNEGBEN). (1)
Laico S € (SAC)N(SBN). (2)
Tu (1) va (2) ta c6 SO = (SAC) N (SBN).

. Tim giao diém I caa BM va (SAC).

Trong (SBN), goi I = BM N SO.

I'e BM — [ — BMN (SAC)
1€50,50 c (SAC) '~ '

. Tim giao diém P ctia SC va (ABM). Tir d6 suy ra giao tuyén ctia hai mit phang (SCD)

va (ABM). Ta c6 (ABM) N (SAC) = AL
Trong (SAC), goi P = AINSC.Suyra P = SCN(ABM).Khi d6 (SCD) N (ABM) = MP.



19

Bai 21. Cho tif gidc ABCD va mot diém S khong thudc mat phéng (ABCD). Trén doan
AB lay mot diém M, trén doan SC ldy mot diém N (M, N khong trung véi cac dau
mut).

1. Tim giao diém ctia dudng thang AN véi mit phang (SBD).
2. Tim giao diém ctia dudng thang MN véi mit phang (SBD).

Loi giai.

1. Tim giao diém ctia duong thang AN véi mit phang
(SBD).

e Chon mat phéng phu (SAC) D AN. Ta tim giao
tuyén ctia (SAC) va (SBD).
Trong (ABCD) goi P = AC N BD. Suy ra
(SAC)N(SBD) = SP.

e Trong (SAC) goil = AN N SP.
{I € AN

— I = AN N (SBD).
I € SP,SP C (SBD) (SBD)

2. Tim giao diém ctia dwong thing MN v&i mit
phang (SBD).

e Chon mat phang phu (SMC) D MN. Ta tim
giao tuyén ctia (SMC) va (SBD).
Trong (ABCD) goi Q = MCN BD. Suy ra
(SMC)N(SBD) = SQ.

e Trong (SMC) goi ] = MN N SQ.

] € MN B
{]ESQ,SQC(SBD) = ] = MN N (SBD).

Bai 22. Cho hinh chép S.ABCD. Goi O 1a giao diém ctia AC va BD. M, N, P lan lugt la
cac diém trén SA, SB, SD.

1. Tim giao diém I ctia SO v6i mat phang (MNP).
2. Tim giao diém Q ctia SC v6i mat phang (MNP).

Loi giai.

1. Tim giao diém I ctia SO v&i mat phang (MNP).



20 CHUONG 1. PAI CUONG HINH HOC KHONG GIAN
Trong mat phéng (SBD), goi I = SON NP, c6

[ €SO
I = NP).
{Ie NP C (MNP) = SON (MNP)

2. Tim giao diém Q ctia SC vé6i mét phang (MNP).
e Chon mat phang phu (SAC) D SC.
e Tim giao tuyén cta (SAC) va (MNP).

Ta g |MEMNP) LM e
a Co

M € SA, SA C (SAC)
(MNP) N (SACQ). )

[ €SP, SP C (MNP)

[ €50, SO C (SAC) I € (MNP)N
(SAC). o

Tir (1) va (2) c6 (MNP)N(SAC) = ML
e Trong mit phang (SAC) goi Q = SC N MI, c6 {
SC N (MNP).

Qe sC _
Q € MI, MI C (MNP)

Q=

Bai 23. Cho tir dién ABCD. Goi M, N la hai diém trén AC va AD. O la diém bén trong
tam giac BCD. Tim giao diém cta

1. MN va mat phéng (ABO).
2. AO va mat phang (BMN).

Loi giai.
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1. Tim giao diém ctia MN va mit phang (ABO).

e Chon mat phéng phu (ACD) D MN.

e Tim giao tuyén cta (ACD) va (ABO).

Ta c6 A la diém chung cta (ACD) va (ABO). (1)

Trong mat phang (BCD), goi P = BONCD, ta c6
P € BO, BO C (ABO)
PeCD,CD C (ACD) = P € (ABO)N (ACD).

2)

Tir (1) va (2) suy ra (ACD) N (ABO) = AP.

e Trong (ACD), goi Q = AP N MN, c6

Q € MN
Q € AP, AP C (ABO)

= MN N (ABO) = Q.

2. Tim giao diém ctia AO va mat phang (BMN).
e Chon mit phang (ABP) D AO.
e Tim giao tuyén cta (ABP) va (BMN).
Ta c6 B 1a diém chung ctia (ABP) va (BMN).  (3)

Q € MN, MN C (BMN)

Q € AP, AP C (ABP) Q & (ABPN
(BMN). @)
Tir (3) va (4) suy ra (ABP) N (BMN) = BQ.

Goi I = BQN AO (vi BQ, AO € (ABP)), 6

{I € AO

— [ = AON (BMN).

I € BQ, BQ C (BMN)
H

Bai 24. Trong mat phéng («) cho hinh thang ABCD, day 16n AD. Goi I, ], K lan luot 1a
cac diém trén SA, AB, BC (K khong 1a trung diém BC). Tim giao diém cua

1. IK va (SBD).
2. SD va (IJK).
3. SCva (IJK).

Loi giai.
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1. Tim giao diém ctia IK va mat phéng (SBD).

e Chon mat phang phu (SAK) D IK.
e Tim giao tuyén cta (SAK) va (SBD).
Ta c6 S 1a diém chung cta (SAK) va (SBD). (1)
Trong mat phang (ABCD), goi P = AKN BD, ta c6
P € AK, AK C (SAK) P e (SAK) A (SBD )
PEBD,BDC(SBD):> € )0 ) @
T (1) va (2) suy ra (SAK) N (SBD) = SP.
e Trong (SAK), goi Q = IKN SP, c6

{Q € IK = Q = IKN(SBD).

Q € SP, SP C (SBD)

. Tim giao diém cta SD va mat phang (IJK).

e Chon mit phang phu (SBD) D SD.

e Tim giao tuyén cta (SBD) va (IJK).

Ta c6 Q la diém chung cua (SBD) va (I]K). (3)
Trong mat phéng (ABCD), goi M = JKN BD = M la diém chung ctia (IJK) va (SBD).
(4)

Tir (3) va (4) suy ra (IJK) N (SBD) = QM. e Trong mat phéng (SBD),goiN = QMNSD.

Taco 4V &P N = SDN(UIJK
AN reoM, oM c (JK) Y T {K).

. Tim giao diém cta SC va mit phang (IJK).

e Chon mat phang phu (SAC) D SC.
e Tim giao tuyén cta (SAC) va (IJK).

. JI € (JK)

T I € (IJK AC).

aCO{IESA,SAC(SAC):} € (TK)N(SAC) ®)
Goi E = ACNJK (vi AC, JK C (ABCD)). Vay E € (IJK) N (SAC). (6)
Tix (5) va (6) suy ra (IJK) N (SAC) = IE.

. F e SC

T at pha A iF = IE . Ta ¢ F =

e Trong mat phang (SAC), goi N SC. Ta co {F € IE, IE C (1K) = sCn

(IJK).

OJ

Bai 25. Cho ti dién SABC. Goi I, H lan luot 1a trung diém ctia SA, AB. Trén canh SC
lay diém K sao cho CK = 3SK.

. : . FB
1. Tim giao diém F cta BC v6i mat phang (IHK). Tinh ti so I

2. Goi M la trung diém ctia doan thang IH. Tim giao diém ctia KM va mat phang
(ABC).

Loi giai.



1. Tim giao diém F ctia BC vGi mat phang (IHK). Tinh ti s6 —
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FB
FC’

e Ta tim giao tuyén ctia (ABC) va (IHK) trudc.

Goi E= ACNKI (AC, KI C (SAQ)), taco
E € AC, AC C (ABC)

{E € KI, KI C (IHK) = E € (ABC)N (IHK). (1)
H < (1HK) H € (ABC)N(IHK 2
H e AB, AB  (ABC) ~ 1 € (ABONUHK). @

T (1) va (2) suy ra EH = (ABC) N (IHK).

e Goi F =EHNBC (EH, BC C (ABC)), c6

FeBC = F = BC N (IHK)
F € EH, EH C (IHK) n '
Goi D la trung diém ctia SC, ta ¢6 IK la dudng trung binh ctia ASAD.
CA CD
Trong ACEK ¢6 — 1E = DK =2= CA =2CK.

Trong mat phang (ABC) ké AN || EF (N € BC). Ta ¢

BH  BF

HF || AN = A FN—1:>BF FN.
CA CN
EF | AN = AF = NE =2=-CN = 2NF.
FB FB FB 1
Do dé6 — = = = .

FC FN+NC 3FB 3

. Tim giao diém ctia KM va mat phang (ABC).
Ta c6 KM C (IHK). Goi | = KM N EH (EH, KM C (IHK)).

Tacs ) € KM . J = KMN(ABC)
A0 cEH EH ¢ (ABC) T T '

Phuong phép giai
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Bai 26. Cho hinh chép S.ABCD c¢6 day ABCD la hinh binh hanh tam O. Goi M, N, I
lan luot nam trén ba canh AD, CD, SO. Tim thiét dién ctia hinh chop voi mat ph:fmg
(MNI).

Loi giai.

Trong mat phzfmg (ABCD), goi ] = BDnN
MN, K= MNNAB, H= MN N BC.
Trong mat phang (SBD), goi Q = I] N SB.
Trong mat phéng (SAB), goi R = KQNSA.
Trong mat phéng (SBC),goi P = QH N SC.
Vay, thiét dién cua hinh chép S.ABCD véi
mat phang (MNI) 1a ngd gidc MNPQR.

Bai 27. Cho hinh chép S.ABCD. Goi M, N, P lan luot 1a trung diém léy trén AB, AD
va SC. Tim thiét dién ctia hinh chép vé6i mat phang (MNP).

Loi giai.

Trong mat phang (ABCD), goi E = MN N DC,
F = MNNBC.

Trong mat phang (SCD), goi Q = EP N SD.

Trong mat phéng (SBC),goi R = FPN SB.

Vay, thiét dién cta hinh chép S.ABCD vé&i mat
phang (MNP) la ngii gidc MNQPR.

e Phuong phap ching minh ba diém théng hang:
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Mubn ching minh ba diém A, B, C théng hang, ta chirng minh

ba diém d6 lan lugt thuoc hai mat phang phan biét (x) va (B) A

thi suy ra ba diém A, B, C nam trén giao tuyén cta (a) va (8), |*

nén chuing théng hang. B

e Phuong phép chitng minh ba duong thang dong quy:

Ta tim giao diém ctia hai duong thang trong ba duong thang da cho, rdi chitng minh
giao diém d6 nam trén duong thang thit ba. Cu thé nhu sau:

Chon moét mat phfmg (P) chita hai duong th:fmg (a) va (b). Goi I = (a) N (D).

Tim mot mat phéng (Q) chta duong théng (a), tim mot mat
phéng (R) chta duong théng (b), sao cho (c) = (Q)N(R) =
I € (c).
Vay, ba duong thang (a), (b), (c) dong quy tai diém 1.
((a), (b) C (P)

@n@®) =1

(P)N(Q) = (a) = (@) N ()N (c) = L.

(P)N(R) = (b)
L(Q)N(R) = ()

Bai 28. Cho tiz dién SABC. Trén SA, SB va SC 1an luot léy cac diém D, E, F sao cho DE
cat AB tai I, EF cat BC tai J, FD cat CA tai K. Chung minh ba diém I, |, K théng hang.

Loi giai.

Ta co
(I = ABNDE(AB, DE C (SAB))

e !¢ AB, AB C (ABC) = [ € (ABC) N (DEF). (1)
| € DE, DE C (DEF)

(K = AC N DF(AC, DF C (SAC))

e ! 1€ AC, AC C (ABC) = K € (ABC) N (DEF). )
| K € DF, DF C (DEF)

J = BCNEF(BC, EF C (SBC))

e { ] € BC, BC C (ABC) = J € (ABC) N (DEF). 3)
] € EF, EF C (DEF)
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Tir (1), (2) va (3) suy ra ba diém I, ], K thang hang. O

Bai 29. Cho ta dién ABCD c6 G la trong tam tam giac BCD, Goi M, N, P lan luot 1a
trung diém cua AB, BC, CD.

1. Tim giao tuyén cta (AND) va (ABP).
2. Goi I = AGN MP, ] = CM N AN. Ching minh D, I, ] thang hang.

Loi giai.

1. Tim giao tuyén ctia (AND) va (ABP).

A € (ABP)N(ADN). (1)
G € BP, BP ABP
Taco G = BPN DN, co < c( )

G € DN, DN C (ADN)
Tir (1) va (2) ta ¢6 AG = (ABP) N (ADN).

= G € (ABP)N (ADN). )

2. Chiing minh D, I, ] thang hang.

I = AGNMP, AG C (ADG), MP C (DMN) = I € (ADG) N (DMN). 3)
J=CMnN AN, AN C (ADG), CM C (DMN) = | € (ADG) N (DMN). (4)
D € (ADG)N (DMN). (5)

Tix (3), (4), (5) suy ra ba diém D, I, | thudc giao tuyén ctia hai mat phéng (ADG) va
(DMN).
Vay ba diém D, I, ] thang hang.

OJ

Bai 30. Cho hinh binh hanh ABCD. S la diém khong thudc (ABCD), M va N lan luot
1a trung diém ctia doan thang AB va SC.

1. Xac dinh giao diém I = AN N (SBD).
2. Xdc dinh giao diém | = MN N (SBD).
3. Ching minh ba diém I, ], B thang hang.

Loi giai.



1. Xéc dinh giao diém [ = AN N (SBD).
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e Chon mat phang phu (SAC) chita AN. Ta tim giao tuyén ctia (SAC) va (SBD).
Trong mat phang (ABCD) goi O 1a giao diém ctia AC va BD. Hai mat phang (SAC) va

(SBD) c6 hai diém chungla S va O.
Vay (SAC) N (SBD) = SO.
e Trong mit phang (SAC) goi [ = ANNSO.Tacé I = AN N (SBD).

. Xéc dinh giao diém ] = MN N (SBD).

e Chon mat phang phu (SMC) chita MN. Ta tim giao tuyén ctia (SMC) va (SBD).
Trong mat phang (ABCD) goi K la giao diém ctia MC va BD. Hai mat phang (SMC)

va (SBD) c6 hai diém chung la S va K.
Vay (SMC) N (SBD) = SK.
e Trong mat phéng (SMC) goi] = MNNSK.Taco ] = MNN(SBD).

. Ching minh ba diém I, ], B thang hang.

e Ta c6 B 1a diém chung ctia (ABN) va (SBD).
I €50, SO C (SBD)

* {1 € AN, AN C (ABN)
] € SK, SK C (SBD)

* {] € MN, MN C (ABN)

Tix (1), (2) va (3) suy ra ba diém I, ], B théng hang.

= I € (ABN)N (SBD).

= ] € (ABN) N (SBD).

Bai 31. Cho tit gidc ABCD va S € (ABCD). Goi I, | 1a hai diém trén AD va SB,
BC tai O va OJ cat SC tai M.

1. Tim giao diém K = I] N (SAC).
2. Xdc dinh giao diém L = DJ N (SAC).
3. Chung minh A, K, L, M théng hang.

Loi giai.

1)
(2)

3)

AD cat
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1. Tim giao diém K = I] N (SAC).

Chon mat phéng phu (SIB) chua I].

Tim giao tuyén cta (SIB) va (SAC).

c6S € (SBI)N(SAC) (1)
Trong mat phang (ABCD) goi E = ACN BI, ta ¢6:

E € AC, AC C (SACQ)

E ¢ BI, BI C (SBI) = E = (SAC)N(SBI) (2)
Tir (1) va (2) suy ra SE = (SBI) N (SAC). A
Trong mat phéng (SIB), goi K = I] N SE.

Ta ¢6 kel K=1I]N(SAC
aco {K € SE,SE  (sAc) ~ K= 1INEAQ)
2. Xéc dinh giao diém L = D] N (SACQ).
Chon mat phang phu (SBD) chia DJ. Tim giao
tuyén cta (SBD) v6i (SAC).
Taco S € (SBD)N(SAC) 3)

Trong mat phang (ABCD) goi F = AC C BD. Suy ra F 1a diém chung thi hai ctia hai mat

phang (SBD) va (SAC). (4)
Tir (3) va (4) suy ra SF = (SBD) C (SAC). Trong mat phfmg (SBD) goi L = DJ N SF.
LeDJ
Va L =DJN(SAC
ay{LeSF,SFC(SAC)j JNEAC)

3.Chung minh A, K, L, M théng hang.
Taco A € (SAC)N(AJO) (3)
. |Kel], 1] C(AJO)
va {K € SE, SE C (SAC) = K e (SAC)N(AJO). @)
i {L € DJ, D] C (AJO)
L € SF, SF C (SAC)
i {M € JO, JO C (AJO)
M € SC, SC C (SAQ)
Tix (3), (4), (5) va (6) suy ra bon dié{n A, K, L, M cung thudc giao tuyén ctia hai mat phéng
(SAC)va (AJO). Vay A, K, L, M thang hang. OJ

= L € (SAC)N(AJO) (5)

= M € (SAC)N(AJO) (6)

Bai 32. Cho tit giac ABCD va S € (ABCD). Goi M, N la hai diém trén BC va SD.
1. Tim giao diém | = BN N (SAC)
2. Tim giao diém | = MN N (SAC)

3. Chung minh réng C 1] théng hang.

Loi giai.
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1. Tim giao diém I = BN N (SAC)
Chon mat phang phu (SBD) chira BN.
Tim giaio tuyén ctia hai mat phang (SBD) va
(SAC). Trong mit phang (ABCD) goi O = ACN
BD.
Hai mat phang (SAC) va (SBD) c6 hai diém chung
1a S va O. Vay giao tuyén cta chung la SO.
Trong mat phang (SBD) goi I = BN N SO.
Ta c6 bebN I =BNN(SAC
aco {IESO, soc@sac) T (SAC).
2. Tim giao diém | = MN N (SAC).
Chon mit phang phu (SMD) chita MN. Tim giao
tuyén ctia (SMD) va (SACQ).
Trong mat phéng (ABCD), goi K = ACN DM. Hai
mét phang (SAC) va (SMD) c¢6 hai diém chung la
SvaKk.
Vay giao tuyén ctia chung la SK.
Trong mat phang SMD, goi ] = MN N SK. Ta ¢6
J € MN MN N (SAC
JeSK SKC(sac) )= (5AC)
3.Chung minh C, I, | théng hang.

Theo cach tim diém & nhiing cau trén, ta c6 ba diém C, I, | 1a diém chung cua hai mat
phang (BCN) va (SAC) = Ba diém C, I, ] cung thudc giao tuyén ctia hai mat phang (BCN)
va (SAC). Kétluan C, I, ] thang hang. O

Bai 33. Cho hinh chép S.ABCD. Goi M, N, P lan luot 1a trung diém ctia SA, SB, SC.
Goi E=ABNCD,K=ADNBC

1. Tim giao tuyén ctia hai mat phéng (SAC)N(SBD), (MNP) N (SBD).
2. Tim giao diém Q cta dudng thang SD véi mit phang (MNP).
3. Goi H= NM N PQ. Ching minh ba diém S, H, E théng hang.

4. Chiing minh ba dudng thang SK, QM, NP dong quy.

Loi giai.
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1. Tim giao tuyén cta (SAC) N (SBD).
Trong mat phéng ABCD goi O = ACN
BD, co:

0'€ AC, AC C (SAC)
O € (SAC
O eBD,BD c (sBp) ~ O € 640N

(SBD) (1)

S € (SAC)N(SBD) (2)

Tir (1) va (2) suy ra (SAC) N (SBD) = SO.
Tim giao tuyén ctia (MNP) N (SBD).
Trong mat phang (SAC) goi F = MPN SO,

CcO
F € MP, MP C (MNP)

Feso,s0c spp) LS MNPN
(SBD) (3)

[N e (MNP) N
" \NeSB SBC (SBD) <
(MNP)N (SBD) (4)
Tix (3) va (4) suy ra (MNP) N (SBD) = NF.
2. Tim giao diém Q ctia duong thang SD
v6i (MNP).
Goi Q = NFN SD (vi NF, SD C (SBD)).

. [QeSD
T: = =
4 10 e NF, NF c (MNP) Q

SD N (MNP).

3.Goi H= NM N PQ. Ching minh ba diém S, H, E théng hang.
Taﬁo: MN N PQ, MN C (SAB), PQ C (SCD) = H € (SAB)N(SCD) (%)
E=ABNCD, AB C (SAB), CD C (S5CD) = E € (SAB)N(SCD)  (xx)
S € (SAB)N(SCD) (x x %)
Tux (%), (**), (**) suy ra ba diém S, H, E thudc giao tuyén ctia hai mat phéng (SAB) va (S5CD)
nén ba diém S, H, E thang hang. )
4. Chung min ba duong thang SK, QM, NP dong quy.
Goi G = MQN NP (vi MQ, NP C (MNP)) (5)
co
G € MQ, MQ C (SAD)
G € NP, NP C (SBC) = G € (SAD)N(SBC) (6)
Ngoaira (SAD) N(SBC) = SK = G € SK. (7) X
T (5),(6),(7) suy ra ba duong thang SK, QM, NP dong quy. ]

Bai 34. Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh. Goi Mla trung diém

ctia canh SD, I 1a diém trén canh SA sao cho AI = 2IS. Goi K la giao diém ctia IM véi
. . KD . .

mat phang ABCD. Tinh ty so A" Goi N la trung diém ctia BC. Tim thiet dién cta

hinh chép S.ABCD cat bi mat phang (AMN).

Loi giai.
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Trong mat phang (SAD) goi K = IM N AD.
Vi

KeIM

K e AD, AD C (ABCD)
Dung DF || KI(F € SA). Trong ASDF ¢6 IM la duong trung binh cta tam gidc = SI =
IF = FA.

Tir d6 suy ra FD la duong trung binh ctia tam giac AAIK = D la trung diém cta AK.
Két luan kD _1
YMEA T2
Trong mat phang (ABCD), goi E = AN NCD.
Trong mat phéng (5CD), goi P = EM N SC. Tir d6 suy ra thiét dién ctia hinh chop S.ABCD

bi cat bsi mat phang (AMN) la ti gidc AMPN. ]

= K = IMN (ABCD).

Bai 35. Cho tit dién ABCD. Goi P va Q lan lugt 1a nhitng diém nam trén hai doan
thang BC va BD, M la mét diém nam trén AC. Gia st khong ton tai song song trong
hinh vé ctia bai toan

1. Tim giao diém ctia duong thang AB va mat phang (MPQ). Suy ra giao diém N
ctia duong thang AD va mat phang (MPQ).

2. PQ cat CD tai diém I. Tim giao tuyén ctia hai mat phang (MPQ) v6i mat phang
(ACD). Nhan xét gi vé vi tri cia M, N, I?

3. DPva CQ catnhau tai E, MQ va NP cit nhau tai F. Ching td rang A, E, F thang
hang.

Loi giai.
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a. Trong mat phfmg (ABC), goi H = ABN MP. H
(@)
H e AB
= H = ABnN
H e PM, PM C (MPQ)
(MPQ).

Ta c6 H va Q la hai diém chung ctia hai mat
phang (MPQ) va (ABD) nén giao tuyén ctia
chiing 1a duong thang HQ. HQ cat AD tai N,
thi N 1a giao diém ctia AD va (MPQ).

b. M va I 1a hai diém chung ctia hai mét phang
(MPQ)va (ACD). Vay giao tuyén ctia (ACD) va
(MPQ) la duong théng MI.

ViN € (MPQ)N(ACD) = N € MI. Vay ba
diém M, N, I théng hang.

c. Viba diém A, E, F la ba diém chung cta hai
mat phzfmg (ADP) va (ACQ) nén chung thudc
giao tuyén ctia hai mat (ADP) va (ACQ).

Két luan ba diém A, E, F thang hang.

BAI TAP TONG HOP CHUONG I

Bai 36. Cho hinh chép S.ABCD vdi ddy ABCD la hinh binh hanh. Goi M la diém bat
ky thuoc SB, N thudc mién trong tam gidc SASCD.

1. Tim giao diém ctia MN va mat phang (ABCD)
2. Tim SCN (AMN) va SD N (AMN)
3. Tim SAN(CMN)

Loi giai.

a. Tim giao diém ctiia MN va (ABCD).

Goi Il = SNNCD (vi SN,CD C

(5CD)). Chon mat phéng (SBI) chua

MN. Ta c6 B va I 1a hai diém chung

ctia hai mat phang (SBI) va (ABCD).

Vay (SBI) N (ABCD) = BI.

Goi H = MN N BI (vi MN, BI C
_ (He MN

(SBI) Ta <o\ i ¢ 1 BI ¢ (ABCD)

— H = MN N (ABCD)

b. Tim SC N (MAN).

Dau tién ta tim giao tuyén ctia mat

phang (SAC) va (SBI). Goi O = ACN

BI (vi AC, BI C (ABCD)).

Ta c6 S va O 1a hai diém chung ctia hai

mat ph:fmg (SAC) va (SBI).

Vay SO = (SAC) N (SBI).

Goi E = SON MN (vi SO, MN C

(SBI)). Chon mat phang (SAC) chia

SC. Tim giao tuyén ctia hai mat phang

(SAC) va (AMN)
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1. M va I la hai diém chung ctia hai mat phang (MPQ) va (ACD).
Vay giao tuyén ctia (ACD) va (MPQ) la dudng thang MI.
Vi N € (MQP)N(ACD) = N € MI. Vay ba diém M, N, I thang hang.

2. Viba diém A, E, F 1a ba diém chung cta hai mat phang (ADP) va (ACQ). Nén ching
thudc giao tuyén ctia (ADP) va (ACQ).
Két luan ba diém A, E, F thang hang.

BAI TAP TONG HOP CHUONG I

Bai 37. Cho hinh chép S.ABCD véi ABCD la hinh binh hanh. Goi M la diém bat ky
thudc SB, N thudc mién trong tam giac SCD.

1. Tim giao diém ctia MN va mat phang (ABCD).
2. Tim SC N (AMN), SD N (AMN).
3. Tim SA N (CMN).

Loi giai.

1. Tim giao diém ctia MN va mét phang (ABCD).
Goi I =SNNCD (viSN,CD C (5CD)). Chon mat phéng (SBI) chita MN.
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Ta c6 B va I la
hai diém chung
caa hai mat
phang (SBI)
va (ABCD).
Vay (SBI) N
(ABCD) = BIL

Goi H =

MN N BI (vi

MN, BI C

(SBI)). Ta c¢o H
H e MN

{H € BI,BI C (ABCD

= H =
MN N (ABCD).

. Tim SC N

(AMN),

SD N (AMN).
Pau tién ta
tim giao tuyén
cia mat phang
(SAC) va (SBI).
Goi O = ACNBI
(vi AC,BI C
(ABCD)). Ta co6
S va O la hai
diém chung cua
hai mat phang

(SAC) va (SBI).

Vay (SBI) N

(SAC) = SO.

Goi E =

SO N MN (vi

SO, MN -

(SBI)).

Chon mat phéng (SAC) chua SC. Tim giao tuyén cua (SAC) va (AMN). A € (SAC)N
(AMN). (1)
Va E€ 50,50 c (540) = E € (SAC)N (AMN). (2)

E € MN,MN C (AMN)
T (1) va (2) suy ra (SAC) N (AMN) = AE.
K e SC

Goi K = SCN AE (vi AE,SC C (SAQ)), c6 K = 5Cn
ot W C (5AQ)), o {K € AE, AE C (AMN)
(AMN).

Tim giao diém ctia SD va mét phang (AMN): Ta c6 K va N 1a hai diém chung ctia hai
mat phing (AMN) va (SCD). Vay (AMN) 1 (SCD) = KN. Goi P = KN 1 SD. Suy ra P
cling la giao diém ctia SD va mat phang (AMN).

. Tim SA N (CMN).

Chon mit phing (SAC) chita SA. Tim (SAC) N (CMN). Ta ¢6 C € (SAC) N (CMN). (3)

E € SO,S0 C (SAC
Theo cau 2, E = SO N MN (vi SO, MN C (SBI)), c6 { (546)

= E €
E € MN, MN C (CMN)
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(SAC) N (CMN). 4)
Tir (3) va (4) suy ra (SAC) N (CMN) = CE. Goi Q = SANCE (vi SA,CEN(SAQ)).

Tacs 19 €54 — Q= SAN(CMN)
40 e CE,CE c (CMN) - '

O]

Bai 38. Cho hinh chép S.ABCD c6 day ABCD la hinh thang véi AB song song véi CD.
O la giao diém cuia hai duong chéo, M thudc SB.

1. Xac dinh giao tuyén cta cac cap mat phéng: (SAC) va (SBD); (SAD) va (SBC).
2. Tim giao diém SO N (MCD); SA N (MCD).

Loi giai.

1. X4c dinh giao tuyén cta (SAC) va
(SBD).
Ta c6 S la diém chung thi nhat va O
l1a diém chung thu hai cia hai mat
phéng (SAC) va (SBD).
Vay (SAC) N (SBD) = SO.
Xac dinh giao tuyén ctia (SAD) va
(SBO).
Tac S € (SAD) N (SBC). (1)
Trong mat phang (ABCD)
goi H = AD N BC, co

H e AD, AD C (SAD) .

H € BC,BC C (SBC) <
(SAD) N (SBO). @)
T (1) va (2) suy ra (SAD) N (SBC) =
SH.

2. Tim giao diém SO N (MCD); SA N
(MCD).
Goi I = SONDM (vi SO, DM C
(SBD)).
I €SO

=
I € DM,DM C (MCD)
SO N (MCD,).

Goi ] =SANCI (viSA,CI C (SAQ)).

L [resa L
A \JecrcI cMcD) =

SAN(MCD).

Ta co I =

[

Bai 39. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh tdm O. Goi M, N lan
luot 1a trung diém ctia AB, SC.

1. Tim I = AN N (SBD).
2. Tim K = MN N (SBD).

. KM
. Tinh ti s0 —.
3. Tin 1soKN
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: . IB
4. Chung minh B, I, K thang hang. Tinh ti so <"
Lai giai.
1. Tim I = AN N (SBD).

Trudc hét ta tim giao tuyén cua
mp(SAC) va mp(SBD). Ta c6 S ¢

(SAC) N (SBD). 1)
(0 e AC,AC C (SAC)

o {OEBD,BDC(SBD) = 0 ¢

(SAC) N (SBD). @)

Tt (1) va (2) suy ra SO = (SAC) N

(SBD).

Goi I = SONAN (vi SO, AN C
(SAC)).Suyral = ANN(SBD).
2. Tim K = MN N (SBD).
Chon mp(ABN) chta MN. Tim giao
tuyén ctia mp(ABN) va mp(SBD).
I € SO,S0O C (SBD)

CONleananc N 1€
(ABN) N (SBD). 3)
C6 B € (ABN) N (SBD). @)

T (3) va (4) suy ra BI = (ABN)nN
(SBD); K = BIN MN. Khi d6 K =
MN N (SBD).

o2 KM
3. Tinh ti so XN 7
Goi Q la trung diém ctua Al Ta ¢6 AQ =
QI = IN (viIla trong tam tam giac SAC). Co
MQ la duong trung binh cua tam giac ABI.
Suy ra MQ || BI. Ta ¢6 IK la duong trung B
binh tam gidac MNQ. Vay K la trung diém

KM
) — =1.
MN. Suy ra KN

. . IB
4. Chuang minh B, I, K thang hang. Tinh ti so <
Theo cach tim giao tuyén ctia cau 2 thi ba diém B, K, I thang hang.

1 IB
Trong tam giac ABI, c6 QM = EBI = IB =4IK & K= 4.

O

Bai 40. Cho hinh chép S.ABC. Goi K, N lan luot 1a trung diém cta SA, BC. DPiém M

thuoc SC, SM = %MC.

1. Tim thiét dién ctia hinh chép véi mp(KMN).

; ; . LA
2. Mat phang (KMN) cat AB tai L. Tinh ti so 1B
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Loi giai.

1. Tim thiét dién ctia hinh chép véi mp(KMN).
Trong mat phang (SAC), goi I la giao diém ctia KM va AC. Trong mat phang (ABC), L
la giao diém ctia IN va AB. Két luan thiét dién can tim 1a ti gidc MNLK.

: . ., LA
2. Mat phang (KMN) cat AB tai L. Tinh ti sO 1B

Trong mat phang (SAC), ké AE || KM v6i E thuoc SC. Ta ¢6 KM la duong trung binh
ctia tam gidc SAE nén M la trung diém SE. Poan SC dugc chia 1am 5 phan, MC chiém
3 phan suy ra CE chiém 1 phan.

CE CA 1 1
13 y— — — — = —A .
Trong tam giac CIM co M- Al 2 = CA > I
Trong tam giac ABC, ké DN || AB(€ AC). Vay DN la duong trung binh cia AABC
nén DN = %AB. (1)
. (A AL 4 4
Trong tam giac IDI\lf ) ; DN~ 5 = DN = EAL. (2)
Tir (1) va (2) ta c6 EAB = EAL & 2AB = 5AL < 2(LA+LB) = 5LA < 2LB =
LA 2
LA= — = .
AT

O

Bai 41. Cho t& dién ABCD. Goi I, ] 1an luot 1a trung diém cta AC, BC. Léy K thuoc
canh BD sao cho BK = 2KD.

1. Tim E = CD N (IJK). Chung minh DE = DC.

2. Tim giao diém F = AD N (IJK). Ching minh FA = 2FD.

3. Tim thiét dién cta ti dién ABCD véi mat phéng (IJK). Xac dinh hinh tinh caa
thiét dién.

Loi giai.
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1. Tim E = CD N (IJK). Chiang minh 4
DE = DC.
Goi E = CDNJK (vi CD,JK C
(BCD)),
_(EecD .
CNEex K@K ~ C T
CD N (IJK).

Chung minh DE = DC.
Trong ABCE, ké DP || E]J. Trong tam giac BDP, c6 JK ||

£ ney
_:—:2 B:ZP I:2P.T\ 5

/P~ KD = BJ JP = C JP. Ttr d6 suy ra
DP la duong trung binh ctia tam giac CEJ. Suy ra D la

trung diém CE. Vay DE = DC.

. Tim giao diém F = AD N (IJK). Chtiing minh FA = 2FD.

Vi IE, AD C (ACD). Goi F = IE N AD. Ma IE C (IJK) = F = AD N (IJK). Xét trong
tam gidc ACE c6 F 1a giao diém ctia hai duong trung tuyén AD va EI. Suy ra F la trong
tam cua AACE. Vay FA = 2FD.

. Tim thiét dién ctia t& dién ABCD vé6i mat phang (IJK). Xac dinh hinh tinh ctia thiét

dién.
Ta 6 (ITK) N (ABC) = IJ;(I]K) N (BCD) = JK
“®\(IJK) N (ABD) = KF;(IJK) N (ACD) = FI

y DK DF 1
Trong tam gidc ABD, c6 DE-DC -3~ KF || AB. (1)
Trong tam gidc ABC, ¢6 I] la duong trung binh nén I] || AB. (2)

Tir (1) va (2) suy ra ti gidc IJKF 1a hinh thang.

. Thiét dién can tim 1a t giac IJKF.

Bai 42. Cho ti dién S.ABC. Trén SB, SC lan luot lay hai diém I, | sao cho I] khong
song song vdi BC. Trong tam giac ABC lay mot diém K.

1. Xac dinh giao tuyén ctia hai mat phang (ABC) va (I]K).
Xac dinh giao diém cta AB, AC véi (I]K).

Tim giao tuyén ctia hai mat ph:fmg (SAB) va (I]K).

Tim giao diém ctia BC, I] v6i mat phang (SAK).

SR R

Xac dinh thiét dién ctia mat phang (IJK) véi ti dién S.ABC.

Loi giai.
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1. Xdc dinh giao tuyén ctia hai mit phang
(ABC) va (IJK).
Goi D = IJNBC (vi I], BC C (SBQC)),
D e 1], 1] c (IJK)

©© \peBCBCc(apc) ~ P & WKN
(ABC). (1)
C6 K € (ITK) N (ABC). )

T (1) va (2) suy ra (IJK) N (ABC) = DK.

2. Xac dinh giao diém ctia AB, AC va (IJK).
Goi E,F lan lugt la giao diém ctia AB, AC
voi DK (vi AB,AC,DK cung thudéc mat
phang (ABC)). Ngoai ra DK nam trong mt
phang (IJK). Vay AB N mp(IJK) = E; ACN
mp(IJK) = F.

3. Tim giao tuyén cta (SAB) va (I]K).
Ta c6 I va E 1a hai diém chung ctia hai mat phefmg (SAB) va (I]K)nén (SAB) N (I]JK) =
IE.

4. Tim giao diém caa BC, I] v&i (SAK).

G e BC
Goi G = AK N BC (vi AK,BC C (ABC)). Ta c6 G = BCn
o v < (4BC))-Ta c6 {GeAK,AKc(SAK)i
(SAK).
GoiL = SGN 1] (viSG,IJ € (SBC)).Tacs | = €1 — L = IJ N (SAK)
il = 1SG, . = )
© v TN L €5G,5G c (SAK)

5. Xac dinh thiét dién caa mp(I]JK) véi tir dién S.ABC.
(ITK) N (ABC) = EF;(IJK) N (SAC) = FJ

Theo cach d diém & cac cau trén ta cd
€0 cacC U(ng 1em O cacC cau tren ta co {(I]K) A (SAB) _ IE;(I]K) A (SBC) _ ]I.

Vay thiét dién can tim la t& giac IJFE.

OJ

Bai 43. Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh thang, day 16n 1la AB. Trén
SA,SB lan lugt lay 2 diém M, N sao cho MN khong song song vdi AB. Goi O =
ACNDB.

1. Tim giao diém ctia dudng thang AB véi mp(MNO).
Tim giao tuyén cia mp(MNO) véi cac mat (SBC) va (SAD).
Xac dinh thiét dién ctia (M) vé6i hinh chép S.ABCD.

> WD

Goi K 1a giao diém ctia hai giao tuyén & cau thir 2 va E = AD N BC. Chiing minh
3diém S,K, E théng hang.

Loi giai.
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K

1. Tim giao diém ctia duong thing AB
voi mp(MNO).
Goi H — ABN MN (vi AB,MN C
(SAB)).

H e AB

H e MN, MN C (MNO)

H = AB N (MNO).

2. Tim giao tuyén ctia mp MNO véi cac

Ta co

mit phang (SBC) va (SAD).
Goi F = BCN HO (BC,HO C
(ABCD)),

F € BC,BC C (SBC)

F € HO,HO C (MNO)
= F € (MNO)N(SBC). (1)
N € (MNO)N(SBC). (2)
T (1) va (2) suy ra (MNO) N (SBC) =

tacod:

FN.
Trong mp(ABCD), goi G = ADnN
HO,
. |[Ge AD,AD C (SAD)
ta co

G € HO, HO C (MNO)
G € (MNO)N (SAD). (3)
M € (MNO) N (SAD). (4)
Tit (3) va (4) suy ra (MNO) N (SAD) =
MG.

3. Xac dinh thiét dién caa (MNO) véi hinh chép S.ABCD.

(MNO)N(ABCD) = GF;(MNO)N(SBC) = FN
(MON)N(SAB) = NM;(MNO) N (SAD) = MG.
Vay thiét dién can tim la ti gidc MNFG.

Theo cach dung diém 6 trén, ta c6 {

4. Chitng minh 3 diém S, K, E thiang hang.
Taco E=ADNBC, AD C (SAD), BC C (SBC)nén E € (SAD)N(SBC). (%)
K=GMNFN,GM C (S§AD),FN C (SBC)nén K € (SAD)N(SBC). (xx)
S C(SAD)N(SBC). (xxx)
Tir (*)(x*)(* * %) suy ra ba diém E, K, S thudc giao tuyén cua hai mat phéng (SAD) va
(SBC) nén ba diém E, K, S thang hang.

]

Bai 44. Cho tit dién ABCD . Goi M 1a trung diém AB, K 1a trong tam cua tam giac
ACD.

1. Xéc dinh giao tuyén ctia (AKM) va (BCD).

2. Tim giao diém H ctia MK va mp(BCD). Chiing minh K 1a trong tdm ctia tam gidc
ABH.

3. Trén BC lay diém N. Tim giao diém P, Q ctia CD, AD véi mp(MNK).
4. Ching minh 3 dudng thaing MQ, NP, BD déng quy.

Loi giai.
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1. Xac dinh giao tuyén caa

(AKM) va (BCD).

Goi G = AKNCD (vi
AK,CD C (ACD)).

Ta co

{G € AK, AK C (AKM)

G €CD,CD C (BCD)
= G € (AKM) N
(BCD). (1)
B € (ABG)N(BCD). (2)
T (1) va (2) suy ra
(ABG)N(BCD) = BG.

2. Tim giao diém H cta MK va
mp(BCD).
Trong mp(ABG), goi H =
MK N BG,
. |H € MK
“°1H € BG, BG c (BCD)
= H = MK N (BCD).

Chung minh K la trong tam cua tam giac ABH. A
Vi K la trong tdm cta tam gidc ACD nén K chia
doan AG thanh ba phan bang nhau.

Goi L 1a diém ddi xing ctia K qua G thi K 1a trung

diém ctia AL. M

Trong AABL, MK la dudng trung binh ctia tam

giac. B

Ta c6 ABGL = AHGK(g.c.g) = BG = HG. G H
Viy K la trong tdm cta tam giac ABH. \QA

3. Tim giao diém P, Q caa CD, AD véi mp(MNK).
Trong mp(ABC) goi E = MN N AC. Trong
mp(ACD) duong thang EK cat CD va AD lan
luot tai P,Q, thi P va Q chinh la giao diém cta
CD va AD v6i mp(MNK).

4. Chitng minh MQ, NP, BD dong quy.
Trong mp(MNK) goi F = MQ N NP, vi {F € MQ c (ABD) = F € (ABD) N (BCD).
' F € NP C (BCD)
Ta do suy ra F thudc giao tuyén cta BD va hai mat phang (ABD) va (BCD).
Vay ba duong thang MQ, NP, BD dong quy tai diém F.
O

Bai 45. Cho hinh chop S.ABCD c¢6 day ABCD va hinh binh hanh. Goi G la trong tam
cuia tam gidc SAD, M la trung diém ctia SB.

1. Tim giao diém N ctia MG va mit phang (ABCD).
2. Ching minh ba diém C, D, N thang hang va D 1a trung diém ctia CN.

Loi giai.
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1. Trong mat phang chita MG, goi N
la giao diém ctia MG va BE. Vi BE
thuoc mat phang (ABCD), nén N
thudc (ABCD). Vay N la giao diém
cia MG va mit phang (ABCD).

2. Trong mat phang (SBN), ké EF ||
MN (F thudc SB).
Trong tam gidac SEF ¢6 MG || EF nén

SM SG
W_E—2$SM—2MF(:>BM—2MF.

Vay F la trung diém ctia BM.

BF BE
Trong ABMN ¢6 EF || MN nén M- EN

BN.

1 = BE = EN. Vay E la trung diém cua

Dé dang chiing minh AAEB = ADEN (c.g.c) = ABE = END.
Hai g6c nay bang nhau theo trudng hop so le trong nén AB || DN, ma AB || CDnén C,D, N
thang hang.

ED la dudng trung binh ctia tam gidc NBC suy ra D la trung diém cta CN.

Bai 46. Cho hinh chép S.ABCD, day ABCD la hinh binh hanh tam O. Goi M la trung
diém cuia SC.

1. Xac dinh giao tuyén ctia (ABM) va (SCD).
2. Goi N la trung diém ctia BO. Xéc dinh giao diém I ctia (AMN) v6i SD. Ching
SI

2 £ . :
minh D=3 Tim thiet dién ctia hinh chép S.ABCD cat bdi mat phang (AMN).

Loi giai.
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1. Xac dinh giao tuyén ctia (ABM)
va (SCD).
Ta co
M € (ABM) N (SCD)
AB | CD
AB C (ABM),CD cC (SCD)
= (ABM) N (SCD) = MH
(MH || AB || CD.)

2. Xac dinh giao diém [ cta

(AMN) va SD.
Ta ¢6 (SAC) N (SBD) = SO.
Goi K =AM N SO

(AM, SO C (SAQ)).
Tim giao tuyen (AMN) va

(SBD).

T og JN € (AMN) _
4N e BD,BD c (SBD)

N € (AMN) N (SBD). (1)
Ke AM,AM C (AMN)
K € BD,BD C (SBD)

K € (AMN)N (SBD). (2)

Te (1) va (2) suy ra

(AMN) N (SBD) = NK. NK
cat SD tai diém I, thi I chinh la
giao diém ctia (AMN) va SD.
Trong mat phang (SBD), tr O dung OP || NI(P € S
SD).
DO DpP 2
Trong ADNI, c6 OP || DI nén ¢6 —— ON - PI-1- p
2= DP =2PI. (3)
SK SI 2
Trong ASOP e6 KI || OPnéned 25 = 2o = T = . P
2 = SI =2PI. (4) (K) la trong tam cua ASAC. Tu
IS 2
(3) va (4) suy ra — D=3 ’ ,
Thiét dién cta hinh chép bi cat béi mat phang B N O D
(AMN).
Goi L 1a giao diém ctia AN va BC. Két luan thiét dién
la ta gidc ALMI.

O]

Bai 47. Cho ti dién ABCD. Trén AD lay diém N sao cho AN = 2ND, M la trung diém
A 2 1
caa AC, trén BC lay diém Q sao cho BQ = ZBC

2 £ IC
1. Tim giao diém I caa MN v6i (BCD). Tinh ty so D"
/B JQ
2. Tim giao diém ] cta BD v6i (MNQ). Tinh ty s6 — DI

Loi giai.
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A
1. Tim giao diém [ caa MN véi
(BCD).
Goi I = MNNCD (MN,CD C
(ACD)). I
I ¢ MN N
I € CD,CD C (BCD) n
MN N (BCD). B
Q D
C
Tinh ty s6 %. A
T D ké DG || IM (G € AC).
AM AN
Trong AAGD ¢6 —— MG =ND = 2= AM = 2MG.
Do G la trung diém cua CM suy ra DG la duong M
trung binh ctia tam giac CMI, suy ra D 1a trung diém
IC
= G
cua CI. Vay — D =2.
C D I
JB
2. Tim giao diém | caa BD va (MNQ). Tinh ty s6 2 — D’
JQ
JI'
Goi ] = QINBD (QI,BD C (BCD)).
J€BD = | =BDN(MNQ)
1 = .
J € QL QI C (MNQ)

Goi E 1a trung diém cta BC, tir E ké duong thang
song song v6i QI cat BD, IC lan lugt tai F va
H. Ta ¢6 QJ la duong trung binh ctia tam gidc
BEF = B = JE. (1) o
TrongACQIcoE = 47 = 2 = CH =
2HI = CD+ DH = 2HI = DI+ DH = 2HI =
DH+ HI+ DH =2HI = HI = 2DH.

DF DH 1 1
Trong ADIJ c6 — =—=—$DP:§F]. (2)

FJ I 2
Tir (1) va (2) suy ra ]]g = %
TacéEFzZQ],FH:—I]VéEH:%IQ:>EF+FH:%(I]+]Q):>2]Q+%U:
L JQ 1
—(U+]Q)=>U 4]Q. Vay Y T

O

Bai 48. Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh tam O. Goi M, N lan
lugt 1a trung diém cua SC va SA, E la trong tdm ctia tam giac ABC.
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1. Tim giao diém I ctia SD va mit phang (AME). Ching minh EI || SB.
2. Tim giao diém H ctia SD va mat phang (MNE).
3. Tim thiét dién ctia hinh chép cat bdi mat phang (MNE).

Loi giai.
Ta c6 SO = (SAC) N (SBD). Goi | = AM N SO (AM, SO C (SAC))

1. Tim giao diém [ ctia SD va mat
phang (AME).
Chon mat phéng (SBD) chua SD.
Tim giao tuyén ctia hai mat phang
(AME) va (SBD).
C6 E 1a diém chung thi nhat, J la
giao diém cta AM va SO. Ma AM,
SO lan lugt thudc hai mat phang
(AME) va (SBD).
Vay giao tuyén ctia chung la EJ.
Kéo dai EJ cat SD tai mot diém thi
do la diém I can tim.
Chung minh ET || SB.
Vi ] 1a giao diém ctia AM, SO la hai
duong trung tuyén ctia tam giac
SAC. Nén | la trong tam cta tam

giac SAC.
O] OE 1
Taco — = @ = 5
= EJ || SB (theo dinh ly dao Talet),
hay EI || SB.
2. Tim giao diém H cta SD va mat
phang (MNE).

Chon méat phang (SBD) chia SD.

Tim giao tuyén ctia hai mat phang
(NME) va (SBD).

Goi F = MN NSO (MN, SO C (SAC)).

F € MN, MN C (MNE)
Ta c6 — F e (MNE)N (SBD 1
aco {FESO,SOC(SBD) € (MNE)N(SBD) @
Ngoaira E € (MNE) N (SBD) (2)

T (1) va (2) thi EF = (MNE) N (SBD).
Goi H=EFNSD (EF,SD C (SBD)) = H = SD N (MNE).
3. Tim thiét dién ctia hinh chép cat bdi mat phang (MNE).
Dau tién tim giao tuyén ctia hai mat phéng (MNE) va (ABCD).
Ta c6: E 1a diém chung th nhét, c6 MN || AC, ma hai duong théng MN, AC lan luot
thuoc hai mat phang (MNE) va (ABCD).
Vay giao tuyén cta ching qua E va song song v6i AC cat AB, BC lan luot tai K va L.
Két luan thiét dién can tim la da giac KLMHN.
OJ

Bai 49. Cho hinh chép S.ABCD c¢6 day ABCD la hinh binh hanh. Goi M, N lan luot 1a
trung diém ctia cdc canh AB va SC.
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2 2 2 4L K
1. Tim giao diém K cua duong thang MN v6i mat phang (SBD). Tinh ti so %
2. Goi E 1a trung diém ctia SA. Tim giao diém F ctia SD va mit phang (EMN).
Chung minh ta giac MEFN 1a hinh thang.

3. Tim thiét dién ctia hinh chép véi mat phéng (EMN).
Loi giai.

1.  Tim giao diém K ctia duong thang MN
vOi mat phéng (SBD).
Chon mat phéng (SMC) chta MN. Tim
giao tuyén ctia (SMC) va (SBD).
Taco S € (SMC)N(SBD) (1)
Goi I = MCNBD (MC,BD C (ABCD)), ta

co:
I € MC,MC C (SMC)
SMC)N
[ € BD,BD C (SBD) € (MO
(SBD) )
Goi K = MNNSI (MN,SI C (SMC)) =
K = MN N (SBD).
e Tinh ti s6 i—
Trong tam giac SMC ké NG || SI (G €

CM).
CN CG
Trong ACIS ¢6 NG || SI = NS Gl =
1= CG=CGL
Vi [ la trong tdm ctia tam gidc ABC nén suy ra MI = IG = GC.
MK  MI
TronIgdaMNG c6: IK || NG = XN = Ic =1= MK = KN.
=1
Vay —— KN

2. o Tim giao diém F ctia SD va mat phang (EMN).
Chon mat phang (SBD) chtta SD, tim giao tuyén ctia hai mat phang (SBD) va (MNE).
GoiO = ACNBD = (SAC)N(SBD) = SO.
Goi ] =ENNSO (EN,SO C (SAC)). Taco
J € EN,EN C (MNE)
{]ESO,SOc(SBD) = ] € (MNE)N(SBD) (1)
Theo cau 1) thi K 1a diém chung thu 2. (2)
Tir (1) va (2) thi (MNE) N (SBD) =
Goi F = KJNSD = K =SDN(MNE).
e Ching minh tir gidc MEFN la hinh thang.
Ta c6 EN la duong trung binh ctia tam gidc SAC.
Dé dang chitng minh J 1a trung diém cta EN.
Trong tam giac MNE, K] la duong trung binh ctia tam giac nén:

1
K] = ZEM,K] || EM.

’ , , 1
Goi L 1a trung diém cta SD ¢6 OL = ESB’ OL || SB. 3)

ViKF || EM, ma EM || SB suy ra KF || SB. 4)
Tir (3) va (4) suy ra KF || OL.
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1
Trong ASOL c6 JF 1a duong trung binh nén JF = EOL'
1
Ma OL = %SB = JF = ZLSB' )
1 1 1
VéK]zEMEméMEZESBéK]:L—LSB. (6)

1
Tix (5) va (6) suy ra: KF = ESB = KF = EM.
Vay tui giac EMKF la hinh binh hanh.
T gidc MNFE la hinh thang vi ¢6 EF || MN.

3. Tim thiét dién ctia hinh chép v6i mat phang (EMN).
Ta co:
{M € (MNE) N (ABCD)

EN || AC
Thiét dién can tim 1a ngti gidc MPNFE.

= (MNE) N (ABCD) = MP (MP || AC || EN, P € BD).

O

Bai 50. Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh, M 1a diém trén canh
AD sao cho AM = 2MD, K 1a trung diém canh SB.

. , s 2 . . .. « DF
1. Tim giao diém F cua DK véi mat phang (SMC). Tinh ti so DR

. SE 1 e < g
2. Goi E la diém trén SC sao cho <c= 3 goi H la giao diém cua KE va mat phang

. HE
SAD). Tinh ti sO —.
( ). Ti 180 i

3. Goi I 1a diém trén canh SD (DI > SI), P 1a giao diém ctia AK va (SDC), Q 1a giao
diém ctia CI va (SAB). Chiing minh P, Q, S thang hang.

Loi giai.
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1. Tim giao diém F ctia DK v6i mat phang (SMC). Tinh ti s6 %
Goi | l1a trung diém ctia AM, W 1a trung diém cia OD = MW la dudng trung binh
cua ADJO.
Trong mat phang (SBD) dung dudng thang d || SW va d di qua O. Duong thang d cat
DK va SB lan lugt tai G va N. WF la dudng trung binh cia ADGO => F la trung diém
cua DG.
Trong ABSW c6: ON || WS:
BN BO 2 BK+KN 2 BK KN 2 1 KN 2 KN 1

Toks Taks 39 2TKS T3 T KS 3

BS BW 3 2KS 3
Trong AKSF ¢6 GN || FS nén: % = % = % = KF = 3KG = GF = 2KG.
Két luan: DF = 2KG = g
" DK 5KG 5
. . .. « HE
2. Tinh ti so K
S € (SBC)N(SAD)
Co6: ¢ BC || AD = (SBC)N(SAD) = Sx (Sx || BC || AD).

BC C (SBC), AD C (SAD)
Goi H = KENSx (KE,Sx C (SBC)) = H = KEN
(SAD).
Vé lai mat ph:fmg (SBC) nhu hinh bén. Goi L la trung
diém cta EC, KE dudng trung binh cta tam giac SBL

nén KE = %BL (1)

Ta co: 5\1 = a (so le trong);
E; = E, (d6i dinh),
Ey = Ly (dong vi)

= E1 = L.
Tir d6 suy ra: ASEH = ACLB (g.c.g) = BL = HE. (2)
N . . HE 2
Tir (1) va (2) ta co oKk = 3
3. Chung minh P, Q, S théng hang.
Ta co:
S € (SAB)N(SCD)
BA || CD = (SAB)N(SCD) = Sy (Sy || AB || CD).

AB C (SAB),CD C (SCD)
Goi P = AKN Sy (AK,Sy C (SAB)) = P = AKN(SCD);
Goi Q = CINSy (CI, Sy C (S5CD)) = Q = CIN(SAB);
Viba diém P, S, Q cling ndm trén giao tuyén Sy nén chiing thang hang.
O

Bai 51. Cho hinh chép S.ABCD c¢6 day ABCD la hinh binh hanh. Goi M, N lan lugt 1a

trung diém ctia AB va SC.
. IA
1. Tim giao diém I cua AN va (SBD). Tinh N
. .2 , . ., KM
2. Tim giao diém K caa MN va (SBD). Tinh N

2 I 2 2 < A DN
3. Chung to B, I, K thang hang. Tinh FEE Goi E 1a trung diém cua SA. Tim thiéet dién
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cua (MNE) va hinh chép.

Loi giai.

F
1. Tim giao diém I ctia AN va (SBD).
S € (SAC)N(SBD) (1)
O € AC,AC C (SAC
( ) = 0 € (SAC)N(SBD) (2)

O € BD, BD C (SBD)
Tir (1) va (2) = SO = (SAC) N (SBD).
Goi I = SON AN (SO, AN C (SAQ)).
Suyral = ANN(SBD).
Vi SO, AN la hai trung tuyén ctia tam giac SAC = I la trong tdm ctia tam gidc SAC.
Do do 14 _ 2
0dé & =2
2. Tim giao diém K ctia MN va (SBD).
Chon mat phang (ABN) chita MN.

Ta co: ( ) B
1€ 50,50 C (SBD
I € (ABN) N (SBD).
I € AN, AN C (ABN) 1 € ABNINGBD). ()
B € (ABN) N (SBD) @) M

Tit (3) va (4) = BI = (ABN) N (SBD).

Goi K = MN N BI = K = MN N (SBD).

Vé lai tam gidc ABN nhu bén. A Q I N
Goi Q la trung diém cta AIl. Tacé AQ = QI = IN.

Xét ANMQ, ta c6: IK 1a duong trung binh ctia tam giac.

Vay K 1a trung diém ctia MN.

KM
R
Suy ra 1y
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3. Theo cach tim giao tuyén ctia cau b) thi 3 diém B, K, I thang hang.

1
Trong ANMQ, ta cé: IK = EQM'
IB

1
Trong AABI, tacé: QM = EBI = IB =4IK < K= 4.

Hai mat phang (MNE) va (ABCD) c6 M la diém chung va c6 NE || AC nén giao tuyén
d ctia chung qua M vad || AC || NE.

Goi F=dNCD (d,CD C (ABCD)); goi H=FNNSD (FN,SD C (5CD)).

Vay thiét dién ctia mat phéng (MNE) cat hinh chép S.ABCD la da gidc EMLNH.



Chuong 2. QUAN HE SONG SONG

Bai 1. HAI DUGNG THANG CHEO NHAU VA HAI DUGNG
THANG SONG SONG

A. Toém tit ly thuyét

Pinh nghia 1. Hai duong thang dugc goi la dong phang néu chiing cing nam trong
mot mat phéng.

Hai duong thang dugc goi la chéo nhau néu chiing khong dong phang.

Hai dudng thang goi la song song néu chiing dong phang va khong ¢ diém chung.
Dinh 1i 1.

Trong khong gian, qua mot diém khong nam trén
duong thang cho trude, c6 mot va chi mot duong
thang song song v6i duong thang da cho. d

Pinh 1i 2. Néu ba mat phang phan biét d6i mot cat nhau theo ba giao tuyén phan biét
thi ba giao tuyén d6 hodc dong quy hodc do6i mot song song vdi nhau.

Hé qual. Néu hai mat phang phan biét lan lugt chta hai duong
thang song song thi giao tuyén cua ching (néu c6) clng song song
voi hai duong thang do hodc trung v6i moét trong hai duong thang do.

%7 % %
<] N <]

Dinh 1i 3.

51
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Hai duong thang phan biét cung song song vdi
duong thang thi ba thi song song v6i nhau

»?

Bai 2. DUONG THANG SONG SONG VGI MAT PHANG
A. Toém tit ly thuyét

Pinh 1i 1.

Néu duong thang d khong nam trong mat phang
(x) va dudng thang d song song v6i dudng thang
d’ nam trong («) thi d song song véi a.

Pinh 1i 2.

Néu dudng thang a song song v6i mat phang («).

Néu mat phang (B8) chita a va cat («) theo giao a
tuyén b thi b song song vdi a.

/

Néu hai mit phang phan biét cling song song v6i mot
duong thang thi giao tuyén cta chiing (néu cd) ciing
song song voi duong thang do.

Dinh 1i 3.
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Cho hai duong thang chéo nhau. C6 duy nhat mot b
mat phang chira dudng thang nay va song song véi
duong thang kia.

B. Bai tap ren luyén

Phuong phap giai:

Chung minh hai duong théng song song thi dua vao hinh hoc phrfmg: Dinh ly Thales
dao, duong trung binh . ..

Muén chitng minh dudng thang d song song véi mat phang (P), ta phdi chitng minh
duong thang d song song véi mot dudng thang thudc mp(P).

Tim giao tuyén cach 2: Tim mot diém chung ctia hai mat phang, tim trong hai mat

phang lan lugt c6 hai duong thang song song véi nhau. Giao tuyén can tim di qua
diém chung va song song vdi hai dudng thang song song vira tim.

Bai 1. Cho tir dién ABCD. Goi I, ] 1an luot 1a trong tam cac tam giac ABC, ABD. Chung
minh I] || CD.

Loi giai.
. I € CE
Goi E la trung diém AB. Ta c6 = IJ va CD A
] € DE
dong phang.
EI E 1 .
Do ¢6 0 = % = ~ (tinh chat trong tam), nén theo E

dinh ly Thales suy ra I] || CD.

H

Bai 2. Cho hinh chép S.ABCD v6i day ABCD la hinh thang véi hai ddy AB va CD
(AB > CD). Goi M, N lan lugt 1a trung diém ctia cac canh SA, SB.

1. Chung minh MN || CD.
2. Tim giao diém P cta SC v6i (ADN).
3. Kéo dai AN cat DP tai I. Chiing minh SI || AB || CD. Tit gidc SABI 1a hinh gi?



54 CHUONG 2. QUAN HE SONG SONG

Loi giai.

1. Chung minh MN || CD.
Trong tam giac SAB, ta c6 MN || AB (vi
MN la duong trung binh). Ma AB || CD
(ABCD la hinh thang). Vay MN || CD.

2. Tim giao diém cua SC vdi (ADN).
Chon mat phéng phu (SBC) chuwa SC. A
Tim giao tuyén ctia (SBC) va (ADN).
Ta c6 N la diém chung cua (SBC) va
(ADN) (1).
Trong (ABCD), goi E = AD N BC. Ta c6

= E € (ADN)N(SBC)

{E € AD C (ADN) o)

E € BC C (SBC)

T (1) va (2) suy ra (ADN) N (SBC) =
NE.
Trong (SBC), goi P = SC N NE. Khi d6

Pesc — P = SCN(ADN)
P € NE C (ADN) N ' ¢
3. Chung minh SI || AB || CD. Tu giac
SABI la hinh gi?
S € (SAB)N(SCD) 3)

_ (I € AN C (SAB)
Y& \1 e DP c (sCD)
(SCD) ).
T (3) va (4) suy ra SI = (SAB) N (SCD).
SI = (SAB)N(SCD)
Tacé { AB C (SAB),CD C (SCD) = SI || AB | CD.
AB || CD
Xét tam giac SAI ¢6 SI || MN (vi ciing song song vdi AB) va M trung diém ctua AB. Vay MN
la duong trung binh cua tam giac. Suy ra SI = 2MN.
SI||AB:>{ SI|| AB

= I € (SAB)N

.
40161 =2MN, AB=2MN ~ |SI = AB.

Vay tu giac SABI 1a hinh binh hanh. 0

Bai 3. Cho hinh chép S.ABCD v6i ddy ABCD la hinh thang (day l6n 1a AB). Goi I, |

. S iR o 2
lan lugt 1a trung diém cua cac canh AD, BC, K 1a diém trén canh SB sao cho SK = 55 B.

1. Tim giao tuyén cta (SAB) va (IJK).

2. Tim thiét dién ctia (IJK) véi hinh chép S.ABCD. Tim diéu kién dé thiét dién la
hinh binh hanh.

Loi giai.
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1. Tim giao tuyén cta (SAB) va (IJK).
Tu Kké KL || AB (L € SA). Taco

K € (SAB) N (IJK)
AB | 1]
AB C (SAB),I] C (I]K)
(viI] la duong trung binh ctia hinh thang).

Suy ra (SAB)N(IJK) = KL (viKL || AB || I],K €
SA).

2. Tim thiét dién cua (IJK) véi hinh chép S.ABCD.
T o (IJK)N (ABCD) = I],(IJK)N(SBC) = JK
{(1 JK)N(SAB) = KL, (IJK) N (SAD) = LI.
Vay thiét dién can tim la hinh thang IJKL (vi I] ||
LK || AB).
Do I] la duong trung binh ctia hinh thang ABCD

AB+CD
nén I] = ABTCD

. . , LK  SK 2
Xét tarzn giac SAB co A8 — s — g Swra

LK = ZAB.
DPé IJKL 1a hinh binh hanh & IJ] = KL <
@ = %AB & AB = 3CD.

Vay thiét dién IJKL 1a hinh binh hanh < AB =
3CD.

Bai 4. Cho hinh chép S.ABCD véi ddy ABCD la hinh binh hanh. Goi M, N, P, Q lan
luot 1a cac diém nam trén cac canh BC, SC,SD, AD sao cho MN || BS, NP || CD, MQ ||
CD

1. Chung minh PQ || SA.

2. Goi K = MN N PQ. Chiing minh diém K nam trén duong thang ¢ dinh khi M
di dong trén canh BC.

Loi giai.
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K t
1. Chung minh PQ || SA.
Xét ASCD ¢6 NP | CD = g_g _
CN
— (D).
CS @ cM
Xét ASCB ¢ NM || SB = & =
CN
s (2).
Xét hinh thang ABCD c6 MQ || CD =
cM_Do
CB DA ' Dp DO
- _ DQ . B M C
T (1), (2), (3) suy ra DS — DA’ Vay
PQ | SA.

2. Ching minh diém K ndm trén duong
thang c6 dinh khi M di dong trén canh
BC.

BC || AD

Ta ¢6 ¢{ BC C (SBC),AD C (ADS) =
S € (SBC)N (SAD)

(SBC) N (SAD) — St véi (St || AD |

BQ).

. . [ MN C (SBC)
Ma K = MN N PQ va PO C (SAD).
Suyra K € (SBC)N(SAD) hay K € St.
Vi S ¢6 dinh va BC ¢6 dinh nén St cb
dinh. Vay K € St ¢6 dinh khi M di dong
trén canh BC.

Bai 5. Cho hinh chép ti giac S.ABCD. Goi M, N, E, F lan luot 1a trung diém cac canh
SA,SB,SC,SD. Chung minh ermg

1. ME || AC,NF || BD.
2. Ba duong thang ME, NF, SO (véi O la giao diém ctia AC va BD) dong qui.
3. B6n diém M, N, E, F dong phang.

Loi giai.
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1. Chung minh ME || AC,NF || BD.
ME la duong trung binh ctia tam giac SAC =
ME || AC.
FN la duong trung binh cua tam giac SBD =
FN || BD.

2. Ba duong thang ME,NF,SO (véi O la giao
diém ctia AC va BD) dong qui.
Trong tam giac SAC, goi K = ME N SO. Suy ra
K 1a trung diém cua SO.
Trong tam giac SDO c6 FK 1a duong trung binh
cta tam giac = FK || DO < FK || BD (1).
Trong tam gidc SBD c6 FN la duong trung binh
cta tam giac = FN || BD (2).
T (1) va (2) thi K thudéc NF. Vay ba duong
thang ME, NF, SO déng qui tai diém K.

3. Bén diém M, N, E,F dong phang. T chiing
minh & cau 2) thi ME va NF cat nhau tai K.

Suy ra bén diém M, N, E, F dong phang.
O]

Bai 6. Cho tit dién ABCD, goi I, | l1an lugt la trung diém cta BC va BD, E 1a mét diém
thudc canh AD.

a) Xdc dinh thiét dién ctia ti dién khi cat bsi mp (IJE).
b) Tim vi tri ctia E trén AD dé thiét dién Ia hinh binh hanh.

c) Tim diéu kién ctia tit dién ABCD va vi tri diém E trén AD dé thiét dién 1a hinh thoi.

Loi giai.

a)

b)

Xdac dinh thiét dién cta ti dién khi cat bdi mp
(I]E). F
Ta c6 I] la duong trung binh cia ABCD nén
1] || CD.

(IJE)N (ACD) = E

I] C (IJE), CD C (ACD)
(ACD) = Ex.
VGi Ex || CD || I]. Goi F = ExN AC. B C
Vay thiét dién can tim 1a hinh thang EFI].

= (IJE) N

P& I]EF 1a hinh binh hanh thi I] = EF. ;
Vay E phai la trung diém ctia AD.

Khi EFIJ la hinh binh hanh thi EJ la duong D
trung binh cua tam giac DAB, suy ra E] =

1
—AB.
2

Vay: dé IJEF la hinh thoi thi I] = E] & AB =
CD.

Két luan: D€ thiét dién I]EF 1a hinh thoi thi E la
trung diém cta AD va AB = CD.
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O

Bai 7. Cho hinh chép S.ABCD c6 ddy ABCD la t giac 16i. Goi M, N 1an luot 1a trong
tdm cta tam gidc SAB va SAD, E 1a trung diém ctia CB.

a) Chung minh MN || BD.
b) Xac dinh thiét dién ctia hinh chép khi cat béi mp (MNE).

) Goi H, L lan lugt la cac giao diém ctia mp (MNE) vdi cac canh SB va SD. Ching
minh LH || BD.

Loi giai.

a)

b)

Chung minh MN || BD.
Goi K 1a trung diém cuia SA.
Theo tinh chat trong tam ta c6

KM KN 1
Xdc dinh thiét dién ctia hinh chép cat bsi
mp (MNE).

E 1a diém chung ctia (MNE) va (ABCD)
nén giao tuyén ctia chiing qua E va song
song v4i MN va song song vdi BD. Giao
tuyén nay cat AB va CD lan luot tai F va
G.

Trong mat phang (SAB) duong thing
FM cat SA va SBlan luot tai P va H. Con
trong (SAD) duong théng PN cat SD tai
L. Tir d6 suy ra thiét dién can tim la ngi
giac EHPLG.

Chung minh LH || BD.
HL = (MNE) N (SBD)
Ta c6 { MN || BD

MN C (MNE), BD C (SBD)

= HL || MN || BD.
0

Bai 8. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Goi M, N lan luot 1a
trung diém cta cac canh AB va CD.

a) Chung minh MN || (SBC), MN || (SAD).

b) Goi P la trung diém ctia canh SA. Ching minh rang SB va SC déu song song vdi
(MNP).

c) Goi G, Gy lan luot 1a trong tdm ctia tam giac ABC va SBC. Ching minh GG, ||
(SAB).

Loi giai.
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Chung minh MN || (SBC).

MN || BC, MN ¢ (SBC)
BC C (SBC)

MN || (SBC).

MN || AD, MN ¢ (SAD)
AD C (SAD)

MN || (SAD).

Chitng minh SB va SC déu song song véi
(MNP).
Tim giao tuyén cia mt phang (SAD) va
(MNP).

P € (MNP)N(SAD)
Tac6é { MN || AD

MN C (MNP), AD C (SAD)
— (PMN) N (SAD) = PQ (PQ || MN |
AD, Q € SD).
Xét ASAD ta c6 PQ || AD va P la trung
diém ctia SA, suy ra Q 1a trung diém cta
SD.
Xét ASCD tac6é QN || SC (ON la duong
trung binh cua tam giac SCD).

Ta ¢o

Ta co

. [SC ¢ (PMN), SC || QN
T sC
aco {QN c (PMN) = SC|
(PMN).
Chung minh G1G; || (SAB).
Xét tam giac SAI ta co % = II—(;Z = % (Tinh chét trong tim) = GG, || SA.
. [G1G2 Z (SAB), G1G, || SA
C = G1G; || (SAB).
O{SAC(SAB) 1G2 || (SAB)

Bai 9. Cho hinh chép S.ABCD c¢6 day (ABCD) la hinh thang. AD la day lén va AD =
2BC. Goi O 1a giao diém cta AC va BD, G la trong tdm ctia tam giac SCD.

a) Chung minh OG || (SBC).
b) Goi M la trung diém ctia canh SD. Chiing minh rang CM || (SAB).

c) Gia str diém I trén doan SC sao cho SC = gSI. Chung minh SA || (BID).

d) Xac dinh giao diém K ctia BG va mét phang (SAC). Tinh %.

Loi giai.
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Vi AD || BC = AOBC « AODA (g-g).
OB OC BC 1

VYD T 04 AD 2

a) Goi H la trung diém ctia SC.
DG DO 2

Trong ADHB ta c6 —— DH-DB -3~ OG ||
BH.

OG || BH
Ta c6 = OG ||

BH C (SBC), OG ¢ (SBC)
(SBO).
b) Goi N la trung diém cua SA. Ta c6 MN la

duong trung binh cua tam giac SAD.

1
Nén MN || AD va MN = ZAD.

Ma theo dé bai ta lai c6 BC | AD va BC =
1

EAD
Vay BC || MN va BC = MN. Vay tu giac
BCMN la hinh binh hanh.
Tacs | CMIBN N
aco
BN C (SAB), CM ¢ (SAB)
(SAB).
coO CcI 1
c) Trong ASAC c6 —- CA-Cs—37 OI || SA.
, [salor = SA || (BID)
OI ¢ (BID), SA ¢ (BID) '

d) Ta cé O va H la hai diém chung ctia hai mat phang (BDH) va (SAC).
Vay (SAC) N (BDH) =
Trong (BDH), goi K = BGNOH = K = BGN(SAC).

KG OG 2 OG DG 2
Ta co: AKI%S 3AKHB (g-8) = — XB_HB_ 3 (Vi — BH — DH 5)'

Két luan: XC = = 5

Bai 10. Cho hai hinh binh hanh ABCD va ABEF khong cing nam trong mot mat
phang.

a) Goi O va O’ 1an luot 1a tdm ctia ABCD va ABEF. Chiing minh rang OO’ song song
vGi (ADF) va (BCE).

b) Goi M, N lan luot 1a trong tdm ctia AABD va AABE. Chiing minh raing MN ||
(CEF).

Loi giai.
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a)

b)

Ching minh rang OO’ song song vdi
(ADF) va (BCE).

Ta c6 OO’ || DF (OO’ 1a dudng trung
binh ABDF).

Ma DF C (ADF) = OO’ || (ADF).

Ta c6 OO’ || CE (OO’ la dudng trung
binh AACE).

Ma CE c (BCE) = OO’ || (BCE).

Chting minh rang MN || (CEF).

Goi H la trung diém (}}11?\/[ AB. N
Trong AHDE ta c6 0D - HE =
% . MN || DE.

Ma DE C (CEFD) = (CEF). Vay
MN || (CEF).

Bai 11. Cho hinh chép S.ABCD c¢6 day ABCD la hinh binh hanh. Goi M, N lan luot 1a

trong tam cua hai tam giac SAB va SAD.
a) Chung minh MN || (ABCD).

b) Goi E la trung diém ctia BC. Xéc dinh thiét dién ctia hinh chép S.ABCD cat b&i mat

phang (MNE).

Loi giai.

a)

b)

Chung minh MN || (ABCD).
Goi I, ] 1an lugt 1a trung diém cta AB va
AD.

Theo tinh chat trong tam co SM _ SN _

SI  §]
2 )
3= MN || I] (tinh chat Talet dao).

Ma I] thudc mat phang (ABCD), suy ra
MN || (ABCD).

Trong mat phang day, qua E ké duong
thang song song I] cat AC tai F, cat CD
tai G. EG la giao tuyén cia (MNE) va day
(ABCD).

Goi K =IJNAC (IJ], AC C (ABCD)).

Ta c6 SK = (SIJ)N(SAC), goi L = MN N
SK.

Suy ra FL = (MNE) N (SAC), goi O =
SANFL (SA,FL C (SAQ)).

Vay OM = (MNE)N (SAB), ON =
(MNE) N (SAD).

Goi P =0OMNAB, Q=0NNSD.

Két luan: thiét dién can tim 1a da gidc
OPEGQ.
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H
Bai 12. Cho ti dién ABCD. Goi G la trong tam tui dién ABCD.

a) Chitng minh rang duong thang d di qua G va mot dinh ctia tir dién sé di qua trong
tam ctia mat d6i dién vdi dinh day.

b) Goi A’ 1a trong tdm ctia tam giac BCD. Ching minh rang GA = 3GA'.

Lo gidi.

Goi M, N lan lugt la trung diém cta AB va CD.
Goi G la trung diém ctia MN.

Suy ra G la trong tam cua ta dién ABCD.

a) Buéc 1: Tim giao diém ctia AG va mat phang
(BCD).
Chon mat phang (ABN) chita AG va BN.
Trong mét phang (ABN) goi A’ = AG N BN.

. [A' € AG )
6 < = A" = AGnN
A" € BN,BN C (BCD)
(BCD).
Budc 2: Chung minh A’ 1a trong tdm cda tam
giac BCD.

Trong mit phang (ABN) ké MI song song véi
AA’ (V6i I thude BN).

Xét AABA’ ¢6 MI la duong trung binh cda
tam gidc, nén I 1a trung diém cta BA'. Suy ra
BI = 1A'

Xét AIMN c6 GA’ la dudng trung binh ctia tam
gidc, nén A’ la trung diém cua IN.

Suyra A'N = [A'.

Ngoai ta trong tam gidc BCD ¢6 BN la duong

£ ’ 2
trung tuyen, ket hop lai ta c6 BA' = §B N.

Vay A’ la trong tam cutia tam giac BCD.
b) Vi MI la duong trung binh cta tam giac ABA’
nén MI = %AA’.
Vi GA’ 1a duong trung binh ctia tam giac IMN
nén GA' = %MI.
1
T détacé GA' = ZAA’ & AA" = 4GA'.
Ma AA' = AG+ GA' = AG =3GA'.

Kétludn GA = 3GA'.
]

Bai 13. Cho tit dién ABCD. Goi M, N lan lugt la trung diém ctia cac canh AB,CD va
G la trung diém ctia doan MN.

a) Tim giao diém A’ ctia duong thang AG va mat phang (BCD).

b) Qua M ké duong théng Mx song song v6i AA’ va Mx cat mat phéng (BCD) tai M.
Chting minh B, M/, A’ thang hang va BM' = M'A’ = A'N.
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¢) Chiing minh GA = 3GA'.

Loi giai.

a)

b)

Chon (ABN) chira AG.

Hai mat phang (ABN) va (BCD) c¢6 hai diém
chung la B va N. Suy ra giao tuyén ctia ching
1a BN, BN cat AG tai A’ thi A’ = AG N (BCD).

Vi Mx | AA, ma AA' C (ABN)va M €
(ABN) = Mx C (ABN).

Goi M’ = Mx N BN = M’ = Mx N (BCD).

Tir d6 suy ra ba diém B, M/, A’ thang hang.

Cé MM’ la duong trung binh cia ABAA" =
BM' = M'A’ (1).

Va GA’ 1a dudng trung binh cia ANMM' =
M A’ = A'N (2).

Tir (1) va (2) suy ra BM/ = M'A’ = A'N.

Tir chitng minh cau b) cé:

1 1
GA' = EMM/ va MM' = EAA/ = GA' =
%LAA’ = AG = 3GA'.

Dang toan nay cac ban phai nhd ki tinh chat:

{M € (x) N (P)

Bai 14. Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh thang c6 AD day lon. Goi M
trung diém ctia CD, («) 1a mat phang qua M va song song v6i SA va BC.

a) Hay xac dinh thiét dién ctia hinh chép S.ABCD véi mat phang («).

b) Tim giao tuyén cta hai mat phang («) va (SAC). Chiing minh giao tuyén vira tim
dugc song song v6i mat phang (SAD).

Loi giai.
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Xac dinh thiét dién ctia hinh chép S.ABCD vé&i mat S
phéng ().

M la diém chung ctia hai mat phéng (w) va (ABCD),

c6 (#) || BC nén giao tuyén cta ching qua M va

song song v6i BC, giao tuyén nay cat AB tai E.

(x) | BC nén giao tuyén ctia chiing qua F va song
song vdi BC, giao tuyén nay cat SC tai G.

Két luan mat phang («) cat hinh chép S.ABCD theo
mot thiét dién 1a hinh thang MEFG, vi c6 ME va
FG cung song song voi BC.

E 1a diém chung ctia hai mat phang («) va (SAB), c6
(¢) || SA nén giao tuyén ctia ching qua E va song A D
song vdi SA, giao tuyén nay cat SB tai F.
F 1a diém chung ctia hai mat phzfmg (w) va (SBC), co E M
B C

b) Goi H 1a giao diém ctia ME va AC, ta c6 H va G la hai diém chung ctia hai mat phang («)
va mat phang (SAC). Vay («) N (SAC) = HG. Vi () || SA nén giao tuyén HG || SA, ma

SA thudc mat phang (SAD) nén giao tuyén HG || (SAD).

Bai 15. Cho tir dién ABCD. Ly diém M la mot diém thudc mién trong ctia tam gidc

BCD. Goi («) 1a mat phang qua M va song song v6i AC va BD. Hay xac dinh thiét dién

ctia mat phéng () véi tr dién ABCD. Thiét dién 1a hinh gi?

Loi giai.

M 1a diém chung ctia hai mat phang («) va (BCD), ¢6 («) || A

BD nén giao tuyén ctia chting qua M va song song véi BD,

giao tuyén nay cat BC tai E va cat CD tai F.

E la diém chung ctia hai mat phang («) va (ABC), ¢6 () ||

AC nén giao tuyén ctia chung qua E va song song voi AC, G
giao tuyén nay cat AB tai H.

H 1a diém chung ctia hai mat phang («) va (ABD), c6 () || B

BD nén giao tuyén ctia ching qua H va song song vdi BD,

giao tuyén nay cat AD tai G. G va F 1a hai diém chung cta F
hai mat phang (x) va mat phang (ACD).

Vay giao tuyén cta ching la FG. C

Vi mit phang («) || AC, nén giao tuyén FG || AC.

Két luan: thiét dién can tim 1a hinh binh hanh EFGH, vi

cO EF || HG | BD va HE || FG || AC.

Bai 16. Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh. Lay mot diém M di
dong trén canh SC. Goi («) la mat phéng chira AM va song song v6i BD.

a) Chitng minh rang mat phang («) luén di qua mot duong thang c6 dinh khi M thay
doi.

b) Mat phéng (x) cat SB va SD tai E va F. Hay néu cach dung E va F.

c) Goi I 1a giao diém cta ME va CB, ] la giao diém ctia MF va CD. Chung minh ba
diétm I, ], A thfmg hang.

Loi giai.

[

0J
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a)

b)

A la mot diém chung ctia hai mat phang (a) va (ABCD), ¢6 (¢) || BD, nén giao tuyén ctia
ching qua A va song song v6i BD.

Véy («) N (ABCD) = Ax (Ax || BD).
Vi Ax la duong thang c6 dinh khi M thay déi.

Két luan: mp(«) ludn di qua duong cd dinh Ax.

Goi O = ACNBD.
Ta c6: SO la giao tuyén ctia hai mat phang (SAC) va (SBD).
Goi G = AMNSO(AM, SO C (SAQ)).

Ta cé: G la diém chung ctia mat phang (x) va mat phang (SBD), ¢6 (a) || BD nén giao
tuyén cta ching qua G va song song vdi BD, giao tuyén nay cat SB va SD lan luot tai E
va F.

I va F 1 hai diém chung ctia mat phang (a) va mat phang day (ABCD), nén I va F phai
thuoc giao tuyén Ax ctia hai mit phang.

Vay ba diém I, ], A thang hang.

Bai 17. Cho hinh binh hanh ABCD va diém S khong nam trong mat phang chita
ABCD.

a) Tim giao tuyén ctia cdc cadp mat phéng sau (SAC) va (SBD), (SAB) va (SCD).
b) Mot mat phang (a) qua BC, cat SA tai M va cat SD tai N. Ching minh MN || BC.
c¢) Chung té giao diém ctia BN va CM luén luén & trén mot duong thang cb dinh khi

M di dong trén SA.

. AK 1
d) Goi G la trong tam tam gidc SAB, K 1a diém trén canh AC sao cho — = ~. Chung

AC 3
minh GK song song véi mat phang (SCD).

Loi giai.



66 CHUONG 2. QUAN HE SONG SONG

a) Taco S € (SAC)N(SBD) (1).
Goi O = ACNBD = O € (SAC)N(SBD) (2).
T (1) va (2) suy ra: (SAC) N (SBD) = SO.
S € (SAC)N(SBD)
Ta c6: { AB || CD = (SAB)N
AB C (SAB),CD C (SCD)
(SCD) = Sx(Sx || AB || CD).
(0) N (SAD) = MN
b) Vi { BC || AD = MN | AD ||
BC C («), AD C (SAD)

BC.

¢) Goi I = BNNCM(BN,CM C («)).
I € BN,BN C (SBD
(BD) — | ¢ (SAC) N

"I ecM,CM c (SAC))
(SBD).
Suy ra I thudc giao tuyén SO cb dinh ctia hai mat
phang (SAC) va (SBD).

d) Goi E va F lan luot 1a trung diém ctia SA va AD.
Vi K chia doan AC thanh ba phan bang nhau va AK chiém 1 phan, tir d6 ta c6 K 1a trong
tam cua tam gidc ABD.

. BG BK 2
Theo tinh chat trong tam co: BE-BF 3 Ngoai ra GK C (SCD) nén GK || EF (3).

Ma EF la duong trung binh cta tam giac ADS = EF || SD (4).

Tix (3) va (4) c6 GK || SD C (SCD) = GK || (SCD).

Bai 18. Cho ti dién ABCD, goi M, N lan luot 1a trung diém ctia BC va BD.
a) Tim giao tuyén ctia hai mat phang (AMN) va (ACD).

b) Mot mat phang (P) qua CD va cat AM, AN lan luot tai F va E. Tt gidc CDEF la
hinh gi?

c¢) CF va DE cat nhau tai K. Chiing to A, B, K thang hang.

d) Ching t6 giao diém I ctiia CE va DF luén nam trén mot duong thang c6 dinh khi
(P) thay déi.

Loi giai.
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(A € (AMN) N (ACD)

MN || CD .

| MN C (AMN),CD C (ACD)

= (AMN)N(ACD) = Ax(Ax || MN || CD)
((P)N(AMN) = EF

{MN || CD = EF || MN || CD.

| MN C (AMN),CD C (P)

ViCD || MN suy ra CDEF la hinh thang.

Ta c6 AB la giao tuyén ctia hai mat phang (ABC) va

(ABD).
K € CF,CF C (ABC)
Vi K = CF N DE, ma —~ K
! ma {K € DE, DE C (ABD) <
(ABC) N (ABD).

Vi K 1a diém chung ctia hai mat phéng (ABC)va (ABD)
nén K thudc giao tuyén. Vay ba diém A, B, K thang
hang.

Trong mat phang (BCD) goi O la giao tuyén ciia CN va DM.

Ta c6 A va O la hai diém chung ctia hai mat phang (ANC) va (AMD), nén giao tuyén ctia
chung la AO.

Goi I 1a giao diém ctia CE va DF.

I € CE,CE C (ANC
Ta cé: { (ANC) ¢ (ANC) N (AMD).

I € FE,DF C (AMD)
Suy ra I thudc giao tuyén AO ctia hai mat phang.

Vi hai diém A va O ¢6 dinh nén diém I thudc doan AO c6 dinh.

Bai 19. Cho hinh chép S.ABCD. M, N la hai diém trén AB, CD. Mat phang (x) qua
MN va song song voi SA.

a) Tim céc giao tuyén ctia («) v6i (SAB) va (SAC).
b) Xac dinh thiét dién ctia hinh chép véi ().

c) Tim diéu kién ciia MN dé thiét dién 1a hinh thang.

Loi giai.
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Tim cac giao tuyén cda («) vdi (SAB):
. [M e (@)N(SAB)
Ta co:
(@) || SA,SA C (SAB)
= (&) N (SAB) = MP (v6i MP || SA, P € SB).
Tim cac giao tuyén ctda («) véi (SAC):
Goi R = MNNAC(MN, AC C (ABCD)).
. [Re(@)N(SAC) ..
Ta co: = ()N (SAC) =R
ac {(zx) 154,54  (SAc) = WNEACQ) = RQ (vai
RQ || SA,Q € SO).
Xdac dinh thiét dién ctia hinh chép véi ().
Theo cau a) thiét dién la ti gidc MPQN.
Tim diéu kién ctia MN dé thiét dién la hinh thang:
MP [ QN (1)
MN || PQ.(2)
Xét (1), ta cé6 MP || QR, ma QR khong song song QN nén
(1) vo 1i.

Do do: {

Ta c6: MPQN la hinh thang = [

SA | QN
QN C (5CD)
BC = (ABCD) N (SBC)

MN C (ABCD), PQ C (SBC)

= SA || (SCD) (vo ).

Xét (2), ta co { = MN ||
BC.
Ngugc lai, néu MN || BC thi {

MN | PQ.
Vay dé thiét dién l1a hinh thang thi MN | BC.

PQ = («) N (SBC)
MB C («), BC C (SBC)

Bai 20. Cho tt dién ABCD. Trén canh AD léy trung di€ém M, trén canh BC léy diém N
bat ky. Goi (#) 1a mat phang chita duong thang MN va song song v6i CD.

a) Hay xac dinh thiét dién ctia mat phang («) v6i t dién ABCD.

b) Hay xac dinh vi tri cia N trén BC sao cho thiét dién 1a hinh binh hanh.

Loi giai.
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A

Xéac dinh thiét dién ctia mat phéng (w) voi to dién
ABCD.

(@) | CD
Ta ¢6: < CD C (ACD) = (¢) N (ACD) =

M € (x) N (ACD)
MP (MP || CD,P € AC)(1).

(@) [| CD B D
Ta co: ¢ CD C (BCD) = («) N(BCD) = NQ(NQ ||
N € (x) N (BCD) N
CD,Q € BD)(2).
Va () N (ABD) = MQ (3); () N (ABC) = PN (4). c
Tix (1) va (2), ta duge: MP || NQ. Vay thiét dién 1a hinh
thang MPNQ.
Xéc dinh vi tri ctia N trén BC sao cho thiét dién 1a hinh
binh hanh. .
Ta c6: MP | NQ; MP = ECD (MP la duong trung
binh AACD).
MP || N
MNPQ la hinh binh hanh < I NQ
MP = NQ
MP || NQ
MP = NQ = %CD.

Do d6 N la trung diém BC.
Vay N la trung diém BC thi MNPQ 1a hinh thang.

]

Bai 21. Cho hinh thang ABCD c6 déy 16n AB va S la mot diém & ngoai mat phang ctia
hinh thang. Goi M la mét diém trén CD, () la mat phang qua M va song song v6i SA
va BC.

a) Hay tim thiét dién ctia mat phang («) véi hinh chép S.ABCD. Thiét dién la hinh gi?

b) Tim giao tuyén ctia («) v6i mat phang (SAD).

Loi giai.

a) Tim thiét dién ctia mat phang («) v6i hinh chép

S.ABCD.

() || BC,BC C (ABCD)
Ta c¢o

M € (x) N (ABCD)
(ABCD) = MN (v6i MN || BC va N € AB)

(D).
. [(w) ]| SA,SA C (SAB)
Ta co:
N € () N (SAB)

NP (v6i NP || SAva P € SB).

_ [(a) || BC,BC C (SBC)
Cé: N (SBC) =

© {p € (€) N (SBO) = @N(SBC)
PQ (v6i PQ || BCva Q € SC) (2).
Tix (1) va (2), ta duge MN || PQ. Vay thiét dién
la hinh thang MNPQ.

(@) N

= () N (SAB) =
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b) Tim giao tuyén cta («) v&i mat phéng (SAD).
Trong (ABCD), goi [ = AD N MN = I 1a diém chung cta («) va (SAD).

Ta c6: {(“) I 54,54 C (SAD) = () N (SAD) = It (vé6i It || SA).

[N (SAD)
0]

Bai 22. Trong mat phang () cho tam gidc ABC vuong tai A, ABC = 60°,AB = a.
Goi O 1a trung diém cta BC. Lay diém S & ngoai mit phang («) sao cho SB = a va
SB 1L OA. Goi M la mot diém trén canh AB. Mt phang (B) qua M song song vdi SB
va OA, cat BC,SC,SA lan luot tai N, P, Q. Pat x = BM (0 < x < a).

1. Chung minh MNPQ la hinh thang vudng.

2. Tinh dién tich ctia hinh thang theo a va x. Tinh x dé€ dién tich nay 16n nhét.
Loi giai.

1. Chiang minh MNPQ 1a hinh thang vuong.

= MN ||
(1)

= MQ |
2)

= NP |

3
Tir (2) va (3) suy ra MQ || NP || SB §4;
suy ra MNPQ 1a hinh thang.
OA 1 SB
Tir (1) va (4) ta c6 ¢ MN || OA =
MQ || NP || SB.

g | (B) [ 0A,0A C (ABC)
MN = (B) N (ABC)

Vs {(ﬁ) | SB,SB C (SAB)
MQ = (B) N(SAB)

[ (B) Il SB,SB C (SBC)
faco {NP — (B) N(SBC)

MN 1 MQ

MN 1 NP.
Vay MNPQ la hinh thang vudng, duong
cao MN.
2. Tinh dién tich cua hinh thang theo a va x.
1
Ta co SMNPQ = 5 (MQ + NP) MN.
Tinh MN: AB
Xé idc AB d:cos B=—— = BC =
ét tAam giac ABC, ta co: cos BC :> C “osB
Do B = 60° va BA = BO nén AABO deu.

B B
Trong AABO c6 MN || AO = Ajg = AAE/;I _ BN

B :>BC:2a:>BO:%BC:a.

= MN = MB = BN = x.

i . Xg ; W MQ  AM - SB
Tinh M% . Xét ASAB, ta co MQ H SB nén S_B = E = MQ = AM E =
(a—x)-E:a—x.

NP CN SB

Tinh NP : Xét ASBC, ta c6 NP || SB nén = NP =CN:-— = (2a—x)-

SB ~ CB CB
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i_Za—x
20 2 a3 )
DOdéSMNpQ:WIE-?)X-(ZM—?)X).

Ap dung bat dfmg thitc Cosi cho 2 s6 duong 3x va (4a — 3x) ta c6

<3x—i—4a—3x)2 a?
2

3x (4a — 3x) < & 3x (4a — 3x) < 4a* & SmnPQ < -

2a
3
thi Synpo dat gia tri lon nhat.

Déng thic xay ra khi 3x = 4a — 3x & x =
2a

Két luan khi x = 3

O]

Bai 23. Cho hinh vuoéng ABCD canh a, tdam O. Goi S 1a mét diém ngoai & mat phfmg
(ABCD) sao cho SB = SD. Goi M la mot diém tuy y trén AO v6i AM = x. Mat phéng
(«) qua M song song véi SA va BD cat SO, SB, AB tai N, P, Q.

1. Ta giac MNPQ 1a hinh gi?
2. Cho SA = a. Tinh dién tich MNPQ theo a va x. Tim x dé dién tich 16n nhét.
Loi giai.
1. Ta gidc MNPQ la hinh gi?

SB = SD = ASBC = ASDC (c.c.c) = SCB = SCD.

Goi I la trung diém SC thi AIBC =
AIDC (c.g.c) = IB = ID. Vay AIBD
cantai [ = IO 1L BD, ma

OI || SA = SA 1 BD(x)

(@) || BD
Ta 6 { BD C (ABO) = MQ |
(@) N (ABO) = MQ B
BD )
(@) || BD
Tuwong tu: { BD C (SBO) = NP |
(®) N (SBO) = NP
BD )
Tir (1) va (2), suy ra MQ || NP || BD. (3)
(@) || SA
Ta c6: { SA C (SAO) = MN || SA @)
(@) N (SAO) = MN
(@) [| SA
Tuong tu: ¢ SA C (SAB) = PQ || SA (5)
(@) N (SAB) = PQ
Tir (4) va (5), suy ra MN || PQ || SA (6)

Tit (3), (6) va (*) suy ra MNPQ la hinh chit nhat.
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2. Tinh dién tich MNPQ theo a va x:
Ta co: SMNPQ = MQ - MIN.
Tinh MQ : Xét tam gidc AQM.
Tacd A =45°,Q =45°, M =90° = AAQM cén tai M. Vay MQ = AM = x.
Tinh MQ. Xét ASAO, ta c6

av/2 N
MN OM oM Ty X
2

:>SMNPQ:MQ-MN:x-<a—x\/§>:Lx\/i-(a—x\/i>.

S

Ap dung bat dang thirc Cosi cho hai sb duong xv/2 va (a - x\/i) :

2 2

2
x\/i(a—x\/i) < (x\/§+a—x\/§> <:>x\/§(a—x\/§) < a_@SMNpngﬁ.

2 4

Déng thic xay ra khi

2 2
xﬁ:a—xﬂﬁxzizM@MlétrungdiémcﬁaAO.
2v2 4

2 ,
Vay: x = % thi Synpo dat gid tri 16n nhat.

]

Bai 24. Cho hinh chép SABCD c6 day la hinh vudng canh a. Trén canh AB ldy mot
diém M véi AM = x. Goi («) 1a mat phang qua M va song song v6i mat phang (SAD)
cat SB,SC, va CD lan luot tai N, P, Q.

1. Tim thiét dién cta («) v6i mat phfmg hinh chép. Thiét dién la hinh gi?
2. Tim qui tich giao diém I cuia MN va PQ khi M di dong trén doan AB.

3. Cho SAD = 90° va SA = a. Tinh dién tich ctia thiét dién theo a va x. Tim x dé

e e s 3
dién tich thiet dién bang '

Loi giai.

1. Tim thiét dién cta («) v6i mat phang hinh chép:
Vimp («) || (SAD) suy ra mp («) song song v6i moi dudng thudc mat phang (SAD).
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e Tim giao tuyén ctia mat phang («)
va mat phang (ABCD).
C6 M la diém chung cta hai mat
phang (x) va (ABCD), vimp (a) I
AD nén giao tuyén ctia ching
qua M va song song v6i AD, giao
tuyén nay cat CD tai diém Q.
Tuong tu:

e Mit phang () va mat phang
(SAB) ¢c6 M la diém chung va

() | SA nén giao tuyén ctia
ching la MN v6i MN || SA va
N € SB. (1)

o Mat phéng (x) va mat phémg
(SBC) ¢6 N 1a diém chung va (zx) I

AD || BC nén giao tuyén ctia
ching la NP v6i NP || BC va
P e SC. (2)

e Mit phing (x) va mit phang
(SCD) ¢6 2 diém chung la P, Q.
Vay giao tuyén ctia ching 1a PQ.
Suy ra thiét dién can tim 1a MNPQ. Tir (1) va (2) thi MQ || PN. Vay MNPQ la hinh
thang.

2. Tim qui tich giao diém I cuia MN va PQ khi M di dong trén doan AB.
AB || DC
Ta c6: ¢ AB C (SAB),DC C (SCD) = (SAB)N(SCD) = Sx (Sx || AB || CD)
S € (SAB)N(SCD)
I € PQ C (SCD)
= 1€ (SAB)N(SCD). Vay I € Sx.
I e MN C (saB) 1 € SABN(SCD). Vay I € Sx

Gidihan quitich: KhiM = Athil =S.Conkhi M = Bthil = Sy.

3. Tinh dién tich cta thiét dién theo a va x.

Ta co: SMNPQ = SAIMQ - SAINP = SASAD - SAINP (Vi AIMQ = ASAD (C - g C))
1
Tinh Sagap- Ta c6 ASAD vuodng can tai A, do d6 Ssap = Eaz.

Tinh S A np: Xét tam gidc SBC, tam gidc SBSy va tam giac SAB. co:

NI SN

NI || SoB = — S8 SB (1)
PN SN

PN || BC = BXM SEN 2)

MN || SA =~ = <& 3)

NI PN AM
Tir (1), (2) v — [— PN = AM — x.
u (1), (2) va (3), ta duoc 5B BC 1B = N N M=x

= AINP vuéng can tai N, vi NI | SA,PN || ADvaSA L AD.

Do doé SAINP = Exz.

Vay dién tich thiét dién SMNPQ = Ea — Ex =
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3a2<:>x a2—3a & x? az(:x
8 N 4 4

1
De SMNPQ = ?% thi E (a2 — x2)

NI S

O
Bai 25. Cho ti dién ABCD c6 AB = AC = CD = a va AB vudng goc vo6i CD. Lay

M thudc doan AC véi AM = x(0 < x < a). Mt phang («) qua M va song song vdi
AB,CD cat BC,BD, AD lan luot tai N, P, Q.

1. Chiang minh MNPQ 1a hinh chir nhat.

2. Tinh dién tich MNPQ theo a va x.

3. Tinh x dé dién tich MNPQ 16n nhét. Tinh gia tri 16n nhat do.

4. Pinh x ¢ MNPQ 1a hinh vuong.
Loi giai.

1.
= (0) N (ABC)

( ) H AB

{ = (1) N (ACD)

Ta co: = MN || AB. A

@ )||(:[) = MQ || CD.

= («) N (BCD)

(oc) I €D
) { = (x) N (ABD)
Ta co:
(@) || AB
Tt gidc MNPQ c6 hai cdp canh déi song song
voi nhau nén MNPQ la hinh binh hanh.

AB || MN,CD || NP

AB 1L CD
Vay MNPQ 1a hinh chi¥ nhat.

Ta co: = NP || CD.

= PQ || AB.
B D

= MN L NP. C

AM _ MQ B
2. Trong AACD c6 MQ || CD = aC — CD = MQ = x.
Trong AABC c6 MN || AB.
CM MN cM —X
SuyraC—A—E MN_C_A AB = ad=4ad—X.

SMNPQ:MN~MQ:(EI—X)-X.

3. Tacé (a — x) + x = a = (hang s6). Nén dé dién tich nay 16n nhatkhia — x = x & x = g.

4. D& MNPQ la hinh vudng thi MN = MQ < a — x = x < x = g

O]

Bai 26. Cho hinh chép S.ABCD c6 day la hinh hinh hanh v6i AB = a, AD = 2a.
Mit bén SAB la tam gidc vuong can tai A. Trén canh AD lay diém M véi AM = x
(0 < x < 2a), mat phéng (x) qua M song song voi SA va CD cat BC,SC, SD lan luot tai
N,P,Q.

a) Ching minh rang MNPQ la hinh thang vuong.
b) Tinh dién tich hinh thang MNPQ theo a va x.
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c) Tim tap hgp giao diém I cia MQ va NP khi M chay tir A dén D.

Loi giai.

a) Vimatphang («) | ABnén () cat mat phang (ABCD) theo giao tuyén MN || AB || CD.
Mat phang (x) | SA nén () cat mat phang (SAD) theo giao tuyén MQ | SA. Mat
phang () || CD nén (x) cat mat phang (SCD) theo giao tuyén QP || CD. Suy ra thiét
dién mat phéng () cat hinh chép S.ABCD la hinh thang MNPQ (1).

Mat khéc AB L AS, MN || ABva MQ || SAnén MN L MQ (2).
Tir (1) va (2) suy ra MNPQ la hinh thang vuong.

b) Trong mat phang (SAD) c6 MQ || AS suy ra

DM DQ MQ 2a-—x 20—x = 2a—x

DA DS As = a1 T MQ=—7 —a=——

Trong mat phang (SCD) ¢6 PQ || CD suy ra

PQ SQ SD-DQ DQ 20—x  x X
O sD- Sb ' sp ' T Ty
Vi MN || AB, ma ABCD la hinh binh hanh nén MN = AB = a.
Dién tich hinh thang vuéng MNPQ
X\ 2a—x
(MN + PQ)MQ (” + §> TS Qa4+ 1QRa—x)  4a?— 2
SMNPQ = 2 B 2 B 8 -8

¢) Tac6 (SBC) N (SAD) = St (v6i St | AD || BC). Vil = MQ N NP, ma

{I € MQ C (SAD) = I € (SAD) N (SBC).

I € NP C (SBC)

Tir d6 suy ra I thudc giao tuyén St c6 dinh. Mat khac,néuM = Athil = S,néu M = D
thi I = K (vi DK || SA).
Vay khi M chay trén doan AD thi giao diém I chay trén doan SK.
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Bai 27. Cho ti dién ABCD c6 AB = a, CD = b. Goi I, ] 1an luot la trung diém ctia AB
vaCD. Giasu AB L CD, mat phang («) qua M nam trén doan I, ] va song song v6i AB
va CD.

a) Tim giao tuyén ctia («) v6i (ICD) va (JAB).
b) Xac dinh thiét dién ctia ABCD va mit phang («). Chiing minh thiét dién 1a hinh

chir nhat.

. ; 1
¢) Tinh dién tich thiét dién caa hinh chit nhat biét IM = §I I

Loi giai.

a)

b)

Tim giao tuyén cta («) vdi (ICD):
Ta c6 {5&)! (CDCI)DEC(?CE)(ICD) suy ra giao tuyén cta (v) va (ICD) la duong théng qua
(a) || AB, AB C (JAB)

M e () N (JAB)

ra giao tuyén ctia («) va (JAB) la duong thang qua M va song song véi AB cat A tai P
va JB tai Q.

M va song song véi CD cat IC tai L va ID tai N. Tuong tu {

Xac dinh thiét dién ctia ABCD va mat phzfmg (@):

Tacs | @ | ABAB C(ABO) (x) N (ABC) = EF (1) V6i EF di qua L va EF || AB
co = . Véi iqua L va ,

L € (x) N (ABC) 1
Ee€BC,F € AC.
Ta o8 (x) || AB,AB C (ABD)
° N € N (ABD)
H e BD,G € AD.
Tir (1) va (2) suy ra EF || HG || AB  (3). Mit khac

(@) | CD,CD C (ACD) («) || CD,CD  (BCD)
FG = («) N (ACD) EH = () N (BCD)
Tir (4) va (5) suy ra FG || EH || CD (6). Tit (3) va (6) suy ra EFGH la hinh binh hanh

ma AB L CD ().
Tix (3), (6) va (x) suy ra EFGH la hinh chir nhat.

= (1) N (ABD) = HG (2).V6i N € HG va HG || AB,

- FG || CD (4);{ = EH| CD (5)
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. . 1
¢) Tinh dién tich thiéet dién cta hinh chit nhat biet IM = 31 I
Ta co SEFGH =EF - FG = PQ -LN.

LN IN

Xét tam giac ICD, ta c6 LN || CD = b = ID (7). Xét tam giac I]D ta c6 MN ||
IN IM

P=mp=1 ©

o IN IM 1 CD b PQ M 2

ur (7) va (8) suy ra D 1] 3 = LN 3 3 uong tu N i 3 =
2 2

PQ = ZAB = Za.

Q=3 3”2b

Suy ra SEFGH = %

Bai 28. Cho hinh chép S.ABCD ¢6 ABCD la hinh binh hanh. Goi M 1a trung diém ctia
SC, (P) la mat phang qua AM va song song v&i BD.

a) Xdc dinh thiét dién ctia hinh chép khi cat béi mat phéng (P).

b) Goi E, F 1an luot 1a giao diém ctia (P) véi cac canh SB va SD. Tim ti s6 dién tich
ctia tam gidc SME véi tam gidc SBC va ti s6 dién tich ctia tam gidc SMF va tam
giac SCD.

c) Goi K la giao diém ctia ME va CB, ] la giao diém ctia MF va CD. Ching minh

rang 3 diém K, A, ] nam trén mot dudng thang song song véi EF va tim ti s6 X

Loi giai.

a) Goi O = ACNBD = (SAC)N(SBD) = SO. Goi I = AMNSO (AM, SO C (SAC) =
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I € (SBD)). Ta co

I € (P)N (SBD)
BD || (P) = (SBD)N(P) = Ix (Ix || BD).
BD C (SBD)

Goi E = IxNSB, F = IxNSD.Suyra E, F la giao diém cta SB, SD v6i mat phéng (P).
Vay thiét dién can tim la t gidc AEMF.

b) Dé thay I la trong tdm ctia tam gidc SAC nén % = %

SE SF SI 2
Xét tam gia ’ voi S = = —— = — = -.Suy
ét tam giac SBD c6 EF song song voi BD ta co SE=SD— 3 3 Suy ra

1 . =
SSME B ESMSESII’IBSC B S_ES_M _1
Sssc %SC-SB-sinB/S\C 5B 5C 3
1 . ==
SSMF_ESM'SF'SIHDSC_S_F S_M_l
Sscp %SC .SD-sinDsCc  °P ¢ 3
c) Taco
K=EMNBC = K € (P)N(ABCD) 1)
J]=FMNCD =] € (P)N(ABCD) )
A € (P)N(ABCD) 3)

Tix (1), (2), (3) suy raba diém K, J, A thudc giao tuyén (A) cua mat phgmg (P)va (ABCD).
Ta lai co

{(P) N(ABCD) = (4) _ @) | BD.

BD || (P)
Xét tam giac MJK ¢6 EF || JK (vi JK || BD, EF || BD) suy ra
ME MF MI EF 1

MK M] MA JK 3

O]

Bai 29. Cho hinh chép S.ABCD c¢6 G la trong tam tam giac ABC. Goi M, N,P,Q,R, H
lan luot 1a trung diém ctia SA, SC, CB, BA, QN, AG.

a) Chiing minh rang: S, R, G thang hang va SG = 2MH = 4RG.

b) Goi G’ 1a trong tdm tam gidc SBC. Chiing minh rang: GG’ || (SAB) va GG’ ||
(SAC).

¢) Mat phang (x) qua GG’ va song song véi BC. Xac dinh thiét dién ctia hinh chép
tao bdi mat phang («).

Loi giai.
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a) Chung minh rfing: S,R,G thzamg hang va SG = 2MH = 4RG.
Goi E 1a trung diém cta GC. Trong tam giac QNE c6 RG la duong trung binh ctia tam
1
giacnén GR || NE, GR = §NE (1). Trong tam gidc SCG c6 NE la duong trung binh
ctia tam gidc nén GS || NE, GS = 2NE  (2). Tir (1) va (2) suy ra ba diém G, R, S thang
hang va GS = 4GR. Trong tam gidc SAG ¢6 HM la duong trung binh ctia tam gidc nén
GS =2HM.

b) Ching minh rang: GG’ || (SAB) va GG’ || (SAC).

/
Trong tam giac SAP c6 % = I;)G = % = GG' || SA. Hai mat phang (SAB) va (SAC)

cung chua SA. Suy ra GG’ || (SAB) va GG’ || (SAC).

) Xac dinh thiét dién ctia hinh chép tao bdi mat phéng ().
Vi (#) || BC nén («) cat mat phéng day (ABCD) theo giao tuyén qua G va song song
v6i BC. Giao tuyén nay cat AB tai F, cat AD tai L. Vi GG’ || SA nén («) cat mat phang
(SAB) theo giao tuyén qua F va song song véi SA. Giao tuyén nay cat SB tai T.
Vi GG’ || SA nén (a) cat mat phang (SAD) theo giao tuyén qua F va song song v6i SA.
Giao tuyén nay cat SB tai T. TG’ 1a giao tuyén ctia mét phang («) v6i mit phang (SBC),
giao tuyén nay cat SC tai V.
Vay thiét dién can tim 1a ngti gidc FLKV'T.

Bai 30. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh tam O, ¢c6 AC = g,
BD = b, tam giac SBD déu.

a) Tim giao tuyén ctia hai mat phéng (SAB) va (SCD).

b) Goi Gy, G, 1an lugt 1a trong tdm ctia tam giac ACD va SCD. Chitng minh ré”mg
G1G, song song v6i mat phang (SCA).

c) Goi M 1a diém di dong trén doan AO v6i AM = x (0 < a < g). Goi (P) la mat

ph:fmg di qua M va song song vdi (SBD). Tim thiét dién tao bdi (P) va hinh chép
S.ABCD. Tinh dién tich thiét dién theo a, b, x.
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Loi giai.

a) Tim giao tuyén cua hai mat phéng (SAB) va (SCD).
Ta co
S € (SAB)N(SCD)
AB || CD = (SAB)N(SCD) = Sx (Sx || AB || CD).
AB C (SAB),CD C (SCD)

b) Chiing minh rang G;G, song song v6i mét phang (SCA).
Goi K 1a trung diém cta CD. Vi Gy, G; la trong tdm ctia hai tam tam giac ACD va SCD
KG; KG, 1

nén —— = 2= = 3= GG | SA,ma SA C (SAC) = G1G;, || (SAC).
c) Tim thiét dién tao bdi (P) va hinh chép S. ABCD.
Vi (P) || (SBD) = (P) || SB, (P) || SD, (P) || BD. Vi (P) || BD nén (P) cat mat phang

(ABCD) theo giao tuyén qua M va song song v6i BD. Giao tuyén nay cat AB, AD lan
luot tai I va H.

Vi (P) || SB nén (P) cat mat phang (SAB) theo giao tuyén qua I va song song vdi SB.
Giao tuyén nay cat SA tai J. Vay thiét dién can tim la tam giac IJH.

Ba canh ctia tam giac IJH lan lugt song song vdi ba canh ctia tam giac SBD, ma tam
giac SBD déu nén tam giac ITH déu. Ta c6

AM _A] AH JH AM

A0 AB _AD BD JH= 7o BP=

L

P .

N|m|><

JHV3 _ 022V3
= .

Suy ra SI]H = 72

Bai 31. Cho hinh chép S.ABCD c6 day la hinh binh hanh.
a) Tim giao tuyén ctia (SBC) va (SAD).

b) Goi G la trong tdm ctia tam gidc SBD. Trén cac canh CD va AB lan luot lay cac
diém M, N théa MD = 2MC, NB = 2NA. Tim giao tuyén cta hai mt phang
(SND) va (BGM). Tim giao diém I cua SN va (BMG).
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. . F
c) Goi F la giao diém cua SA va (BGM). Tinh ti so %

Loi giai.

a) Tim giao tuyén cta (SBC) va (SAD).
Ta co

S € (SBC)N(SAD)
BC || AD = (SBC)N(SAD) = Sx (Sx || BC || AD).
BC C (SBC),AD C (SAD)

b) Tim giao tuyén ctia hai mat phang (SND) va (BGM).
Goi K 1a trung diém cta SD = K € BG. Ta ¢6

K € (SND) N (BMG)
ND || BM = (SND)N(BMG) =Ky (Ky | ND || BM).
ND C (SND), BM C (BMG)

Trong mat phéng (SND), goil = SN NKy. Ta co

[ €SN
{ = I = SN N (BMG).

I € Ky,Ky C (BMG)

c) Trong mat phang (ABCD) goi E = AC N BM. Ta ¢6 EG la giao tuyén ctia hai mat
phéng (SAC) va (BMG). Goi F = SANEG thi F chinh la giao diém cta SA va mat
phéng (BMG).

Goi O = ACNBD = SO = (SAC)N(SBD). Vi G la trong tam tam giac SBD = SG =
%SO, ma SO la duong trung tuyén ctia SAC. Suy ra G la trong tdm ctia tam giac SAC.
Dung OL || BM(L € CD), thi OL la duong trung binh ctia tam giac DBM = DL = LM.
Theo dé bai suy ra DL = KM = MC, cho nén EM la dudng trung binh cta tam giac
COL.

Trong mét phang (SAC) ké GH || SA (H € AC). Ap dung dinh Iy Ta-1ét cho cac tam
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gidc SAO va FAE ta co
oG OH GH 1 1 1
55 = OA = A5 _§:>OH—§OA,GH—§AS ()
3
—~OH + OH
T SOH + 30H
. . 1 5 3 FS 2
Tir (%) va (xx) suy ra gSA = §AF = AF = ESA = A= 3

Bai 3. HAI MAT PHANG THANG SONG SONG

A. Toém tit ly thuyét
1. Dinh nghia

Dinh nghia 1. Hai mit phang («) va (B) goi la song song v6i nhau néu chiing khong ¢6
diém chung, khi d6 ta ki hiéu («) || (B).

Hé qua 1.

Cho hai mat phéng song song (a) va (B). Néu duong th:img i
d ndm trong («) thi (x) || (B). T
!

rd

2. Tinh chit
Pinh 1i 1.
Néu mat phang («) chita hai duong thang cat nhau a va b M b
cling song song v6i mat phang (B) thi (a) || (B). ><
(8

rd

YA Phuong phdp chitng minh hai mét phing song song: Ta chitng minh c6 hai duong thing cit
nhau thudc mdt phang nay lan lugt song song vdi mdt phing kia.
Pinh 1i 2.

Qua moét diém nam ngoai mot mat phéng cho trudc, co mot
va chi mot mat phang song song vdi mat phang da cho.

A

s
yd
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Hé qua 2. Néu duong thang d song song v6i mat phang («) thi qua d c6 duy nhat mot mat
phang song song vdi ().

YA Phurong phdp chitng minh dudng thing d song song véi mét phiang («): Ta chitng minh d thudc
mit phing (B) va (B) song song vdi ().

Hé qua 3. Hai mat phang phan biét ciing song v6i mat phang thi ba thi song song véi
nhau.

Hé qua 4.
Cho diém A khong nam trén mat phéng (x). Moi duong A
thang di qua A va song song vdi (x) déu nam trong mat X
phang qua A va song song v&i (). B
yd
Pinh 1i 3.

Cho hai mét phang song song. Néu mot mat phang cat mat phang
nay thi ciing cat mat phang kia va hai giao tuyen song song voi
nhau.

Hé qua 5.
Hai mét phang song song chan trén hai cat tuyén song song nhitng b
doan thang bang nhau. \
\/ Al
A
-
K B\)
\ \

3. Dinh ly Ta-lét (Thales)

Pinh 1i 4.
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!/

Ba mat phang d6i mot song song chan trén hai cat tuyén bat d
ki nhirng doan théng tuong ung ti lé. / \
S
P l’ \\

=
=

/, |

\
/N Néu hai cdt tuyén d vi d' cit 3 miit phing song song (P) || (Q) || (R) lan luot tai cdc giao dicm

\ _AB _ BC _CA
A,B,Cua A,/ B/, C’ thi A'B’ = B/C! - C'A

4. Hinh lang tru va hinh hop

Dinh nghia 2.
Cho hai mat phang (a) || («/). Trong (x) cho da
giac 16i A1A; ... Ay. Qua cac diém A, Ay,..., Ay ta
dung cac dudng song song voi nhau va cat (a/) tai
Al AL Al

1’ 2, ey n.
Hinh tao thanh boéi hai da gidc A1Az... A,
Al A} ... A}, cung vdi cac hinh binh hanh A1 A, A} A,
ArA3ALA, ..., A A1 ALA), duoc goi la hinh ling tru
va dugc ky hiéu bdi A1A, ... A, .ALAS .. A;.

e Hai da gidc A1Ay... Ay, AJAS ... Aj, duge goi
la hai mat day (bﬁng nhau) cua hinh lang tru.

e Cicdoan th:fmg A1A, AQAL,..., Ay Ay goilacac
canh bén ctia hinh lang tru.

e Cac hinh binh hanh A1A2A/2A’1, A2A3AéA’2,. .,
A, A1 AL A, goi la cac mit bén cha hinh lang tru.

e Céc dinh cua hai da giac day goi la cac dinh cua
hinh lang tru.

Tinh chat 1.
e Céc canh bén ctia hinh lang tru thi song song va bang nhau.
e Cac mat bén cta hinh ling tru déu la hinh binh hanh.
e Hai déy ctia hinh ling tru 1a hai da giac bang nhau.

e Nguoi ta goi tén hinh lang tru theo day cia né nhu sau:

Lang tru tir gidc
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Hinh hgp D Ling tru ngii gidc

e Hinh lang tru c6 ddy la tam gidc goi la hinh lang tru tam gidc.

e Hinh lang tru cé day la hinh binh hanh goi la hinh hop.

5. Hinh chép cut

Dinh nghia 3. Cho hinh chép S.A1A; ... A,. Mot mét phang (P) song song vdi mat day cta
hinh chép va khong di qua dinh 1an lugt ct cic canh SAy, SA,, ..., SA, tai ALAL AL
Hinh tao thanh bdi hai da gidc A A} ... A}, A1Ay ... A, vacacti gidc A1 Ay AL AL, Ay Az ALAL,. ..
A, A1 AL A], goi 1a hinh chop cut.

e Day A1A,... A, cia hinh chop goi la day 1on ctia hinh choép cut.
e Thiét dién A]A) ... A), ctia hinh chép va (P) goi la ddy nho cta hinh chép cut.
e Ta goi tén hinh chop cut theo da gidc day cta n6 (chop cut tam gidc, ti giac,.. .).

S

Tinh chéat 2.

e Hai day cua hinh chop cut la hai da giac c6 cac canh tuong iing song song va ti 1é gitta
cdc cap canh tuong tiung bang nhau.

e Cac mat bén la hinh thang.

e Céc duong thang chira cac canh bén dong quy tai 1 diém.

B. Bai tap ren luyén
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Bai 1. Cho hinh chép S.ABCD c6 ddy la hinh binh hanh tdm O. Goi M, N lan lugt la
trung diém cua SA, AD.

1. Chiing minh rang (OMN) || (SBC).

2. Goi P, Q, R lan lugt la trung diém ctia AB, ON, SB. Chiing minh: PQ || (SBC),
(MOR) || (SCD).

Loi giai.

1. Trong hai tam gidc SAC va SBD ¢6 OM || SC va ON || SB (duong trung binh ctia tam
giac).

. {OM, ON C (OMN)

6 Y 5B, 5C  (SBO) = (OMN) || (SBC).

Ta c6: OP || AD, ma AD || MN nén suy ra
OP || MN va PQ c (OMN).

Vi (OMN) || (§BC) nén suy ra PQ || (SBC).
Ta c6: MR || AB, ma AB || CD nén suy ra
MN || CD.

Mat khac OM || SC va
= (OMR) || (SCD).

MR,OM C (OMR)
CD, SC C (SCD)

Bai 2. Cho hai hinh binh hanh ABCD va ABEF c6 chung canh AB va khéng dong
phang. Goi I, ], K 1an luot 1a trung diém cac canh AB, CD, EF. Chitng minh rang:

1. (ADF) || (BCE).
2. (DIK) || (JBE).

Loi giai.

1. Tacé: AF || BEva AD || BC.
Ma AF, AD C (ADF)va BE, BC C (BCE) nén suy
ra (ADF) || (BCE).

2. Ta dé dang chiing minh dugc BID] va BIKE la
hinh binh hanh. Tir d6 suy ra DI || B] va IK || BE.
Suy ra (DIK) || (JBE).

Bai 3. Cho hai hinh binh hanh ABCD, ABEF nam trén hai mat phéng khac nhau. Trén
cac duong chéo AC, BF theo thu tu léy cac diém M, N sao cho MC = 2AM, NF = 2BN.
Qua M, N lan lugt ké cac dudng thang song song véi canh AB, cit cac canh AD, AF
theo thut ty tai My va Np. Chiig minh rang:

1. MN || DE.
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2. MiN; || (DEF).
3. (MNM;N;) || (DEF).

Loi giai.

1. Goi I 1a trung diém ctia AB. Ta c6:

AC =3AM AM 2 40
{AC —240 ~ M T3
Ma AO la duong trung tuyén ctia tam gidc ABD nén suy ra M la trong tdm cta tam
giac ABD.

Ching minh tuong tu ta c6 N 1a trong tdm ctia tam giac EAB. Tir d6 suy ra DM, EN,
AB dong quy tai I.

9 L IM _IN 1
Trong tam gidc IDE ta co: D=1 -3~ MN || DE.
ANy IN
2. Ta co: Al —_— = —= =
a co: NNy || = NE — NE
!
5

Tuong tu ta co:

AM; IM 1
Al = —— = —,
MM, || AI = M,D _ MD 2

o i ANy AM;
T =

u do suy ra N.F M,D
M;N; || DF.
Ma DF C (DEF) nén suy ra
MiN || (DEF).

3. Tacé: MN || DE va MjN; || DF.
Ma MN, M;N; C (MNN; M;) va DE, DF C (DEF) nén suy ra (MNN; M,) || (DEF).

OJ

Bai 4. Cho hai hinh binh hanh ABCD va ABEF c6 canh chung 1a AB va ndm trong hai
mat phfmg phén biét. Goi M, N theo thit tu 1a trung diém cta AB, BC va I, ], K theo
tw tu la trong tam cac tam giac ADF, ADC va BCE. Chung minh (I]K) || (CDFE).

Loi giai.
, Ml M) 1
Xét hinh binh hanh MNEF c6:
MI  NK 1

Tir (1) va (2) ta co:
I] || FC,IK || FE

IJ,IK C (IJK) = (IJK) || (CDFE).
FC,FE C (CDFE)
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Bai 5. Cho tit dién ABCD. Goi Gy, Gy, G3 lan lugt la trong tam ctia cac tam giac ABC,
ACD, ADB.

1. Chiing minh (G1G,Gs) || (BCD).
2. Tim thiét dién ctia ti dién ABCD v6i mat phang G1G,Gs. Tinh dién tich thiét dién
theo dién tich tam giac BCD la S.
Loi giai.

Goi M, N, L1an lugt 1a trung diém cac canh
BC, CD va BD. Trong tam giac AMN, ta co

AG  AGy GGy
AM AN  MN
Theo dinh ly Ta-1ét ddo, suy ra G;G; || MN.
Chung minh tuong ty, ta cing c6 G,G3 ||
NL va G3G1 || LM.

Tir d6 suy ra

2 .
g(tinh chat trong tam)

G:Gs | MN, G2Gs || NL
MN, NL C (BCD)
G1G2, G2G3 C (G1G2G3).

= (G1G2Gz) || (BCD).

2. Tim thiét dién ctia ti dién ABCD véi mat phang (G1G,G3).
BC || (G1G2Gs)
Ta c6 ¢ BC C (ABC)
G1 € (G1G2G3) N (ABC).
Vay giao tuyén ctia mit phang (G1G,G3) véi (ABC) qua G; va song song v6i BC, cat
AB, AC lan luot tai E, F.
Tuwong tu: (G1G,G3) cat (ACD) theo giao tuyén FG || CD.
(G1G>G3) cat (ABD) theo giao tuyén GE || BD.
Vay thiét dién ctia ABCD vé6i mat phang (G G,Gs3) 1a tam giac EFG.
Xét tam giac AMC va tam giac ABC, ta co

A AF 2
GiF || MC = G1_ =

AM ~ AC 3
EF AF 2
AG, EF 2 2 2 2

Dién tich thiét dién

1
Serc = ;/(EF + FG + GE)(EF + FG — GE)(EF — FG + GE)(~EF + FG + GE)

: 411 : g\/(BC +CD + DB)(BC + CD — DB)(BC — CD + DB)(—BC + CD + DB)

4 4
— §SBCD — §S
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O

Bai 6. Tir bon dinh cda hinh binh hanh ABCD vé bén nita dudng thang song song
ciing chiéu Ax, By, Cz, Dt sao cho ching cat mat phang ABCD. Mot mat phang («) cat
b6n nira dudng thang theo thit ty néi trén tai A/, B, C' va D'.

1. Chung minh (Ax, By) || (Cz, Dt) va (Ax, Dt) || (By, Cz).
2. Tu giac A’B'C’'D’ 1a hinh gi?
3. Chung minh AA" + CC' = BB’ + DD'.
Loi giai.
1. Chung minh (Ax, By) || (Cz, Dt) va (Ax, Dt) || (By, Cz).

Ta co

( Y )

— AB || (Cz, Dt).
CD C (Cz,D¥) I (€2 Dh

Ma Ax, AB C (Ax, By).

{AB | CD

Suy ra (Ax, By) || (Cz, Dt). T ON
Chiung minh tuong tu, ta cing c6 (Ax,Dt) || e .
(By, Cz). A b

2. Tu giac A’B'C’'D’ la hinh gi?
Ta co
(%) N (Ax, By) = A'B’

(x) N (Cz,Dt) =C'D' = A'B' || C'D'.
((Ax, By) || (Cz, Dt)
((x) N (Ax,Dt) = A'D’
(x) N (By,Cz) = B'C' = A'D" || B'C.
| (Ax, Dt) || (By, Cz)
Vay tu giac A’B’C’D’ la hinh binh hanh.

3. Chung minh AA’+ CC' = BB’ + DD'.
GoiO = ACNBD,0'=A'C'nB'D.
Vi O, O’ la tdm cuda hai hinh binh hanh ABCD, A’B’C’D’ nén ¢6 OO’ 1a duong trung
binh cta hai hinh thang ACC’A’ va BDD'B'.
Theo tinh chat dudng trung binh ctia hinh thang, suy ra

_AA’+CC' BB +DD'

> > = AA'+ CC' = BB'+ DD'.

o0’

O

Bai 7. Cho hinh chép S.ABCD, mat phéng (P) cat cac canh SA, SB, SC, SD lan luot tai
A’, B/, C' va D'. Tim diéu kién ctia mat phang (P) dé A’B’C’D’ 1a hinh binh hanh.

Loi giai.
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A/B/ H C/D/

A'D" || B'C"
GoiE=ABNCDvaF=ADNBC.Tacoé SE =(SAB)N(SCD), SF = (SAD)N (SBC).
Ta lai co

Ta c6 A’B’C'D’ 1a hinh binh hanh <

A'B' = (P) N (SAB)
C'D' = (P)N (SCD)
SE = (SAB) N (SCD)
A'B'|| C'D’

= SE|| A'B' || C'D.

= SE || (P) (theo dinh 1y vé giao tuyén ctia ba mat phang).
Tuong tu, SF || (P).
Vay, néu (P) || SE va (P) || SF thi A’B'C’D’ 1a hinh binh hanh.

Bai 8. Cho tit dién ABCD c6 AB = CD. Goi I, ] lan lugt 1a trung diém ctia BC va BD,
E 1a diém thudc AD khac A va D. Tim vi tri ctia E dé thiét dién ctia ti dién khi cat bai
mat phéng (JEI) 1a hinh thoi.

Loi giai.
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Ta c6 I] la duong trung binh ctia tam giac BCD. A

Do dé, I] || CD = CD || (IJEF) = CD || EF (do CD, EF

déng phang).

Suy ra, thiét dién IJEF la hinh thang. E

\ . EF=]I
Do do, diéu kién dé I]JEF la hinh thoi la J
EF = JE.
= E 14 trung diém AD.

Ngugc lai, néu E la trung diém cta AD thi B D

D
EF || JI| CD,EF:U:CT )
AB o .
JE || FI || AB,]E:FI:7 = IJEF la hinh thoi.

CD = AB

Bai 9. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Mat ph'fmg (P) cat cac
doan SA, SB, SC, SD lan luot tai A’, B/, C’, D’. Chitng minh rang t& giac A’B'C'D’ la
hinh binh hanh khi va chi khi mit phang (P) song song v6i mét phang (ABCD).

Loi giai.
Gia st (P) || (ABCD).
Khi do, (P) va (ABCD) bi mat phéng (SAB) cat theo
hai giao tuyén A’B’ va AB song song.
Tuong tu, CD || C'D’, BC || B'C!, AD || A'D'.
— A'B'|[C'D'va A'D' || B'C'.
= A’B'C’D’ 1a hinh binh hanh.
Gia sa A’B’C'D’ la hinh binh hanh.
A/B/ || C/D/
Ta c6 { A'B' C (SAB) = A = (SAB)N (SCD),A ||
C'D’ C (SCD)
A'BA| C'D.
AB|| CD
Mat khic { ABC (SAB) = A' = (SAB)N
CD C (SCD)
(SCD), A’ || AB,A' || CD.

Tir tinh chat duy nhéat ctia giao tuyén hai mt phang (SAB) va (SCD), tasuy ra A = A/
Suyra A'B' || AB || A= A'B" || (ABCD).
Chung minh tuong tu, ta c6 A'D’ || (ABCD).
A'B" || (ABCD)
Dodé { A'D' || (ABCD) = (P) || (ABCD). O
A'B',A'D" C (P)

Bai 10. Cho hai hinh vuong ABCD va ABEF & trong hai mat phéng phan biét. Trén
cac dudng chéo AC va BF lan lugt lay cac diém M va N sao cho AM = BN. Cac duong
thdng song song véi AB vé tir M va N 1an lugt cat AD va AF tai M’ va N'. Chiing minh
rang

1. Mat phang (ADF) song song v6i mat phang (BCE).
2. Mat phang (DEF) song song véi mat phang (MM'N'N).
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Loi giai.

1. Mat phang (ADF) song song v6i mat phang (BCE).
Ta c6 AF || BE, BE C (BCE) va AD || BC, BC C (BCE).
= AF va AD cung song song vdi (BCE).
Ma AF, AD C (ADF). Vay (ADF) || (BCE).

2. Mat phang (DEF) song song v6i mit phang (MM'N'N).

Tac6 MM’ || AB, AB || EF. E
— MM’ || EF C (DEF). ()
Mat khac,
AM' AM
/ = —
MM'||CD = —= = 22
AN" BN B
! [ —
NN'|| AB = —— = —
AM = BN, AC = BF.
AM' AN’ .
:>AD—AF:>MNHDFC
(DEF) (xx%)
Ma MM', M'N’ C (MM'N'N) (% x )
Tir (%), (xx) va (x % %), suy ra (DEF) ||
(MM'N'N).
O

Bai 4. KHOI LANG TRU

Bai 1. Cho hinh lang tru ABC.A’B'C’
1. Tim giao tuyén ctia hai mat phang (AB'C’) va (BA'C).

2. Goi M, N lan luot 1a hai diém bat ky trén AA’ va BC. Tim giao diém cta B'C’ v6i
mat phang (AA’N) va giao diém ctia MN véi (AB'C’).

Loi giai.

1. Tim giao tuyén ctia hai mat phang (AB'C’) va (BA'C).
Ta c6 C’ 1a diém chung thit nhat ctia hai mat phang (AB'C’) va (BA'C').
Goi G la giao diém ctia AB’ va BA'.
Suy ra G la diém chung thit hai ctia hai mit phang (AB'C’) va BA'C’.
Vay (AB'C’') N (BA'C') = C'G.

2. Goi M, N lan lugt la hai diém bat ky trén AA’ va BC. Tim giao diém cta B'C’ v&i mat
phang (AA'N) va giao diém ctia MN véi (AB'C)).
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Tim giao diém cta B'C’ véi mat phang
(AA'N).
Ta c6 B'C' C (BCC'B’).

N € (AA'N) N (BCC'B')
Talaico { AA" || BB

AA" Cc (AA'N), BB’ c (BCC'B).
— (AA'N)N (BCC'B') = Nx (Nx | AA" |
BB').
Goi ] = NxNB'C' = | = B'C' N (AA'N).
Tim giao diém cia MN v6i mit phing A
(AB'C)).
Ta c6 MN C (ANJA).

A € (ANJA'YN (AB'C)
Ta lai co J € (ANJA)

{ J € B'C' c (AB'C)
— AJ = (ANJA') N (AB'C).
Goi K= MNNAJ.
Vay K = MN N (AB'C)).

= J € (ANJA')N(AB'C)).

Bai 2. Cho hinh 1ap phuong ABCD.A’B'C'D’. Goi M, N, P lan lugt la trung diém cta
AA', AD, DC. Tim thiét dién tao b&i mat phang di qua ba diém M, N, P véi hinh lap

phuong.

Loi giai.

Goi I, L lan luot 1a giao diém cta

duong thang NP v6i AB va BC.

MI la giao tuyén ctia hai mat .
phéng (MNP) va (ABB'A’). Goi K B
la giao diém ctia M1 va A'B’.

K la diém chung ctia mat phang

(MNP) véi (A'B'C'D’) va NP ||

AC || A'C’ nén giao tuyén ctia

(MNP) véi (A'B'C'D') 1a duong

thang di qua K va song song A’C’

cat B'C’ tai O.

O va L la hai diém chung cta

(MNP) va (BCC'B’) nén (MNP) N B
(BCC'B') = OL, goi H = OLN

CcC'.

Vay thiét dién cta hinh lap

phuong khi bi cat bdi mat phang

(MNP) 1a luc giac MNPHOK c6

cac cap canh ddi song song.

D/

=

Bai 3. Cho hinh hop ABCD.A’B'C'D’. Goi M, N, P lan luot 1a trung diém DC, AD, BB'.

1. Tim thiét dién tao boi mat phang (MNP) v6i hinh hép ABCD.A’B'C'D’.

2. Tim giao tuyén cia mat phang (MNP) v6i mat phang (A’B'C'D’).

Loi giai.

[

O
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D/

1. Tim thiét dién tao bdi mat phang (MNP) véi hinh hop ABCD.A’B'C'D’.
Trong mat phang day (ABDC) goi F va E la giao diém ctia duong thang MN véi AB
va BC.
Ta thay PF la giao tuyén ctia mat phang (MNP) véi (ABB'A).
Goi H 1a giao diém ctia AA’ va PF.
Ta thay PE la giao tuyén cta mét phang (MNP) v6i (BCC'B).
Goi K la giao diém ctia CC’ va PE.
Két luan: thiét dién ctia hinh hop khi bi cat béi mat phang (MNP) 1a ngi giac MNHPK.

2. Tim giao tuyén ctia mit phang (MNP) v6i mat phang (A’B'C'D’).
Trong mat phang (ABB'A’), goi I 1a giao diém ctia HP va A'B’.
Trong mat phang (BB'C'C), goi L 1a giao diém cta KP va B'C'.
Ta c6 L va I 1a hai diém chung ctia hai mat phang (MNP) va (A’B'C'D’).
Két luan: giao tuyén ctia hai mat phang (MNP) va (A’B'C'D’) 1a dudng thang LI.

Bai 4. Cho hinh ling tru ABC.A’B'C’. Goi M la trung diém cta BB/, G la trong tam
tam giac ABC.

1. Tim thiét dién tao bdi (A’ MG) cat hinh lang tru ABC.A'B'C’.
2. Tim giao tuyén ctia mat phang (A’ MG) véi (A’B'C’).

Loi giai.
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1. Tim thiét dién tao bdi (A’MG) cat hinh lang

tru ABC.A’B'C’.

Trong mat phang (ABB'A’), goi [ = A’M N
AB.

Ta c6 I va G la hai diém chung ctia (ABC) va
(A'MG).

Vay (A’MG) N (ABC) = IG.

Trong mat phang day (ABC) goi E, F 1an luot
1a giao diém cta IG v6i BC va AC.

Tir d6 suy ra thiét dién can tim la A’FEM.

2. Tim giao tuyén cia mit phang (A’MG) vdi

(A'B'C)).

Trong mat phang (BCC'B’), goi H = EM N
B'C'.

Suy ra A’ va H la hai diém chung cta (A’ MG)
va (A'B'C)).

Két luan: (A’MG) N (A’B'C') = A’H. -

Bai 5. Cho hinh hop ABCD.A’B'C'D’. Goi M la trung diém ctia canh AB. Tim thiét
dién tao béi mat phang (P) song song véi (AB'D’) va di qua M cat hinh hop.

Loi giai.

Vi mat phang (P) song song v6i mat phang (AB'D’) suy ra (P) song song v6i moi duong
thang thudc mat phang (AB'D’). Ta thay M la diém chung cta (P) va (ABCD) va ta c6
(P) || BD || B'D’, suy ra giao tuyén qua M va song song v&i BD. Giao tuyén nay cat AD tai
E.
Ta thay E la diém chung ctia (P) va (ADD’A’) va ta c6 (P) || AD’ suy ra giao tuyén qua E va
song song v6i AD’. Giao tuyén nay cat DD’ tai F.
Ta thiy M la diém chung cta (P) va (ABB'A’) va ta c6 (P) || AB’ suy ra giao tuyén qua M va
song song v6i AB’. Giao tuyén nay cat BB’ tai H.
Trong mat phang (ABB'A’), goi K = MH N A’B'. (1)
Trong mat phang (ADD’A’), goi I = EFNA'D'. (2)
Tir (1) va (2) suy ra KI = (P) N (A’B'C'D’).
Trong mat phang (A’B'C'D’) goi P=KInEC

§ matphang AN =KkINCD.
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Thiét dién can tim 1a luc gidc MEFNPH. ]

Bai 6. Cho lang tru tam gidc ABC.A’B'C’. Goi H la trung diém cta A'B’.

1. Tim giao tuyén ctia hai mat phang (AB'C’) va (ABC).

2. Chiing minh rang CB’ || (AHC').

Loi giai.

1. Ta c6 A la diém chung ctia AB'C’ va (ABC).

B'C’ | BC

Ma { B'C' ¢ (AB'C') = (AB'C’)N(ABC) = Ax, (Ax ||
BC C (ABC)

B'C’ || BC).

2. Ta c6 tu giac AA’C'C 1a hinh binh hanh.
Suy ra A’C cat AC' tai trung diém I ctia mdi duong.
Do d6 [H || CB' (IH la dudng trung binh cia ACB’A’).
Mat khéc, ta thly IH € (AHC') nén ta dugc CB’ ||
(AHC)).

Bai 7. Cho hinh lang tru tam gidc ABC.A’B'C’. Goi H la trung diém ctia canh A’B’.
1. Chiing minh rang dudng thang CB’ song song v6i mét phang (AHC).

2. Tim giao tuyén d ctia hai mat phang (AB’C’) va (A’BC). Ching minh rang d song
song v&i mat phang (BB'C'C).

3. Xac dinh thiét dién ctia hinh lang tru ABC.A’B’C’ khi cat béi mat phang (H, d).

Loi giai.
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1. Goi I 1a tAm ctia hinh binh hanh AA'C’C.
Ta c6 HI la duong trung binh cua AA’B'C
nén CB’ || HI.
Mat khac HI nam trong mat phang (AHC).
Vay CB' || (AHC)).

2. Goi J la tam ctia hinh binh hanh AA’B’B.
Ta thdy I,] la hai diém chung cta hai mat
phing (AB'C') va (A'BC).
Vay giao tuyén d cta ching la duong thang
1].
Ta ¢6 I] la duong trung binh cia AA'BC,
suy ra d || BC, ma BC C (BCC'B') = d |
(BB'C'C).

3. Trong mat phang (ABB’A’) goi E = ABN H]J.
Ta c¢6 E la diém chung cta hai mt phang
(H,d) va (ABC), nén giao tuyén cta ching
qua E va song song voi BC || d, giao tuyén
nay cat AC tai K.

KI 1a giao tuyén cta (H,d) va (ACC'A"), KI
cat A'C’ tai L.

Dé dang ching minh E, K, L 1an luot 1a trung
diém ctia AB, AC, A'C.

Két luan: thiét dién can tim 1a hinh binh hanh

HEKL.
OJ

Bai 8. Cho hinh hoép ABCD.A’B'C'D’. Goi Q,R lan lugt la tdm cac mat
(BCC'B'),(CDD'C).

1. Chung minh RQ || (ABCD).
2. Xac dinh thiét dién ctia hinh hop khi cat bsi (AQR).

/

3. Goi M la giao diém ctia CC’ v6i (AQR). Tinh ti s6 ]]\\/I/[(é :

Loi giai.

D/

=

1. Chung minh RQ || (ABCD).
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Vi QR la duong trung binh cua tam giac C'BD nén QR || BD.
Do BD ¢ (ABCD) nén RQ || (ABCD).

. Xac dinh thiét dién ctia hinh hop khi cat bsi (AQR).

A la diém chung ctia mat phang (AQR) va mat day (ABCD).

Qua A ké duong thang d song song véi BD thid = (AQR) N (ABCD).
Giao tuyén d cat duong thang BC tai diém I.

I va Qlahai diém chung ctia hai mat phang (AQR) va (BCC'B’) nén (AQR) N(BCC'B’) =
I1Q, giao tuyén IQ cat BB’ tai | va cat CC’ tai M.

MR la giao tuyén ctia hai mat phang (AQR) va (CDD'C).

Goi L la giao diém ctia MR va DD'.

((AQR) N (ADD'A') = AL

Ta c6 { (AQR)N(BCC'B) = JM = AL || JM.

| (ADD'A") || (BCC'B')

((AQR)N (ABB'A'y = A]

Tac6 { (AQR)N(CDD'C’) = LM = AJ || LM.

| (ADD'A") || (BCC'B’)

Két luan: thiét dién can tim 1a hinh binh hanh AJML.

. Trong mat phang day (ABCD) c6 AI || BD va AD || IB nén ti gidc ADBI l1a hinh binh

hanh.
BI la duong trung binh cta tam giac ICM, ta c6 B] = %CM. (1)
3 IB- JB 2 2
D E | BJ,(E€B IQE — == == B=-QE. (2
ung QE || BJ, (E € BC), trong tam giac IQE, ta c6 IE-QF 3 =] 3Q (2)
1
QE la duong trung binh ctia tam giac BCC' = QE = ECCI' (3)
\ \ 1. 21, MC 1
Tir (1),(2) va (3) ta co ECM =3 ECC = MC o
]

Bai 9. Cho hinh lang tru tam gidc ABC.A’B'C’. Goi I, ], K 1an lugt 1a tdm ctia hinh binh
hanh ACC’A’,BCC'B/, ABB'A’.

1. Ching minh I] || (ABB'A’), JK || (ACC'A"), IK || (BCC'B’), mat phang (IJK)
song song voi mat ddy cta lang tru.

2. Ba duong thang AJ, CK, BI dong qui tai diém O.

3. Goi G,G' 1a trong tdAm ctia tam giac ABC va A’B'C’. Ching minh rang G, O, G’
thang hanh.

Loi giai.



4. KHOI LANG TRU 99

1. Tathay KI la duong trung binh ctia AA’BC =
KI || BC.
Suy ra KI || (BCC'B').
Ta thay I] la duong trung binh cia AC'AB,
suyral] || AB.
Suyra ] || (ABB'A’).
Ta thdy K] la duong trung binh ctia AB’'AC,
suy ra KJ || AC.
Suy ra KJ || (ACC'A).
Suy ra (IJK) || (ABC).
Vi (ABC) || (A’B'C’) nén (IJK) || (A'B'C').

2. Ching minh ba dudng thang AJ, CK, BI dong
qui tai diém O.
Trong mat phang (C’AB) c6 AJ va BI la hai
duong trung tuyén. Goi O = AJ N BI.
Suy ra O la trong tam AC’'AB, ta ¢6 BO =
2

351 (1)

Trong mét phang (A’BC) ¢6 BI va CK la hai
duong trung tuyén. Goi O’ = BI N CK.
Suy ra O’ 1a trong tdm cia AA’BC, ta c6

BO' = %Bl. (2)

Tir (1) va (2) suy ra O va O’ trung nhau.
Két luan: ba duong thang AJ, BI, CK dong qui
tai diém O.

3. Chung minh G, O, G’ th:fmg hang.
Goi E, E 1an luot 1a trung diém cua BC va B'C'.
Suy ra EE’ la duong trung binh cta hinh binh hanh BCC'B’ nén BB’ || EE'.
Ma BB’ | AA’ = AA' || EE' = AEE'A’ 1a hinh binh hanh.

el
Vi G, G’ lan lugt 1a trong tdm cia AABC va AA'B'C/, ta ¢6 % = % = % = GG ||
EE'. ©)
A0 AG 2
TrongAAEItacoA—]—E—ngO | EJ. 4)
Ta c6 E, ], E' thang hang.
Tir (3) va (4) suy ra ba diém G, O, G’ thang hang.

Bai 10. Cho hinh hop ABCD.A'B'C'D’. Goi O’ 1a tam hinh binh hanh A’B'C'D’, K la
trung diém ctia CD, E la trung diém ctia BO'. Chiing minh E thudc (ACB’). Xéac dinh
thiét dién ctia hinh hop khi cat bsi mét phang (P) qua K va song song vé6i (EAC).

Loi giai.
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Goi O la tdim cua hinh binh hanh ABCD. Ta ¢6 A’ D’
BOO'B’ 1a hinh binh hanh, nén hai duong chéo BO’
va B’O cat nhau tai trung diém méi duong,

Suy ra E la trung diém cta B'O. Ma B'O C
(ACB') = E € (ACB).

Ta c6 (ACB') ciing 1a (ACE).

Vi mit phang (P) song song v6i mat phang (ACB')
nén mat phang (P) song song véi moi duong thudc
mat phang (ACB’).

Trong mat phang (ABCD), ta ¢6 K 1a diém chung va
AC || (P) nén giao tuyén ctia ching qua K va song
song vdi AC. Giao tuyén nay cat AB, AD, BC lan luot
tai F, M, N.

F la diém chung ctia hai mat phang (ABB’A’) va mat
phang (P), c6 AB' || (P).

Nén giao tuyén cua ching qua F va song song vdi
AB’, giao tuyén nay cat AA’, A'B’ 1an luot tai P va
0.

Giao tuyén ctia (P) va (A’B’C'D’) qua Q va song song
véi A'C!, giao tuyén nay cat B'C’ tai R.

Giao tuyén ctia (P) va (BCC'B’) qua R va song song véi B'C, giao tuyén nay cat CC’ tai S.
Két luan: thiét dién can tim 1a luc giac KMPQRS. Luc giac c6 tinh chat cac cap canh dbi song
song. ]

Bai 11. Cho hinh ling tru ABC.A’B'C’. Trén canh BA kéo dai vé phia A ta lay diém M
sao cho AB = 2AM.

1. Xéc dinh thiét dién ctia hinh ling tru tao véi (P) qua M va B’ va trung diém E cta
AC.

. . DB
2. Tim giao diém D cua BC vdi (MB'E). Tinh ti sO De:

Loi giai.
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M, E 1a hai diém chung ctia (MEB’) va
(ABC)

= (MEB')N (ABC) = ME.

Goi D la giao diém cua ME va BC.

Suy ra (MEB') N (BCC'B') = DB'.

M, B’ 1a hai diém chung ctia (MEB') va
(ABB'A)

— (MEB') N (ABB'A’) = MB.

Goi N la giao diém ctia AA’ véi MB'.
Suy ra thiét dién ctia hinh ling tru
ABC.A'B'C’ vé6i mat phang (MEB') 1a
tu giac EDB'N.

Trong mat phang day (ABC) ké
EF || BC,(F € AB).

EF la duong trung binh ctia tam giac

ABC. ,
Taco EF = EBC' (1)
. MF EF 2
TronngMBDtacom_@_gﬁ
EF = 3BD. 2)
2 1 3 DB
T (1) va (2 5 —BD = =B BD = -B — = 3. ]
u(()va()taco3 5 C& 1 C:>DC 3

Bai 12. Cho hinh lang tru ABC.A’B'C’. Goi I, ],K lan lugt la trong tdm cda tam gidc
ABC, ACC', A’B'C’. Ching minh (IJK) || (BCC'B') va (A'JK) || (AIB).

Loi giai.
Goi E, E' 1an luot la trung diém BC va B'C’. Suy
ra, EE’' la dudng trung binh cta hinh binh hanh
BCC'B' nén BB' || EE.
Ma BB’ | AA' = AA' | EE' = AEE'A’ 1a hinh
binh hanh. A
Trong hinh binh hanh AEE'A’, ta c6 YTl
A'E! ,
ap = IKIEE. (1)
Goi M la trung diém caa AC.
Ml M] 1

/ Sl _ /
;1"21")ong AMBC' ta c6 ME - MO 3 I] || BC'.
Tir (1) va (2) suy ra (IJK) || (BCC'B).
Mat phang (A’CE’) ciing 1a mét phang (A’JK).
Mat phang (AEB’) ciing 1a mét phang (AIB’).
Trong mat phang (BCC'B’) c6 EB’ || CE'. Vi
AEE'A'1a hinh binh hanh A’E’ | AE. (4
Tir (3) va (4) suy ra (A’JK) || (AIB).

]

Bai 13. Cho hinh lang tru tam gidc ABC.A’B'C’. Goi M, M 1an luot 1a trung diém ctia
cac canh BC, B'C’.

1. Chung minh AM song song A’M'.
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2. Tim giao diém cta dudng thang A’M va (AB'C).
3. Tim giao tuyén d ctia hai mat phang (AB'C’) va (BA'C).
4. Tim giao diém G ctia duong thang d véi mat phang (AM’M). Ching minh G 1a

trong tam cua tam giac AB'C’.

Loi giai.

1. Vi MM’ la dudng trung binh cta hinh binh hanh
BCC'B' nén MM’ = BB'.Ma BB’ = AA’. Tit d6 suy ra
MM’ = AA’. Vay AMM’ A’ 1a hinh binh hanh. Do d6
AM || A’M'.

2. Tim giao diém cta duong thang A’M va mat phang
(AB'C').

Trong mat phang (AMM'A’), goi K = A’/M N AM'.
. [Ke A'M .
Co , , , = K = A'Mn
Ke AM; AM" C (AB'C)
(AB'C').

3. Tim giao tuyén d ctia mat phang (AB'C’) va (BA'C’).
Trong mat phang (ABB'A’), goi I € BA' N AB'.
(I BA,BA' C (BA'C)
Co iy = e (BA'C')N(AB'C').
I e AB, AB' C (AB'C))
Ta lai c6 C' € (BA'C') N (AB'C').
Vay giao tuyén d ctia hai mat phang (AB'C’) va (BA’C")1a IC'.

4. Trong mat phang (AB'C') goi G = C'IN AM'.

L [Gell . ,
6 o =G =CIn(AMM).
Ge AM',AM C (AMM)
Do d6 G la giao diém ctia hai duong trung tuyén C'I va AM’ ctia tam giac AB'C’. Vay
G la trong tam tam giac AB'C’.

Bai 14. Cho hinh lang tru ABC.A’B'C’ ¢6 ddy la tam giac déu canh a, cic mat bén
ABB'A’, ACC' A’ 1a hinh vuéng c6 tdm lan lugt 1a I va J. Goi O la tam duong ngoai
tiép tron tam gidc ABC.

1. Ching minh I] song song v4i mat phéng ABC.
2. Xac dinh thiét dién ctia hinh lang tru véi mat phang (OI]). Tinh dién tich thiét

dién theo a.

Loi giai.
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1. Chung minh I] song song v4i mat phéng ABC. A A 7 ¢
Ta c¢6 I] la duong trung binh cda tam gidc A’BC nén I] || A ,

BC.Ma BC C (ABC).Suy ra I] || (ABC). N4 %

2. Xac dinh thiét dién ctia lang tru véi mat phffmg (OlI)). )72
Ta c6 O la diém chung cta hai mat phéng (OI]) va (ABC), a
nén giao tuyén cta chung di qua O va song song vdi BC, A AN _‘/15__\_\: c
giao tuyen nay cat AB, AC lan luot tai H, K. ' /
HI la giao tuyén cta (OI]) véi (ABB'A’) , goi H
M=HINA'B. B
KJ la giao tuyén cta (IJO) véi (ACC'A’), goi L = KN A'C'.

Tir d6 suy ra ML la giao tuyén cua (OI]) véi (A’B'C'), vi
I || B'C'.
Suyra ML || B'C' || I].

Vay thiét dién can tim 1a hinh thang HKLM (vi HK || LM || BC) (1)
Ta c6 ABB'A’, ACC' A’ 1a hinh vuoéng va AH = AK, A’M = A’L. Suy ra MH = LK.
(2).

T (1) va (2) suy ra HKLM la hinh thang can. A M B
Trong tam giac AABC c¢6 HK || BC nén AH _HK 2 = HK =
) glame AB _ BC 3 -

a I

3

Ta c6 I] 1a duong trung binh cia HKLM,
HK + L

céI]:+M:LM:ZI]—HK:BC—szg. A E H B

Vé lai mat bén ABB’ A’ nhu hinh vé.
2
V1
Taco MH = VMEZ + EI2 = |2 + = = 210

9 3
20 a a a
Tac62HI = HK — ML =" -~ =~ = H] = —. M L
aco M 3 3 3:> ¢
10a2 a2  a/39
AMI=+MH2 —HI2 =4/ — — — = .
vaM M 9 36 6

Dién tich hinh thang can HKLM c6 Spxim =

1 2
E(HK+LM)-MI:H1\£@. s

Bai 15. Cho hinh lang tru ABC.A’B'C’
1. Tim giao diém ctia hai mat phang (AB'C’) va (BA'C)).
2. Goi M, N lan lugt la hai diém bat ki trén AA’ va BC. Tim giao diém B'C’ véi
(AA’N) va giao diém ctia MN vdi (AB'C).

Loi giai.
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A C’

1. Tim giao tuyén ctia hai mat phang (AB'C’) va (BA'C).
Ta c6 C' 1a diém chung thit nhat ctia hai mat phang (AB'C’)
va (BA'C)) .
Trong mat phang (ABB’A’) goi G 1a giao diém ctia AB’ va
BA'. Suy ra diém chung thit hai ctia hai mat phang (AB'C’)
va (BA'C)). A
Vay (AB'C') N (BA'C') = GC'.
2. Tim giao diém B'C’ vdi (AA’N) va giao diém cua MN véi B
(AB'C').
Chon mat phang (BCC’'B’) chia B'C'.
N € (AA’N) N (BCC'B)
Tacé { AA" || BB
AA' Cc (AA'N); BB’ C (BCC'B).
Do d6 (AA'N) N (BCC'B') = Nx, (Nx || AA’ || BB').

Goi ] = NxNB'C' = ] = B'C' N (AA'N).
Chon mat phang (ANJA') chita MN. Ta tim giao tuyén ctia mat phang (ANJA’) va
(AB'C)).
Tacé A € (ANJAYN(AB'C). (1)
va JJ € (ANJAD — [ € (ANJAYN(AB'C)) (2
] € B'C' c (AB'C))
Tir (1) va (2) suy ra A] = (ANJA') N (AB'C').
Trong mat phang (ANJA’) goi K = MN N A] = K = MN N (AB'C).

Bai 16. Cho hinh lang tru tam gidc ABC.A’B'C’. Goi M, M 1an luot 1a trung diém ctia
cac canh BC, B'C’.

1. Chung minh AM song song véi A’M'.
Tim giao diém cta dudng thang A’M véi mit phang (AB'C)).
Tim giao tuyén d ctia hai mat phang (AB'C’) va (BA'C).

Ll

Tim giao diém G ctia duong thang d v6i mat phang (AMM'). Chitng minh G la
trong tam cua tam giac AB'C’.

Loi giai.
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1. Vi MM’ la duong trung binh cta hinh binh hanh BCC'B’ c
nén MM’ = BB/, ma BB’ = AA'. Tir d6 suy ra MM’ =
AA.

Vay AMM' A’ 1a hinh binh hanh, suy ra AM || A’M’.
2. Trong mat phang (AMM'A’), goi K = A’M N AM'.
Ke A'M
Ta c6 { o = K=A'MN(ABC).
K e AM, AM' C (AB'C')

3. Tim giao tuyén d ctia hai mat phang (AB'C’) va (BA'C).
Trong mat phang (ABB'A’) goi I = BA' N AB'.

(I € BA',BA' c (BA'C))

© {1 € AB', AB' C (AB'C')

Mit khac C’ € (BA'C') N (AB'C)).

Vay giao tuyén d ctia hai mat phang (AB'C’) va (BA'C') 1a

IC'.

= I € (BA'C')N(AB'C)).

GeCl

=G =
Ge AM',AM' c (AMM')

4. Trong mat phang (AB'C’) goi G = C'IN AM'. C6 {

C'IN(AMM)).
Vi G la giao diém ctia hai duong trung tuyén C'I va A’M ctia tam giac AB'C’.
Vay G la trong tdm cuia tam giac AB'C’.

O

Bai 17. Cho hinh hop ABCD.A’B'C'D’. Goi M, N 1an luot la trung diém ctia hai canh
AA’ va CC'. Mot diém P nam trén canh DD'.

1. Xac dinh giao diém Q ctia dudng thang BB’ v6i (MNP).
2. Mt phang (MNP) cat hinh hop theo thiét dién. Thiét dién d6 c6 tinh chat gi?

3. Tim giao tuyén ctia mat phang (MNP) véi mat phang (ABCD) ctia hinh hop.
Loi giai.

1. Xac dinh giao diém Q ctia duong thang BB/
vGi mat phémg (MNP).
Goi O va O’ lan luot 1a tAm cta hai day
(ABCD) va (A'B'C'D'). Suy ra 00 =

D : . —

(BDD'B') N (ACC' A'). TS oo
Goi I = MN N OO’ (MN, 00’ C (ACC'A')). >

N

(I € MN,MN C (MNP)
Ta co , , py
I € OO',00" C (BDD'B’)
= I € (MNP)N(BDD'B’) (1)

[P € (MNP)
Ta co , , Py
P e DD',DD" € (BDD'B’)

= P € (MNP)N(BDD'B"). (2
Tix (1) va (2) suy ra (MNP) N (BDD'B’) = PI.
Goi Q = PINBB' = Q = BB’ N (MNP).

2. Mt phang (MNP) cat hinh hop theo thiét dién la tir gidc MNPQ.
Ta c6 NP va MQ la giao tuyén ctia mat phang (MNP) véi hai mat phang song song véi
nhau la (ABB’A’) va (CDD'C). Nén suy ra NP || MQ 3)
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Li luan tuong tu ta c6 MP || QN. 4)
Tix (3) va (4) suy ra thiét dién MNPQ la hinh binh hanh.

. Tim giao tuyén ctia mat phang (MNP) véi mat phang (ABCD).

Trong mat phang bén (CDD’'C’) goi E = CD N NP. Vi MN la dudng trung binh ctia
hinh binh hanh ACC’A’/, suy ra MN || AC. Tir d6 suy ra giao tuyén ctia hai mat phang
(MNP) va méat phang (ABCD) qua E va song song véi MN || AC.

O

Bai 18. Cho hinh lang tru ABC.A’B'C’. Goi G, G’ 1an lugt 1a trong tdm tam gidc ABC
va A’B'C’. Mot mat phang (P) cat cac canh AA’, BB/, CC’, GG’ 1an lugt tai Ay, By, Cy,
G1. Ching minh

1. GG’ song song va bang canh bén ctia lang tru.

2. Gq la trong tam tam gidc AA1B;Cy.

1 1
3. GGy = 3 (A1A"+ BB’ + C1C); GiG = 3 (A1A+ BB+ CC).

Loi giai.

1. GG’ song song va bang cac canh bén ctia lang tru.

Goi M va M’ theo thtt tu 1a trung diém cta BC va
B'C'. Nén MM’ la duong trung binh cta hinh binh
hanh BCC'B’.

Suy ra MM’ || BB’ || CC' va MM’ = BB’ = CC'.
1)

Vi ABC.A’B'C’ 1a hinh lang tru nén AA’ || BB va
AA' = BB. ()

Tir (1) va (2) suy ra AMM'A’ 1a hinh binh hanh va ta
yAG _AG Tinh chét t t
Com_A’—M’_g( inh chat trong tam).

Nén GG’ || AA' va GG’ = AA'.

. Goi M; = MM’ N B1C4 (MM/, B1C; C (BC’B’)).

Tinh chat hinh binh hanh thi M; 1a trung diém cta B;C;. 3)
Ta co A1M1 = (A1B1C1) N (AA/M/M)
Suy ra G; chinh la giao diém ctia A1 M; v6i GG'.

AG  AG 2
Vi MM; || GGy || AA; suy ra AM - AM 3 4)
Tir (3) va (4) suy ra G la trong tdm ctia tam gidc AA;B1Cy.

. Goi N, N’ 1an lugt la trung diém cta AG va A’G’. Dé dang chitng minh duge NN’ ||

GG’ || AA’. Goi Np la giao diém cua NN’ va A1Gy, suy ra Nj la trung diém ctia A1G;.
Ta ¢6 G;G’ 1a duong trung binh ctia hinh thang M M'N’Ny;
N;N’ 1a duong trung binh ctia hinh thang A1 A'G'G;

1
MM’ 1a duong trung binh ctia hinh thang B1B'C'C;. Nén: GG’ = E(MlM/ + N1N')
1)

NN/ = %(AlA’ +G,G) )
MM = %(BlB’ +CiCY) 3)
Tir (1) va (2): GiG' = S A A + 2 My M’ (4)

3 3
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1
Thay (3) va (4) ta duge: G1G' = 3(A1A" + BB+ C1C).

Chung minh tuong tu: GG = %(AlA + B1B + C1C).

Bai 19. Cho hinh hop ABCD.A’B'C'D’.
1. Chiing minh rang hai mat phang (BDA’) va (B’D’C) song song véi nhau.

2. Chiing minh rang dudng chéo AC’ di qua trong tdam G’ va G 1an lugt ctia hai
tam gidc BDA’ va B'D'C.

3. Ching minh G’ va G” chia doan thang AC’ thanh ba phan bang nhau.
4. Goi E, F, G, H, K, L lan luot 1a trung diém ctia BC, CD, DD’, D'A’, A’B’, B'B.

Ching minh sau diém & trén dong phang.

Loi giai.

1. CDA’B’ 1a hinh binh hanh nén

DA’ || CB’ (1)
BDD'B’ 1a hinh binh hanh nén
BD || B'D' 2)
Tir (1) va (2) suy ra (A'BD) ||
(B'D'C).

2. Goi O va O’ lan luot 1a tdm cta
ABCD va A'B'C'D’.

Trong mp(ACC'A’), AC' cat A’O
va CO' tai G’ va G” (theo thu tu).
O la trung diém cta BD nén A'O
la trung tuyén ctia tam giac BD A’
vaG' € A0 (1)
A'C" || OA nén:

Go oA 1 .,
()

Tir (1) va (2) suy ra: G’ 1a trong

tam ctia tam giac A’'BD.

Tuong tu, G” la trong tam cua

tam giac B'D'C.

3. Tam giac ACG’, OG' la  duong trung A S g
binh nén G la trung diém cua AG” &
— AG' = G'G". 3)
Tuong ty, ta c6 C'G" = G"G'. 4) G
Tit (3) va (4) suy ra AG' = G'G" = G"C".
Vay G’ va G” chia AC’ thanh ba phan bang nhau (diéu A 0 C
phai ching minh).

4. Vicé FG || CD/, HK || B'D/, LE || B'C, ba duong thang FG, HK, LE cung song song
v6i mp(CB'D’).
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Tuong ty ba duong thang EF, GH, KL cting song song v6i mp(A’BD).
Ma (A’BD) || (CB'D’) suy ra sau diém E, F, G, H, K, L déng phang,.

]

Bai 20. Cho hinh hop ABCD.A’B'C'D’. Goi M, N lan lugt 1a trung diém ctia CD va
ccC.

1. Xac dinh duong thang A qua M cat AN va cat A'B.

N . 1
2. Goi I, J 1an lugt la giao diém cta A véi AN va A’B. Hay tim ti sO ﬂ

Ij

Loi giai.

1. Gia su da dung dugc duong thang A can
tim cat cd AN va A’B.
Goi I, ] 1an luot 1a giao diém ctia A v6i AN
va A’B.
Xét phép chiéu song song lén mat phang
(ABCD) theo phuong chiéu A’B.
Khi d6 ba diém J, I, M lan luct 1a hinh
chiéu ctia B, I', M.
Do d6 ba diém B, I', M thang hang.
Goi N’ 1a hinh chiéu ctia N thi AN’ 1a hinh
chiéu ctia AN.
Vi I thuéc AN nén I’ thudéc AN'. Vay I’ la
giao diém ctia BM va AN'.
T phén tich trén ta c6 thé dung dudng
thang A theo cac budc sau day:

e Liy giao diém I' cia AN’ va BM.
e Trong mp(ANN') dung II' || NN’ (da c6 NN’ || CD’) cat AN tai I.
e Vé duong thang MI, d6 la duong thang A can tim.

2. Dé chitng minh dugc, dudng thang A néi trén cat A’B.
Dé thdy MC = CN' suy ra MN' = CD = AB.
Do d6 I 1a trung diém ctia BM.
Mat khac II’ || JB, nén II’ 1a duong trung binh ctia tam gidc MB].

I
SuyraIM:I]:>IA]/I:1.

Bai 21. Cho hinh hép ABCD.A’B'C'D’.

1. Hay xac dinh duong thang A cat ca hai duong thang AC’ va BA’ dong thoi song
song véi B'D’.

2. Goi I, J 1an luot 1a giao diém ctia A véi AC' va BA'. Tinh H s6

ACl’

Loi giai.
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1. Gia stra da xéac dinh dugc duong thang A 2N -
cat AC' va BA’ 1an luot tai I va J. B =i C
Xét phép chiéu song song lén mp(ABB’A’) S \ -

theo phuong chiéu D'B'. v 1,

Khi d6, hinh chiéu ctia ba diém A, I, C' 1an AN
luot 1a ba diém thang hang A, ], K. Mat N
khéc ] thudc BA’, nén | chinh la giao diém Al ----- I -
cua AK va BA'. 7 e \

Tir do, ta c6 cach dung duong thang A theo C’
cac budc sau day: K

e Dung diém K la hinh chiéu cta C’
(theo phuong chiéu D’B’).

e Lay giao diém ] cua AK va BA'.

¢ Qua ] dung duong thang A || C'K (da
c6 C'K || B'D’), ta dugc duong thang
A can tim.

2. Déthdy A'B' = B'K = A’K = 2AB (do A’B’ = AB).
Al  AB 1
ViAB|| AK = — = = .
PAB || AK = 7 =2 =5
Al A] 1
v , / s ) =
MatkhacI]HCK:>IC/ 7K 5=

Al 1

AC' 3

Bai 22. Cho hinh hép ABCD.A’B'C'D’.
\ ; ] 1
1. Chung minh rang duong chéo B'D cat mp(A’BC’) tai diém G sao cho BG = iGD
va G la trong tam tam giac A'BC’.
2. Chiing minh rang (D’ AC) || (BA'C’) va trong tdm G’ cia AD’AC ciing nam trén

2
B'DvaB'G = gB’D.

3. Goi P, Q, R 1an lugt 1a cac diém d6i xiing cta diém B’ qua A, D/, C. Chitng minh
rang (PQR) || (BA'C)).

4. Ching minh rang D la trong tdm t& dién B'PQR.

Loi giai.

109



110 CHUONG 2. QUAN HE SONG SONG

1. Goi O' 1a giao diém cua
A'C'va B'D'. Khi d6

(A'BC"YN(BDD'B') = BO..

Goi G la giao diém cua :
B'D va BO' thi G chinh i
la giao diém cta B'D voi W
mp(A’BC). NS

Dé thay AGBO - ANENe
AGO'B/, ti s6 dong dang [N .

. BD e RS U S
la2 <do B0 = 2). A/ ’/,:_——13—" N T~ C

1
Vay BG = 5GD va <

1
GO' = EGB' suy ra G la
trong tam tam giac A'BC’.
2. Dé thay AC || A'C/, D'A |
C'B

= (D'AC) || (BA'C)).

Chting minh tuong tu nhu cau trén, ta ¢ trong tam G’ ctia tam giac D’ AC ndm trén
duong chéo DB’ va DG’ = %G’B’.

Tir d6 va két qua ctia cu trén suy ra G va G’ chia dudng chéo B'D thanh ba phan bang
nhau.

Vay B'G’ = %B’D.

3. Do A, D/, C lan lugt l1a trung diém ctia PB/, QB’, RB’ nén
PQ || AD',QR || D'C,RP || CA.

Tit d6 suy ra (PQR) || (AD’C).
Mait khéc, theo cau trén, ta ¢ (D'AC) || (BA'C’) nén
(POR) || (BA'C').

4. Vi A, D', C lan luot 1a trung diém ctia B'P, B'Q, B'R nén
trong tam G” ctia tam gidc PQR phai ndm trén duong
thang B'G” va B'G" = %B’D = B'D = ZB’G”.

Vay D la trong tam tu dién B’PQR.

O]

Bai 23. Cho hinh hop ABCD.A’B'C’'D’. Biém M thudc canh AD, diém N thudc canh
D'C’ sao cho AM : MD = D'N : NC'.

1. Ching minh rang MN song song véi (C'BD).

2. Xac dinh thiét dién cta hinh hop khi cat bdi mp (P) qua MN song song vdi
mp(C’'BD).
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Loi giai.

1. Theo gia thiét, ta c6:

MN _DN _ AM _MD _ AD
MD ~ NC' ~ D'N  NC' D"

Theo dinh ly Ta-lét dao, ta c6
MN, AD’, DC' cung song song
vOi mot mat phéng (P).

Mait phang (P) song song v6i AD’
va DC'. Nhung AD’ || BC' nén
mat phang (P) song song v6i mat
phang (C'BD).

Tir d6, ta c6 MN || (C'BD).

2. Tu Mké ME || BD,cat ABtai E. D/
Tir E ké duong thang EF || AB/,
cat BB’ tai F; tir F ké duong thang
FI || BC!, cat B'C' tai I.
Tir N ké duong thang NJ || CD,
cat DD’ tai J.
Dé thay thiét dién la luc giac
MEFIN] c6 céac canh dbi lan luot
song song voi ba canh cua tam
giac C'BD.

Bai 5. BAI TAP TONG HGP CHUGNG II

Bai 1. Cho hinh chop S.ABCD c6 ddy ABCD la hinh thang, AD la day 16n. Goi M, N,
E lan luot 1a trung diém cta SA, AB, CD.

1. Chiing minh EN || (SBC), (MNE) || (SBC).

2. Tim giao diém F ctia SD véi mp(MNE). Chitng minh SC || (MNE). Duong thang
DM song song véi (SBC) hay khong? Giai thich.

3. Xac dinh thiét dién ctia hinh chép S.ABCD véi mp(MNE). Thiét dién d6 la hinh
g1? Tai sao?

Loi giai.
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eVi EN I BC, | 5
ma BC C  (SBC)
= EN || (SBC).

Cé
MN || SB,NE || BC
MN, NE C (MNE); SB, BC C (SBC)
= (MNE) || (SBC).

2. eTac6 M la diém chung
ctia hai mat phang (MNE)
va (SAD),vacé NE || AD.
Suy ra giao tuyén cua B C
ching qua M va song
song v6i AD, giao tuyén
nay cat SD tai F. F chinh
la giao diém SD vdi
mp(MNE).

e Theo ching minh trén, ta
c6 (MNE) || (SBC), ma

SC C (SBC) = SC |
(MNE).

S € (SAD)N(SBC)
e Taco ¢ AD || BC = (SAD)N(SBC) = Sy (Sy || AD || BC).
AD C (SAD); BC C (SBC)
Trong mp(SAD), goi ] = DM NSy = | = DM N (SBC).
T d6 suy ra DM khong song song véi mp(SBC).

3. Tir cach dung diém & cau trén, suy ra thiét dién can tim 1a hinh thang MNEF v6i
NE || MF || AD.

O]
Bai 2. Cho hinh chép SABCD c6 ddy ABCD la hinh binh hanh. Goi M, N, P lan luot
1a trung diém ctia SA, BC, CD.
1. Tim giao tuyén ctia hai mat ph:fmg (SAC)va (SBD), (SAD) va (SBC).

A ? 2. < . » Z TM
2. Tim giao tuyen T cua MP v6i mp(SBD) va tinh ti so TP

. . . st s QS
3. Tim giao diém Q cua SD v&i mp(MNP) va tinh ti so Q—

QD
4. Tim thiét thién cia mp(MNP) vé6i hinh chép S.BCD. Thiét dién nay 1a hinh gi?

Loi giai.
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1. Goi O = ACNBD, ta c6 O
va S la hai diém chung cua
hai mat phang (SAC) va (SBD)
= (SAC)N(SBD) = SO.

C6 S 1a diém chung ctia hai mat
phéng (SAD) va (SBC), va co
AD || BC, nén giao tuyén ctua
chung la Sx, véi Sx || AD || BC.

2. Trong mat phang (ABCD) goi
E=APNBD.
Taco S,E € (SBD) N (SAP) nén
(SBD)N (SAP) = SE.
Trong (SAP),goi T = MPNSE,
suyra T = MP N (SBD).
Ké EG || MP (G € SA) dugc

AE_ AG _GE _3 SM
AP AM MP 2’ SG

2
Suy ra GE = 5MP, MT = ZGE
nén % =2
P ~

3. C6 T € (MNP)N (SBD) nén giao tuyén ctia (MNP) va (SBD) qua T va song song vdi
BD. Giao tuyén nay cat SB, SD lan lugt tai L va Q. Suy ra L 1a giao diém ctia (MNP)
v6i SB va Q la giao diém ctia (MNP) vdi SD.

) . ST SQ 3 . : .
TrongQSASBD c6 LQ || BD nén ¢6 SE-Sp 1 (do chung minh trén).

4. Tir cach tim giao diém & trén, suy ra thiét dién ctiia S.ABCD cat béi (MNP) la ngt giac
MLNPQ.

Bai 3. Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh tam O. Goi E la trung
diém SA.

1. Tim giao tuyén d ctia (SAB) va (SCD).

2. SD cat (BCE) tai F. Tit giac BCEF 1a hinh gi? Chitng minh ba duong thang d, BE
va CF dong quy.

3. Goi M la diém débi xtiing ctia D qua E, H va K lan lugt 1a trung diém ctia BM va

. . CD
AB. Goi N la giao diém cta CD véi (EHK). Tinh ti sO g—N

Loi giai.
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Hx ™ N
\‘\\\ D
BV ¢
(S e (SAB)N (SCD)
1. Tac6  AB || CD = (SAB)N (SCD) = d la duong thang qua S song
| AB C (SAB),CD C (SCD)
song voi AB.

EF = (BCE) N (SAD)
2. Taco ¢ BC || AD = EF || BC || AD. Suy ra BCEF la hinh thang.
| BC C (BCE), AD C (SAD)

T € BE C (SAB)
T € CF C (5CD)

Goi T = BENCF. Vi { nén T € d. Vay d, BE, CF dong quy tai diém

T.
3. Ta c6 ADSM la hinh binh hanh nén AM || SD.Ma KH || AM nén KH || SD.
Trong (SAB) goi I = dNKE — 4 S 1S EP) 1 ke (scD)
ron = .
ong 8ot I € KE C (HKE)

Suy ra giao tuyén ctia hai mat phang (HKE) va (SCD) di qua I va song song véi SD,

giao tuyén nay cat CD tai N. Vay N la giao diém cta CD va (HKE).

Ta c6 ta giac BKIS la hinh binh hanh nén SI = BK. Tt gidc DNIS la hinh binh hanh

nén DN = IS. , , D 2

Suy ra DN = BK = EAB = ECD' Vay N3
[

Bai 4. Cho hinh chép S.ABCD c6 day la hinh thang c6 AD la day 16n va AD = 2BC.
Goi M, N, K, H lan lugt la trung diém AB, AB, AD, DC.

1. Tim giao diém T ctia SA véi (NDC) va giao tuyén cta (SAD) v6i (MNK).
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. : <o o2 ST
2. Chung minh HN || (SAD) va tinh ti sO —

SA

3. Goi (P) la mat phang qua M va song song v6i BC, SD. Xac dinh thiét dién ctia (P)
vdi hinh chép S.ABCD.

Loi giai.

1. Trong mat phéng (ABCD) goi K = ABNCD.
Taco K, N € (SAB)N(NCD) nén (SAB) N (NCD) = KN.
Trong (SAB) goi T = KNNSA = T = SAN(NCD,).
K € (SAD) N (MNK)
Taco ¢ SA || MN = (SAD)N(MNK) = Kx || SA.
SA C (SAD), MN C (MNK)

MN || SA, MH || AD
2. Vi{ MN,MH C (MNH) = (MNH) || (SAD) = NH || (SAD).
SA,AD C (SAD)

, . KB _KC BC 1 \

Trong AKAD c6 AD || BC nén XA = XD — AD —12 = B la trung diém KA.

MN 1a duodng trung binh cia ABAS nén c6 MN = ESA' (1)
. .. KM MN 3 3

Trong AKAT c6 MI3\I | AT ?en 6 = ZT—A = 43? MlN = 4TA. (2)

3. Tac6 M € (P)N(ABCD) ma (P) || BC nén giao tuyén ctia (P) va (ABCD) qua M va
song song v6i BC. Giao tuyén nay chinh la MH.
Khi d6 H € (P) N (SCD), ma (P) || SD nén giao tuyén ctia (P) va (SCD) qua H song
song vdi SD, giao tuyén nay cat SC tai mot diém 1a L.
Vi H la trung diém ctia CD nén L la trung diém cta SC.
Tacé NL || BC, (P) || BC va N € (SBC)N (P) nén NL la giao tuyén ctia (SBC) va (P).
Vay thiét dién ctia (P) cat hinh chép S.ABCD la hinh thang MHLN.
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O
Bai 5. Cho hinh chép S.ABC, E, F 1an luot la trung diém AC va BC.
1. Tim giao tuyén ctia (SAB) va (SEF).

2. Goi M 1a trung diém ctia SB va I 1a diém trén SA thdéa man Al = 3IS. Tim giao

. , . < .2 , . .. .. « BH
diém K cua IM va (ABC) va giao diém H cua BC va (EIM). Tinh ti so BC

3. Goi G 1a trong tam ctia ASBC. Tim thiét dién ctia hinh chép S.ABC cat bédi (IEG).

Loi giai.

S € (SAB)N (SEF)
1. Taco ¢ AB || EF = (SAB) N (SEF) = d qua S song song v6i AB.
AB C (SAB),EF C (SEF)

KeIM
2. T SAB) goi K = IM N (ABC). Vi K=IMnN(ABCQC).

Ta c6 AE = (EIM) N (ABC). Goi H = KEN BC = H € BC N (EIM).
Goi O 1a trung diém SA. Khi d6 IM la dudng trung binh ctia ASBO nén IM || BO.

. AB A0 1 1

Trong AAIK ¢6 KI || BO = -0l -3~ AB = EBK'
Goi V la trung diém AB, ¢6 VE la dudng trung binh cia A E C
AABC.

1
= VE = ;BC. (1) ;
Va c¢6 BH la duong trung binh cia AKEV

1
= BH = ;VE. 2 b

1

T (1) va (2) suy ra BH = ZBC' K

3. Trong (SAF), goi L = IGNAF = L € (ABC).
Trong (ABC) goi P = EL N BC. Trong (SBC) goi Q = PG N SB.
Tir d6 suy ra thiét dién ctia hinh chép S.ABC bi cat béi (IEG) 1a t gidc IEPQ.
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O

Bai 6. Cho hinh chop S.ABCD c¢6 day ABCD la hinh binh hanh. Goi M, N lan luot 1a
trung diém ctua AB va SC.

1. Tim giao tuyén (SMN) va (SBD).

. . I
2. Tim giao diém I caa MN va (SBD). Tinh ti so %

Loi giai.

1. Trong (ABCD) goi O = ACNBD, H= MCNBD. Taco

{H SCM My ¢ (scmyn (sBD). M)

H € BD C (SBD)

Laico S € (SCM) N (SBD). (2)
Tir (1) va (2) suy ra SH = (SCM) N (SBD).

Goil = MNNSH = I = MNN(SBD).

Ta c6 H la trong tam AABC.

Trong ASCM, ké HK || MN (K € SC).

, . CH CK HK 2 2
Trong ACMN c¢6 MN || KH nerllz\(]jM gNCN; MN =~ 34:> HK = 3MN. 3)
Trong ASHK ¢6 IN2|| KH ne4n K-Sk 17 HIJ(\/; 5111\7 4)
Tir (3) va (4) suy ra gMN = §IN = MN = 2IN = MN — 2

Bai 7. Cho hinh binh hanh ABCD va diém S khong nam trong (ABCD).
1. Tim giao tuyén ctia cac cap mat phéng sau (SAC) va (SBD), (SAB) va (SCD).
2. Mot mat phang () qua BC, cat SA tai M va cat SD tai N. Chtiing minh MN || BC.

3. Chung t6 giao diém ctia BN va CM luén nam trén mot duong thang cb dinh khi
M di dong trén SA.
1

4. Goi G la trong tam ASAB, K 1a diém trén canh AC sao cho % =3 Chung minh
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GK song song v6i mét phang (SCD).

Loi giai.

1. Tac6 S € (SAC)N (SBD). Goi O = ACNBD = O € (SAC)N (SBD). Do dé SO =
(SAC) N (SBD).
S € (SAB)N (SCD)
Ta ciing c6 { AB || CD = (SAB) N (SCD) = Sx || AB.
AB C (SAB),CD C (SCD)

(@) N(SAD) = MN
2. Vi< BC || AD = MN || AD || BC.
BC C (v), AD C (SAD)
3. Trong (x), goi I = BN N CM. Vi {I € BN  (SBD) = 1€ (SAC)N(SBD).
' I € CM C (SAQ)
Suy ra I thudc giao tuyén SO cb dinh ctia hai mat phéng (SAC)va (SBD).

4. Goi E, F lan luot 1a trung diém SA va AD.

Vi % = % = AK = %AO, ma AO la trung tuyén cta AABD nén G la trong tam
ANABD.

Theo tinh chét trong tam c6 % = % = % = GK || EF. (3)
Ma EF la duong trung binh cuia AADS nén EF || SD. (4)

Tir (3) va (4) suy ra GK || SD C (SCD) = GK || (SCD).
O

Bai 8. Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh. Goi I 1a trung diém
ctia SA va J, K 1a cac diém trén SB, SC va théa man JS = 2B, KS = 2KC.

1. Tim giao tuyén d ctia hai mat phang (SAB) va (SCD), giao tuyén d’ cta (IJK) va
(ACD).

2. Tim giao diém M ctia SD vdi (IJK) va ching minh M la trung diém SD.
EI EM 3

3. Goi E 1a giao diém cua I] voi KM, ching minh E € d va Ej =FK ~ 1
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Loi giai.

S
d
B
"' Hinh2
S € (SAB)N(SCD)
1. Tac6 ¢ AB || CD = (SAB) C (SCD) = d la dudng thang qua S song
AB C (SAB),CD C (S5CD)
song voi AB.

Trong mat phang (SAB) goi H = AB N I], trong mit phang (SAC) goi L = AC N IK.
Ta cc’) H L 12 hai diém chung ctia hai mat phéng (I]K)va(ABCD)nén (IJK)N(ABCD) =

S] 'SK 2
SB_SC 3

2. Villa diém chung cta hai mat phang (SAD) va (I]JK), hai mat phang nay c6 AD || I]
nén giao tuyén ctia chung di qua I va song song vdi AD. Giao tuyén nay cat SD tai
M, khi d6 M la giao diém ctia SD va (I]JK). Tir d6 suy ra IM la dudng trung binh ctia
ASAD (vi I 1a trung diém nén M la trung diém cua SD).

Vi — nén JK || BC, tir d6 suy ra giao tuyén HL || JK | BC.

3. iE=IJNKMnénE € I] C (SAB)vaE € KM C (SAD) nén E nam trén giao tuyén
d ctia (SAB) va (SAD). Do d6 ba duong thang d, I], KM ddng quy tai E.
Mait phang (SAB) dugc vé lai & Hinh 2.
S] _SI
Dung BF || HI (F € SA), tacé — B IF
Vay F 1a trung diém ctia Al. Tir d6 suy ra BF la dudng trung binh ctia tam gidc AHI,
do d6 B la trung diém ctia AH.
Do HI va SB la hai dudng trung tuyén cta tam giac SAH, cat nhau tai ] nén J 1a trong
tam cua ASAH.
Taco AAIH = ASIE (g.c.g), suy ra SE = HA. Do d6 AHSE la hinh binh hanh, suy ra

=2= 5§ =2IF = Al = 2IF.

EI 3
E] 4

EI EM 3
T =—__ =T,
rong tam giac EJK ¢6 IM || JK nén — E] - EK 4



120 CHUONG 2. QUAN HE SONG SONG

Bai 9. Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh thang, day 16n AD.
1. Tim giao tuyén cta (SAC) va (SBD), (SAD) va (SBC).

2. Goi G la trong tdm ctia tam giac SAB va M la diém thuoc SC sao cho SM = 2MC.
Ching minh GM || (ABCD).

3. Tim giao diém | ctia GD va (SBC). Tinh ti sb %

Loi giai.

1. Goi O la giao diém ctia AC va BD. Vi O va S la hai diém chung ctia hai mat phéang
(SAC) va (SBD) nén giao tuyen cua chung la SO.
S € (SAD) N (SBC)
Tac6 { AD || BC nén (SAD) N (SBC) = Sx (Sx || AD || BC).
AD C (SAD), BC C (SBC)

2 Taco 22 =M _ 2 o GM || HC.Ma HC C (ABCD) nén GM || (ABCD).
SH SC 3
3. Trong mét phang (ABCD), goi K 1a giao diém ctia DH va BC. Ta c6 K va S 1a hai diém
chung ctia cdc mat phang (SDH) va (SBC) nén SK la giao tuyén ctia (SDH) va (SBC).
Trong mat phang (SDH), goi ] 1a giao diém ctia DG va SK, suy ra | la giao diém cta
DGva(SBC).Taco AHAD = AHBK (g.c.g)nén HD = HK, suy ra SH la duong trung

) G
tuyen cua tam giac SDK, do vay SH = 3 Tir d6 suy ra G la trong tam ctia ASDK, do
. G] 1
do E = 5
O

Bai 10. Cho hinh chép S.ABCD c6 ddy ABCD la hinh thang, ddy lon AD = 2BC va O
la giao diém ctia hai duong chéo day. Goi E, F lan lugt 1a trung diém SA, SD va G la
trong tam tam giac SCD.

1. Tim giao tuyén cua (SAB) va (SCD), (SAD) va (SBC).

2. Mit phang (P) di qua E, F va song song véi SB. Gia st (P) cat canh CD, AB
lan luot tai P, Q. Chirng minh EQ || SB. Tt gidc EFPQ la hinh gi? Ching minh
BE || (SCD) va GO || (SBC).
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SASME _ SASAB

3. Tim giao diém M cta SB va (CDE). Ching minh =
SASMF  SASBD

SB-DO.

vaSM - BD =

Loi giai.

Hinh 2

1. Trong mat phang (ABCD), goi H la giao diém ctia AB va CD. Suy ra H € (SAB)N
(SCD).
Do S la diém chung ctia (SAB) va (SCD) nén SH = (SAB) N (SCD).
S € (SAD)N(SBC)
Tacé ¢ AD || BC nén (SAD) N (SBC) = Sx (Sx || AD || BC).
AD C (SAD),BC C (SBC)

. JEQ = (P)N(SAB)
Ta co
SB C (SAB), SB || (P)
QP = (P)N(ABCD)
Laico ¢ AD || EF nén QP || EF || AD. Suy ra EFPQ la hinh thang.
AD C (ABCD),EF C (P)

nén EQ || SB.

e AD ep_ AD

Vi { T2 va { ~ 2 nén BCFE la hinh binh hanh, suy ra BE || CF.
BC || AD EF | AD

Ma CF C (SCD) nén BE || (SCD).

Ta c6 AOAD «~ AOCB nén gA _oD = AD

= 2. Goi N la trung diém ctia SC.

OB _ BC
iy . SG DO 2 | X A
Trong tam giac BDN c¢6 SN = Dg — 3 Mén OG || BN.Ma BN C (SBC) nén OG ||

(SBC).

3. Vi H va E la hai diém chung ctia hai mat phéng (SAB) va (ECD)nén (SAB)N(ECD) =
EH.
Goi M =EHNSB = M = SBN(ECD).
) . ., HB HC BC 1 . 2
Trong AHAD c6 BC || AD nén ta ¢ A= HD — AD — o/ Swra B 1a trung diém
AH. Do d6 M 1a trong tam tam giac SAH.
Tam giac SAB dugc vé lai ¢ hinh 2.
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1 1 hp 2 11 1
Ta cé N —--.4.Z B=-.-h-SB = -
a co SASME 5 hz SM ) 35 3 2h1 S 3SASAB
Sasme _ 1 )
Spsap 3
S 1
Tuong tu ta cting c6 ASME _ (**)

Spsep 3
SASME  SASMF _ SASME _ SASAB

SasaB SaseD  Sasmr  SaAsED
, ) . . SM DO
Theo chiing minh trén thi SB = DB = SM-BD = SB - DO.

Tur (*) va (**) ta suy ra

]

Bai 11. Cho hinh ch6p S.ABCD c¢6 day ABCD la hinh binh hanh tam O. Diém M thudc
canh SA sao cho SM = 2MA va N la trung diém ctia AD.

1. Tim giao tuyén ctia (SAD) va (MBC).
2. Tim giao diém I ctia SB va (CMN), giao diém | cua SA va (ICD).

3. Ching minh ID, JC, SO dong quy tai E. Tinh i s6 g_f)

Loi giai.

M € (SAD) N (MBC)
1. Tacé { AD || BC nén (SAD) N (MBC) = Mx (Mx || AD || BC).
AD C (SAD), BC C (MBC)

2. Trong mat phang (ABCD), goi L la giao diém ctia AB va CN. Ta c6 L va M la hai diém
chung ctia (SAB) va (CMN) nén (SAB) N (CMN) = LM. Goi I 1a giao diém cua LM va
SB = I = SBN(CMN).

3. Vi I la diém chung ctia hai mat phang (SAB) va (ICD), AB || CD nén giao tuyén ctia
chuing di qua I va song song vdi AB, giao tuyén nay cat SA tai ] thi ] 1a giao diém ctia
SA v6i (ICD).

Goi E=CJNDI(doC]J, DI C (ICD)). (1)



5. BAI TAP TONG HOP CHUONG IT 123

Ta ¢6 (SAC) N (SBC) = SO.

EeCJC(SAC) . B
Vi {E e DI ¢ (sBD) "N E € (SAC)N (SBC) = SO. )

Tir (1) va (2) ta suy ra ba duong thang CJ, DI, SO déng quy tai E.

Trong tam gidc LBC ¢c6 AN = %BC va AN || BC nén AN la duong trung binh cta tam
gidc LBC, do d6 A la trung diém ctia LB.

Trong tam giac SBL ¢6 SA la dudng trung tuyén va SM = %SA nén M la trong tam

ASBL = I la trung diém ctia SB.
Xét tam giac SBC c6 E 1a giao diém ctia hai duong trung tuyén SO va DI nén E la trong
tam ASBC = SE_2
SO 3
O

Bai 12. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh, SAB la tam giac déu,
SCD la tam giac can. Goi M la trung diém cta AD, mat phéng (a) di qua M, (x) song
song vdi AB va SA, lan lugt cat BC, SC, SD tai N, P, Q.

1. Chuang minh MNPQ la hinh thang can.
2. Tinh ti s6 dién tich ctia hinh thang cAn MNPQ va tam giac déu SAB.

Loi giai.

N (ABCD) = MN
1. Ta '{(“) ( ) — MN || AB || CD.

AB || (), AB C (ABCD)
M3 (x) N(SAD) = MQ
SA || (w),SA C (SAD)
(x) N (SCD) = QP
=P CD.
CD || (v),CD C (SCD) Ql
Lai ¢6 («) || AB, () || SAnén (a) || (SAB) = («) || SB.
Vi (x) N (SBC) = NP = NP || SB.
Theo cach dung 6 trén, ta ¢6 Q la trung diém ctia SD, N la trung diém cta BC, P la
trung diém cua SC. Vi MN || PQ (cung song song vGi CD), suy ra MNPQ la hinh
thang.

= MQ || SA.

SB SA .
Do NP = - MQ = - nén NP = MQ (do tam giac SAB déunén SA = SB).
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Ta thAy MNPQ 1a hinh thang, c6 hai canh bén khong song song va bang nhau nén
MNPQ la hinh thang can.

2. Goi a la d6 dai canh AB, hinh thang can MNPQ duogc vé lai & Hinh 2.
2 2 2 2
Taco PH= VPN’ =NH? =/ (3) = (3) :#;»SASAB:AB V3 _ a3

4 4 4 -
Vi i Swg  r
N _ (MN+PQ)-PH 1 a\ av3  3a MNPQ 16
Ma Sanpo = 2 T2 <a+§> i T 16 Sasap a*V/3
4
3
Z.



Chuong 3. QUAN HE VUONG GOC TRONG
KHONG GIAN

Bai 1. DUONG THANG VUONG GOC VGI MAT PHANG
A. Toém tit ly thuyét

Dinh nghia 1.
Mot dudng thang dugc goi la vuong goc voi mot mat phang ‘ d
néu né vudng goéc v6i moi dudng thang nam trong mit phang |

|

d a
> d1l(edla Vac @), A(\

Dinh li 1.
Néu duong thang d vubng goc voi hai duong thang cat nhau a ‘ d
va b ciing nam trong mp(P) thi dudng thang d vuong géc véi

mp(P). Xk
dladlb /P( b !

abC (P) =dL1(P).
anb

Pinh 1i 2. (Dinh li ba duong vuéng goc)

Cho duong thang a khong nam trong (P) dong thdi khong
vuong goc véi (P) va dudng thang b nam trong (P). Goi 4’ 1a
hinh chiéu vuéng goc cta a trén (P). Khi d6 b vudng goc véi a
khi va chi khi b vudng goc voi a’.

PHUONG PHAP CHUNG MINH HAI PUONG THANG VUONG GOC
DPé ching minh a L b ta thudong st dung nhiing phuong phéap ching minh sau:

1. St dung cac phuong phdp hinh hoc phéng: gbc noi tiép, dinh 1i Pitago dao, ...

2. Su dung phuong phap tich vd hudng ctia hai vécto, néu 7 b =0thia L b (v6i
, b 1an luot 1a hai vécto chi phuong ctia hai duong thang a va b).

Al s Lb
3. St dung tinh chat bac cau {z la =a lb.
Z8
Tim mot mit phang (P) chia dudng thang b. Ching a
minh duong thang a vudng géc véi mat phang (P), thi L
aLb.
a L (P) A( L
=alb. |
b C (P)
5.

125
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Ching minh dudng thing a song song v6i mat phang
(P), duong thang b vuong goc voi mat phang (P), thi suy

raa L b. H(P)
a
{bJ_(P) =alb.

Ap dl_mg dinh li 3 duong vudng goc: 4’ 1a hinh chiéu
vuong goc cua a trén mat phéng (P), b C (P). buong
thang a Vuong goc voi duong thang b khi va chi khi b
vudng géc voi a’. Noi ngan gon b vudng goc véi hinh
chiéu thi b vudéng géc voi dudng xién.

Day la phwong phdp rat hay sit dung, doc gid phdi thanh thao
phwong phdp nay.

PHUONG PHAP CHUNG MINH PUONG THANG VUONG GOC VOI MAT

PHANG
Dé chiing minh dudng thang a vudéng goc v6i mat phang (P) ta thuong st dung nhing
phuong phap sau:

1.

Mubn chiing minh duong thang a vuong goc voi mat
phang (P). Ta phai chung minh dudng thang a Vuong
géc vdi hai dudng thang cat nhau thudc mat phang (P

alb alc
bNnc=1 =al (P)
b,c C (P)

Hai mat phang (Q) va (R) co giao tuyen a cung vudng
goc voi mat phang (P), thi a vuong goc vai (P).

Q) L (P)
(RyL(P) =al(P)

(QNR) =a

Hai mat phéng (P) va (Q) vuong goc vdi nhau theo giao
tuyén b. Mot duong thang a thudc mat phang (Q) vuong
g6c voi b, thi a vudng goc v6i mat phang (P).

(P) L (Q)
(P)N(Q) = b
ic@
alb

a L (P).

a

T
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Ching minh dudng thang b vudng goc v6i mat phang a
(P), dudng thang a song song véi b, thi suy ra a vuong

goc vai (P).
{a ¥ A(

bJ_(P):>aJ_(P).

— -1
-t

Ching minh dudng thang a vudng goc v6i mat phang a
(Q), mat phéng (P) song song vdi (Q), nén a vudng goc

véi (P). Lo
a
{ Q) || (P)

i
=a 1 (P). /ﬁ(

Hai van dé chinh dé€ giai cic bai toan ctia dang nay:

e Mu6n ching minh duong thang d vuong goc voi mat phang (P), ta phai chiing minh
duong thang d vudng goc voi hai duong thang cat nhau nam trong mat phang (P).

e Khi dudng thang d vudng géc véi mat phang (P) thi duong thang d vuong goc véi
moi dudng nam trong (P).

B. Bai tap ren luyén

Bai 1. Hai tam giac can ABC va DBC nam trong hai mat phang khac nhau tao nén t
dién ABCD. Goi I 1a trung diém ctia BC.

a) Chung minh BC L AD.
b) Goi AH la duong cao cua tam giac ADI. Chung minh AH L (BCD).

Loi giai.
A
BC L AI (vi Al la trung tuyén ctia AABC can tai A)
a) Tacé ¢ BC L DI (vi DI la trung tuyén ciia ADBC can tai D)
AI,DI C (ADI), AINDI = I

= BC L (ADI) = BC L AD. b

AH 1 DI (gia thiét) o
b) Tacé { AH | BC (vi BC L (ADI)) Vi

BC,DI C (BCD), BCNDI =1
= AH 1 (BCD). C

o]

]

Bai 2. Cho hinh chép S.ABC c6 SA L (ABC), tam giac ABC vudng can tai B. Goi G la
trong tdm ctia tam gidc SAC va N la diém thudc canh SB sao cho SN = 2NB. Ching
minh:

a) BC L (SAB).
b) NG L (SAC).
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Loi giai.

Goi H la trung diém cua AC. Vi AABC vudng can tai Bnén BH L AC. (1)

S
BC L AB (gia thiét)
Ta c6 — BC L (SAB).
a) Taco {BC L SA (viSA L (ABC)) (SAB)
b) Ta BH 1L AC (theo (1)) ~ By L AY C
% \BH L SA (viSA L (ABC))
(SAC). (2
SN 5G 2
A 5 — =  — = — “
Xét ASBH c6 B SH 3 Suy ra NG || v
BH. (3)

Tir (2) va (3) ta duge NG L (SAC).

Bai 3. Cho tit dién ABCD c6 AB | CD va AC L BD. Goi H la hinh chiéu vudéng géc
ctia A xudéng mat phang (BCD). Chiing minh rang H la truc tdm ctia tam giac BCD va
AD 1 BC.

Loi giai.

CD 1 AB (gl\a thiet) _. CD L (ABH).
CD L AH (vi AH L (BCD))

Ma BH C (ABH)nén CD L BH. (1)

Chung minh tuong tu ta duoc BD 1 (ACH) = BD L
CH. ()

Tir (1) va (2) suy ra H la truc tam cua ABCD.

. o [BCLDH WiHltrgettm ABCD) . |
[ ]

? © \BC L AH (vi AH L (BCD))

(ADH).

Ma AD C (ADH) nén BC L AD.

e Ta co

Bai 4. Cho ti dién ABCD c6 DA L (ABC), ABC la tam giac can tai A. Goi M la trung
diém ctia BC. Vé AH | DM tai H.

a) Chung minh AH L (BCD,).

b) Goi G, K lan lugt la trong tdm cta tam gidc ABC va DBC. Ching minh GK |
(ABC).

Loi giai.
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a) Tacé BC L AM (Vi AM la duong trung tuyén trong AAB
BC L AD (viDA 1 (ABQ))
= BC L (DAM). (1)
AH 1 BC (do (1))
Khi d6 {AH L DM (gia thiét) -
BC,DM C (BCD); BCNDM = M
AH 1 (BCD).

b) ViG, Klan lugt la trong tam ctia tam giac ABC va DBC

nén theo tinh chat trong tam ta cé & = % = %
S AM DM 3

Theo dinh 1i Talet dao ta dugc KG || AD.

Ma AD 1 (ABC)nén KG L (ABCQ).

Bai 5. Cho hinh chép S.ABCD c6 déy la hinh thoi tam O. Biét SA = SC va SB = SD.
a) Ching minh SO L (ABCD) va AC L SD.

b) Goi I, ] 1an luot la trung diém ctia AB va BC. Ching minh I] | (SBD).
Loi giai.

. [SO L AC (vi ASAC can tai S)
a) e Taco . s
SO 1 BD (vi ASBD cén tai S)
= SO L (ABCD).
. [AC L BD (tinh chat hinh thoi)
e Ta co .
AC 1 SO (vi SO L (ABCD))
= AC 1 (SBD) = AC L SD.

b) Ta co I] la duong trung binh cuia AABC nén I] || AC.
Ma AC L (SBD)nén I] L (SBD).

Bai 6. Cho hinh chép S.ABCD c6 day la hinh vuéng tam O. SA 1 (ABCD). Goi H, I,
K 1an luot la hinh chiéu vuéng géc ctia A trén SB, SC, SD.

1. Chitng minh ring BC L (SAB), CD L (SAD), BD L (SAC).

2. Ching minh rang AH, AK ciing vuong goc v6i SC. Tir d6 suy ra ba dudng thang
AH, Al, AK cing nam trén mot mit phang

3. Chiing minh rang HK 1 (SAC). Tir d6 suy ra HK L AL

Loi giai.
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Chuang minh BC L (SAB).
BC L SA(SA L (ABCD))
Co ¢ BC L AB (gt)
SA,AB C (SAB),SANAB = {A}
= BC L (SAB).
Chung minh CD L (SAD)
CD 1L SA(SA L (ABCD))
Vi< CD L AD (gt)
SA,AD C (SAD),SANAD = {A}
= CD 1 (SAD).
Chung minh BD L (SAC)
DB 1 SA(SA L (ABCD))
Vi¢ BD 1 AC (gt)

SA,AC C (SAC),SANAC = {A}

— BD 1 (SAQ).
5 Ta o AH L SB(gt), AH L BC(BC L (SAB)) = AH 1 (SBC)= AH 1 SC
- 180 ¢p e  ($BC), SBN BC = {B) '
AK L SD (gt)
C6{ AK L CD(CD L (SAD)) = AK 1L (SCD) = AK L SC.

SD,CD C (SCD),SDNCD = {D}
Vi AH, AK va Al ciing vudng goéc v6i SC nén AH, AK, AT ddng phéang.

3. Ta c6 ASAB = ASAD (c.g.c) nén hai duong cao xuat phat tir dinh A bang nhau,
hay AH = AK. Tir d6 suy ra ASHA = ASKA (canh huyén - canh géc vuong). Vay
= sk
Do d6 B = 5D’ theo dinh ly dao Ta-1ét ta c6 HK || BD.

Ma BD L (SAC) = HK L (SAC) = HK L AI(AI C (SAQ)).

O
Bai 7. Cho ti dién O.ABC c6 3 canh OA, OB, OC d6i mét vuoéng goc véi nhau. Ké OH
vuong goc voi mat phang (ABC) tai H. Ching minh
1. OA L BC,0B L CA,OC L AB.

2. H la tryc tam cua tam giac ABC.

1 _ 1,1 1
" OH2  0A? ' OB?2 ' OC%

S

2 @ 2 2
. Saasc = Saoas T Saosc T Saoac

o1

. Céc gbc ctia tam giac ABC déu la géc nhon.

Loi giai.



1. PUONG THANG VUONG GOC VOI MAT PHANG 131

— OA L (OBC) = OA L BC.

T ol OA 1 OB,0A 1 OC
4 10B,0cC c (0BO)
) {OB 1 OA,OB L OC
Ta co

OA,O0C C (OAC)
Chung minh tuong tu ta dugc OC L AB.

— OB L (OAC) = OB L AC.

2. Goi E= AHNBC,F = BHN AC.
BC L OA(OA L (OBC))
Tacé { BC L OH(OH L (ABC)) = BC L (OAE) = BC L AE. (1)
OA,OH C (OAE)
AC L OB,AC L OH

Ta lai c6 AC 1 (OBF) = AC L BE. (2
AN 0oB,0H C (OBF) (OBF) = @)

Tir (1) va (2) ta c6 H la truc tdm ctia tam gidc ABC.

1 1 1
OH2 ~ 04? " OF
Ma trong tam gidc OBC vuodng tai O c6 OE la duong cao ta lai co ! ! !

1 1 1 1
OF2 ~— 04 " 0B2 T OCY

3. Trong tam gidc OAE vuong tai O ¢c6 OH la duong cao nén ta c6

OFZ ~ 0B " 0%
Tir d6 suy ra

4. Cach1
Trong tam giac OAE vuodng tai O c6 OH la duong cao ta c6

OE2=EH-EA < OE?2.BC?!=EH-BC-EA-BC
1

1 2 1
VN <§OE-BC) —EEH-BC-E-EA-BC

2
< Saxopc = SaHBC * SaaBc-

Chung minh hoan toan tuong tu ta dugc
SRoac = SAHAC - SaABC
S204B = SAHAB * SaABC
Cong ve theo ve cac dang thuc trén ta dugc

2 2 2
ShoBc + SaoacSaoas = SAHBC - SaaBC + SaHAC - SAABC + SAHAB - SAABC
SA0Bc + S304cSa0As = Saasc - (Sampc + SaHAC + SaHAB)

i3

2 2 2
Saosc + SaoacSaoas = SAABC * SAABC

T 0

2 @2 2 2
Saasc = Saoas + Saosc + Saoac
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Cach 2
Ta co
s2 _ ap gl ((OA2 + OEZ) Bc? = Loa2. B2 4+ tor? Be2
AABC — 4 - 4 - 4 4
1 1 1 1 1
= ZOAZ (032 + OC2) + EOEZ .BC? = ZOA2 -OB? + ZOAZ .0C? + L—LOEz . BC?
& Siapc = Sioas +Siosc + Saoac

5. Goi d6 dai ba canh OA = a,0B = b,0C = c.
Trong tam gidc ABC, ap dung dinh ly cosin c6

~ AB2+AC?—-BC*? a2+ +a*+ 32— (1*+ ) a2
Ccos A = = = > 0.
2AB- AC 2AB- AC AB - AC
Suy ra Ala goc nhon.

Chung minh tuong tu ta cting co B,Cla goc nhon.
O

Bai 8. Cho tu dién ABCD, day la tam giac can va DA 1 mp(ABC), AB = AC = g,
BC = %. Goi M 1a trung diém cta BC. Vé AH vuong goc véi MD (H thudc MD).

1. Ching minh AH | mp(BCD).
2. Cho AD = 4301. Tinh géc gitta hai duong thang AC va DM.

3. Goi Gy, G lan luot 1a trong tam tam giac DBC va ABC. Chung minh GG, L
mp(ABC).

Loi giai.

1. Ching minh AH | mp(BCD).
Vi M 1a trung diém ctia BC nén BC 1. AM. (1)
Mt khéc BC L AD (Vi DA L mp(ABC)) @)
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T (1) va (2) ta suy ra BC L mp(DAM). Suy ra BC L AH (vi AH C (DBC).)
) {AH 1 DM

Va AH | DBC).
ay ta co AH L BC = mp(DBC)

4 ,
2. Cho AD = ga Tinh géc gitta hai duong thing AC va DM.
Ké MN || AC (N € AB) thi géc gitta duong thang DM va AC bang goc gitta DM va
MN, d¢6 la goc DMN hoac goc 180° — DMN.

Xét AABC c6 MN = %AC ==
Xét ADAN vuéng tai A 6 DN = AD? + AN? = ”‘1/(?—9.
Xét AABM vuong tai M c6 AM = +/AB2 — BM2 = %”.
Xét AADM vuodng tai A cé DMv/AD? + AM2 = 4a;/§.
Ap dung dinh 1i cos cho tam giac DMN, ta c6
cos DMN = DM; '—FDA]/\I/II\_IZAZNDNz = 2\5/5 = DMN = arccos (%§> .

3. Goi Gy, Gy 1an lugt 1a trong tAm tam giac DBC va ABC. Ching minh G1G, | mp(ABC).
Vi Gy, Gy lan luot 1a trong tam tam gidc DBC va ABC nén theo tinh chat trong tam, ta

MG 1 MG, 1 MGy MG, 1 ar o e 1s
,Croll,\[/)ID =3 MA ~ 3 = VD — MA = G1G; || DA ( theo dinh 1i dao dinh 1li
alet).

Ma DA L (ABC) = GG, L (ABC).

Bai 9. Cho tit dién S.ABC c6 SA vuéng goc véi mat phang (ABC). Goi H, K lan luot la
tryc tAm ctia tam gidc ABC va SBC. Chiing minh rang:

1. AH, SK, BC dong quy.
2. SC vudng goc vai mat phéng (BHK).
3. HK vuéng goc v6i mat phang (SBC).

Loi giai.
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1. Goi E = AHNBC

Ta c6: BCJ'AE:>BCL(SAE)
A YBCc 1 sA

. BC | SE(SE C (SAE)). ) .
Vi SK L BC, suy ra ba diém S, K, E thang hang.

Két luan ba duong thang AH, BC,SK dong quy tai

diém E. »

2. Ching minh SC vuéng goc v6i mat phang (BHK). B

BHLAC oy (SAC) = BH 1 SC(SC C

"\1BH L SA

(SAC)).

o {sc 1 BH(BH L (SAC))
O:

Co

SC 1 (BHK).
SC L BK = (BHK)

3. HK vudng goc véi mat phfmg (SBQ).
Co6 BC L (SAE) = BC 1 HK(HK C (SAE)) (1)
C6 SC L (BHK) = SC L. HK (2)
T (1) va (2) suy ra HK L (SBC).
O

Bai 10. Cho hinh chép S.ABCD c6 day la hinh vuéng canh a. SAB la tam giac déu va
SC = a+/2. Goi H, K la trung diém ctia AB, AD.

1. Ching minh SH 1 (ABCD).
2. Chung minh AC 1L SKva CK L SD.

Loi giai.

2
Trong ABCH 6 HC? = BH? 4+ BC? = 5%
vaSH = # (SH la dudng cao ASAB déu).

Trong ASCH c6 SC? = SH? + HC? = 24°.
Suy ra tam giac SHC vuodng tai H.

" (SH 1 AB,SH | HC

° \ AB,HC c (ABCD), ABN HC = H
= SH L (ABCD).

2. Ta co HK”BD:>ACJ_HK
. Ta co BD L AC .

) {AC 1 SH,AC L HK

— AC L (SHK) = AC L SK.
°\SH,SK c (SHK),SHN HK = H (SHK)
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Chung minh CK L SD. A K D
Dé dang chung minh ACDK ADAH

Suy ra CKD AHD ma AHD + ADH = 90°

= CKD + ADH = 90° = CK L DH. H

. [CKLSH,CKLDH
A0\ sH DH c (SHD),SHNDH = H

= CK L (SHD) = CK L SD (dpcm). B C

O]

Bai 11. Cho hinh lap phuong ABCD.A’B'C'D’. Goi M, N, P lan lugt la trung diém cta
BB/,CD, A’D’. Chung minh: MP L C’'N.

Loi giai.

Goi E la trung diém cua CC'.

Ta ¢c6 ME || A'D’ nén EM va PD' dong
phang. Vi ¢6 CDD'C’ 1a hinh vuong nén dé
dang ching minh dugc hai tam giac D'C D'C'E
vaC'CN bang nhau, suy ra ED'C' = NC’C

Ma ED'C’' + C'ED) = 90° = NC'C +
C'ED' =90° = ED' 1 NC' (1).

Ta ¢6 BC | (CDD'C') = BC L NC', ma
ME || BCnén ME L NC' (2).

Tir (1) va (2) suy ra NC' L (MED'P), do d6
NC' 1 PM (do PM C (MED'P)).

O]

Bai 12. Cho hinh chép ti gidc S.ABCD ¢6 day la hinh vuéng canh a. Mdt bén SAD la
tam gidc déu va & trong mat phang vuong goc vé6i day. Goi M, N, P lan lugt la trung
diém SB, BC, CD. Ching minh AM L BP.

Loi giai.

Ha SH 1 AD tai H.
Vi SAD la tam gidc déunén SH =

av3

2 Z
Vi mat phang (SAD) vuéng géc mat phang (ABCD) nén c¢6 AD la giao tuyén.
Suyra SH L (ABCD).
Tacé AN || HC va MN || SC.
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Ma AM, MN C (AMN) va HC,5C C (SHC).

Suy ra mat phang (AMN) song song mdt phang (SHC).

Trong hinh vuéng ABCD ta ¢6 ABCP = ACDH (c.g.c) nén Bi=0C.
Ma By + P, = 90° = C; + P, = 90° = CH L PB.

Taco )P0 CH L pp | (SHC) = BP L (AMN) = BP L AM 0
49NBp 1 sH ‘

Bai 13. Cho hinh chép ti giac déu S.ABCD c6 canh day bang a. Goi E la diém ddi
xting cta diém D qua trung diém SA. Goi M, N lan luot 1a trung diém cta AE, BC.
Chung minh MN L BD.

Loi giai.

Goi O 1a giao diém ctia AC va BD. P 1a trung diém
SA.

Trong AEAD c¢6 MP la duong trung binh nén cé
MP || AD,

MP = %AD. (1)

Vi N la trung diém BC nén NC || AD,

NC = %AD. (2)

Tix (1) va (2) suy ra ta gidc CPMN la hinh binh hanh
nén MN || BC.

Tacé BD L (SAC) = BD 1 CP(CP C (SACQ)).
Suyra BD 1 MN.

Bai 14. Cho hinh lang tru ABC.A’B'C’. Goi H la truc tam cta tam giac ABC va biét
rang AH L (ABC). Ching minh rang:

1. AA" 1L BCva AA' 1 B'C.
2. Goi MM’ 1a giao tuyén cta hai (AHA') va (BCC'B’) trong d6 M € BC va M’ €

B'C’. Chiing minh tu giac BCC'B’ 1a hinh chir nhat va MM’ la duong cao cua
hinh cht nhat do.

Loi giai.

C/
. [BC L AH (gia thiét)
1. Taco , ,
BC 1. A'H (A'H 1 (ABCQ)).
= BC L (A’AH) = BC 1 AA'.
ViB'C' L BCmaBC 1L AA' = AA' 1 B'C'.
(AHA"YN (BCC'B'y = MM’
2. { AA" || BB’ = MM ||
A" c (AHA'), BB’ C (BCC'B)).
AA' || BB'.
Ma AA’ 1 BC = BB’ L BC. Vay BCC'B' la
hinh chtr nhat.

O]

Bai 15. Cho hinh chit nhat ABCD, ABEF nam trén hai mat phang chéo nhau sao cho
AC L CF.Goi CH, FK la hai duong cao cta tam giac BCE va ADF. Chung minh
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a) ACH va BFKla cac tam giac vuéng. b) BF 1. AH va AC L BK.

Loi giai.

1. Ta c6 ABCD, ABEF la hinh chtt nhat nén

AB L BC AB 1 (BCE AB L CH

{AB L pe AP BCR = '
CH L BE (gia thiét)
CH 1 AB

CH 1 AH.

Vay AACH vuéng tai H.

Chung minh tuong tu, ta c6 FK L (ABCD) =

FK 1 BK.

Vay ABFK vuodng tai K.

= CH 1 (ABEF) =

BF | AC (gia thiét)

2. Ta co . = BF L
BF 1. CH(vi H L (ABEF))
(ACH) = BF 1 AH(AH C (ACH)).
AC L FB (gia thiét) = oac L

AC L FK(vi FK L (ABCD))
(BKF) = AC L BK.

Bai 16. Cho hinh chép S.ABCD c¢6 déy 1a hinh vu6ng canh bang a, SAB la tam gidc
déu, SCD la tam giac can dinh S. goi I, ] lan lugt 1a trung diém ctia AB va CD.

1. Tinh cac canh cta tam gidc SI] va chiung minh SI L (SCD), SI L (SAB).

2. Goi SH la duong cao cua tam giac SIJ. Chung minh SH | (ABCD) va tinh d6
dai SH.

Loi giai.
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ASAB déu ¢6 SI = %5 ASCD vuodng can tai
s.
Suy ra SI = CI = DI = g;SC = SD =

a
—val] = AD = BC = a.
NG J
Xét tam gidc SI] c6 I]2 = SI> +SJ? = a> = ASI]
vuobng tai S, suy ra SI L S]J. (1)
Trong tam giac IBC vudng tai B c6: IC? = IB? +
5a2
BC? = —.
4
. .. . ) 2 2 5512
Xét tam gidc SIC ¢6 IC* = IS + SC* = =
ASIC vudng tai S, hay SI L SC. (2)

e (1) va @) g JSTLSISILSC o

a CO
v $J,5C C (SCD)

(SCD).

Chu inh tuong tu S/ L SLS]LSB
n min n
& & ™ 1s1,5B ¢ (5AB)

SJ L (SAB).

2. Dau tién ta chitng minh: CD 1 (SI]).
(CD L1J
Taco {CD 1 SI(viSI L (5CDY) = CD 1 (SI]) = CD 1 SH (do SH C (SCD)). (1)
SH 1 IJ (gia thiét), SH L CD (do (1))
IJ,CD C (ABCD)
Tinh SH: xét tam gidc SI] vudng tai S ¢

Ta lai co { = SH 1 (ABCD,).

1 1 1 4 4 16 av/3

— —_— = — —_ = —— = .
SH?2 SI2+S]2 3a2+a2 3a2 4

Bai 17. Cho hinh chép S.ABC c6 SA vudng goc voi ddy va SA = 2a tam gidac ABC
vudng tai C voi AB = 24, BAC = 30°. Goi M 1a mot diém di dong trén canh AC, H la
hinh chiéu ctia S trén BM.

1. Chiang minh AH | BM.

2. Dat AM = x,0 < x < a+/3. Tinh khoang cach tir S t6i BM theo a va x. Tim x dé
khoang cach nay 1a 16n nhat, nhd nhat.

Loi giai.
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BM 1 SH
{ = BM L (SAM) = BM L AH.

BM 1 SA

2. Khoang cach tir H t6i BM chinh la SH.

Trong tam giac ABC c6 AC = AB:cos30° =
av/3,BC = AB -sin30° = a.
Xét tam giac BCM ¢6 BM = +BC2+CM2 =

\/az + (av/3 — x)2.
1 1
Xét tam giac ABM cO Spapm = EAH -BM = EAM-

AB - sin 30° ix
= AH =
\/ a2 + (av/3 — x)2
Xét tam gidc SAH c6 SH? =
a? - x?

a2 + (ay/3 — x)2

Dé SH 16n nhat thi AH 16n nhat. AH 16n nhat khi M
trung voi C khi d6 AH la AC va SH 1a SC. Bé SH nho
nhat thi AH nhé nhat. AH nho nhét khi M triung véi A
khi d6 AH bang 0 va SH chinh 1a SA.

SAZ + AH? =

139

O

Bai 18. Cho lang tru ding ABC.A’B'C’ ¢6 ddy ABC la tam gidc déu canh bang a va
CC' =ua.

1. Goi I trung diém cta BC. Ching minh AI L BC'.

2. Goi M trung diém ctia BB'. Chitng minh AM 1 BC'.

3. Lay diém N thudc A’B’ sao cho NB' = Z va goi | la trung diém cta B'C’. Chung

minh AM L (MN]).

Loi giai.
Vi ABC.A'B/'C’ la lang tru dung va AB = AC = BC = CC’ = a nén cac mat bén la cic hinh
vuong.

1.

Chung minh AI L BC'.
{AI 1 BC

Al L e = AT L (BCC'B) = AL L BC'

. Ching minh AM L BC’

AM || CB/,CB’ L BC' = IM 1 BC.

(Al L BC
Ta c6 = BC' 1L (AMI) = BC' 1 AM.

IM | BC’

. Chung minh AM L (MN]).

Goi H la trung diém ctia A’B’, suy ra N la trung diém
cua HB'.

Tacé6 MN || BH,BH L AM (tinh chat hinh vuéng).
Suyra MN 1L AM. (1)

M] 1 BC',AM L BC' (tinh chat hinh vuéng).

A/

C/
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Suyra AM L M]J. (2)
T (1) va (2) suy ra AM L (MNI).

Bai 19. Cho hinh chép S.ABCD c6 day la hinh chir nhat tam O, SA L (ABCD).
1. Goi H, K l1a hinh chiéu ctia A trén SB, SD. Ching minh SC | (AHK).
2. Ké A] L (SBD). Chung minh | la truc tdm cta tam gidc SBD.

Loi giai.
1.
Taco 4248 e | (saB) = BC L
4 YBc 154
AH. (1)
AH 1 SB (gia thiét
(glathi€) -y | (spoy = Al L
AH L BC (do (1))
sc. @
Laico 14D ep | (saD) = D L
AOYeD 154
AK.  (3)

AK L SD (gia thiét
{ (glathie) ¢ | (scpy = 4k L

AK L CD (do (3))
SC. 4)
Tix (3) va (4) suy ra SC L (AHK).

2. GoiL=DJNSB (viDJ],SB C (SBD)). M = BJNSD (vi B],SD C (SBD)).
Taco AD L mp(SAB) = AD L SB.

SB 1 AD,SB 1L A] (do A] L (SBD))

AD,A] C (ADL).

= SB 1 (ADL) = SB 1 DL.

Chung minh tuong tu thi SD L BM.

Xét tam giac SBD, ¢6 ] 1a giao diém hai dudng cao.

Suy ra J la truc tdam cua ASBD.

Suy ra

Bai 20. Cho tit dién ABCD ¢6 DA 1 (ABC). Goi Al la duong cao va H la truc tam cta
tam gidc ABC. Ha HK vudng goc voi DI tai K. Ching minh

a) HK L BC. b) Kla truc tdm cta tam gidac DBC.

Loi giai.
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. [BC L AI,BC L DA

LT
VAL DA c (DAI),DANAI = A
— BC L (DAI) = BC | HK.

2. Tac6 BC L (DADBC L DI. (%) C

Trong tam giac ABC goi M = CH N AB.
Trong tam giac BCD goi N = CK N BD.

HK 1 DI (gia thiét), HK 1 BC

= HK 1 (BCD). 1

{DI,BC C (BCD),DINBC =1 ( ) @) B

CM L AB,CM 1L DA N M L

AB,DA C (ABD),ABNDA =A
(DAB). (2)

BD L CM(do (1) BD I (CMN) = BD 1

BD 1 HK (do (**))
CN. ()
Tix (%) va (xx) suy ra K la truc tam tam giac BCD.

O

—

Bai 21. Cho hinh chép S.ABC ¢6 SA = SB = SC = a, ASB = 120°, BSC = 90°,
CSA = 60°.

1. Chung minh ta giac ABC vudng.
2. Xac dinh hinh chiéu H cta S trén (ABC). Tinh SH theo a.

Loi giai.
S
a) AB?2 = SA? + SB?> —2SA-SBcosASB = 322 = AB =
av/3.
BC2? = SB? 4 SC? = 24> = BC = ay/2.
AC? = SA2 +SC?> —2SA-SCcosCSA =a? = AC = a. A B

Ta c6 AB*> = BC? + AC?.
Vay tam giac ABC vuodng tai C.

sn HA — HB = HC.
SA=SB=sc™"

Do d6 H la trung diém ctia AB.

by Vi {SHJ_(ABC)

\ A
Vi tam gidc ASH la nita tam giac déunén SH = 57 = g.
O
Bai 22. Cho hinh chép S.ABCD, day ABCD la tu giac, c6 ABD la tam gidc déu, BCD

la tam giac can tai C ¢6 BCD = 120°, SA L (ABCD,).
1. Goi H, K 1a hinh chiéu vuéng géc ctia A trén SB, SD. Chitng minh SC L (AHK).
2. Goi C’ 1a giao diém ctia SC v6i (AHK). Tinh dién tich ti gidc AHC'K khi AB =
SA =a.

Loi giai.
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AB = AD
1 {CB —CD
Tam gidc ABD déu, 1@ = z@ = 60°.
Tam gidc BCD cén tai C ¢6 BCD = 120° = CBD = CDB =
30°.
Vay ABC = ADC = 90°.
BC 1 AB,BC L SA(viSA L (ABCD))

AB,SA C (SAB), ABNSA = A
(SAB) = BC L AK.

nén AC la duong trung tryuc ctia doan BD.

Ta co = BC L

DC L AD
1. {DC LSA(WiSA L (ABCD)) = DC L (SAD)=- DC L AK.
AD,SA C (SAD),ABNSA = A

ABLSB 4 1 (sBO) = aH L sc; 44K 5P 4k 1 (scpy = Ak L sC
AH | BC "|lAK L CD '
. [SC L AH,SC 1 AK _. SC 1 (AHK)
Y\ AH, AK C (AHK), AHN AK = A '
2 BD L AC = BD 1 (SAC)
" |BD L SA '
Ta c6 ASAB = ASAD (c.g.c), suy ra AH = AK (dudng cao xuat phat tir 2 dinh tuong
ung).
Nén SH = SK, ma SB = SD, suy ra HK || BD (dinh 1i Ta-1ét).

. |BD L (SAC)
Ta co = HK 1 (SACQ).
BD || HK
Vay HK L AC" (vi AC' C (SAQ)). (%)
Talai c6 AB = SA = ASAB vudng can tai A nén H la trung diém cta SB.

1
Xét ASBD c6 HK 1a dutng trung binh nén HK = ZBD = z

2
Xét AABC vuong tai Bnén AC = ,AB = 2_51.
sin60° /3

ViSC L (AHK)nén SC L AC’ (vi AC' C (AHK)).
1 1 1
Xét ASAC vuong tai A, ta co

S A Yo

AC?  AS2 T AC?2 a2 4a?  4a? A
1

Tir (*) thi tit gidc AHC'K ¢6 2 duong chéo vudng goc nén Spcix = 5 AC'-HK =

2

1 a 2a a

2 2 7 2J7
O

Bai 23. Cho hinh chép S.ABCD c6 day la hinh vuéng tdim O, AB = SA = a, SA vuéng
gbc voi ddy. Goi (P) 1a mat phang qua A va vudng goéc v6i SC, (P) cat SB, SC, SD tai H,
I, K.

1. Chung minh HK || BD.
2. Ching minh AH | SB, AK L SD.

3. Chung minh ta gidc AHIK c6 hai duong chéo vuong goc. Tinh dién tich AHIK
theo a.

Loi giai.
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Ching minh HK || BD.
Trong (SAC), goi L = AI N SO.

BD L (SAC)=> BD LSC . wn
1 nen .
(P) L SC ©
(L e (P)N(SBD) ,
T — (P) N (SBD) = HK, HK di qua
{BD | (P) 1
L va HK || BD.

2. Chitng minh AH 1 SB, AK L SD.
Tacs JPC 4B L pe | (sap), ICP L AD — CD 1 (SAD)
499Bc 154 "YCD 1 SA 1 CD '

AH L BC (vi BC L (SAB))

SB.

Tuong tu ta ching minh dugc AK L (SCD) = AK L SD.

3. Chung minh ti giac AHIK c6 hai duong chéo vudng goc. Tinh dién tich AHIK theo a.
Do BD L (SAC)va BD || HK suy ra HK L (SAC) = HK L AI(vi AI C (SAQ)).

SA-AC
Trong ASAC c6 Al la duong cao,taco Al -SC =SA - AC= Al = ——— =
& & VSA? 4+ AC?
a-av/2 a6
av/3 3
A A . N N LR » 1 a\/i
Vi ASAB vuéng can tai A nén H la trung diém cta BC, suy ra HK = EBD =5

) 1 1 a2 avée a?V3

Bai 24. Cho hinh chép S.ABCD, day ABCD 1a hinh chit nhat c6 AB = a, BC = a3,
mat bén SBC vudng tai B, SCD vudng tai D ¢6 SD = av/5.

1. Ching minh SA | (ABCD) va tinh SA.

2. Duong thang qua A vuéng géc v6i AC, cat CB, CD tai I, J. Goi H 1a hinh chiéu ctia
A trén SC, K va L la giao diém cta SB, SD véi (HIJ). Ching minh AK L (SBC)
va AL L (SCD).

3. Tinh dién tich ta giac AKHL.

Loi giai.
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Chitng minh SA L (ABCD) va tinh SA.
BC L AB(vi ABCD la hinh chit nhat)

e Tac6 ¢ BC L SB(vi ASBC vuong tai B)

AB, SB C (SAB), ABNSB =B
= BC L (SAB).
Vay (SAB) L (ABCD) (vi BC C
(ABCD)) (%)
Chung minh tuong tu thi CD L (SAD)
= (SAD) L (ABCD). ()
Ta c6 (SAB) N (SAD) = SA. (% * %)
Tix (%), (x*) va (x * x) suyra SA L (ABCD).
o Xét ASAD vudng tai A, ta o

A =+SD2— AD? = av/2.

. Ching minh AK L (SBC) va AL L (SCD).

Ta c6 (HIJ) N (SBC) = IH.
Goi K = SBNIH = K = SBN (HI)).
(HIJ)N(SCD) = JH,goi L= SDNJH = L = SD N (HIJ).
e Chung minh AK L (SBC).
IA 1 AC (gia thiét)
{IA 1 SA(ViSA L (ABCD), IA C (ABCD))
SC | AH (gia thiét) (SC L (P)
{sc LIA@oqy ¢+t ®) {sc c spcy (D) L (SBC).
(P)N (SAB) =
(P) L (SBC) = AK 1 (SBQ).
(SAB) L (SBC)
e Chuing minh hoan toan tuong tu AL L (SCD).

= JA L (SAC)=IA L SC (1)

. Tinh dién tich ti giac AKHL.

AB-SA a2

Xét ASAB vudng tai A c6 duong cao AK nén AK = = )
&% & VSAZ+ ABZ /3

AD- A
Xét ASAD vuong tai A c6 dudng cai AL nén AL = 5 _ave,
SD V5
AC-SA 2a

Xét ASAC vudng tai A Coduongcao AHnén AH = ———— = —.
&% 8 VSAZ+ ACZ /3
Vi AK 1 (SBC)nén AK | KH.

Xét AAKH vuong tai Knén KH = vV AH? — AK? = av/2

V3
Vi AL L (SCD)nén AL | LH.
2
Xét AALH vuéng tai L nén LH = /AH? — ALZ L__.
f V2 V2
1 1 1/av2 av2 avé6 av?2
S =S +S — _AK-HK+-AL-HL = - : + : =
AKHL ANAKH ANALH 2 7 2 ( \/g \/5 \/5 \/ﬁ)
s
15"
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Bai 2. HAI MAT PHANG VUONG GOC
A. Toém tit ly thuyét
1. Dinh nghia

Pinh nghia 1. Hai mat phang dugc goi 1a vuong goéc véi nhau néu géc gitta chiing
bang 90°.

2. Cac dinh li va hé qua
Pinh 1i 1.
Diéu kién can va dt dé hai mat phang vuéng géc véi nhau
la mat thang nay chita mét duong thang vuong goc véi a
mat phang kia.
a C(Q)
= (P) L (Q).
{a Ly = PL© Je
Hé qua 1.
Néu hai mit phéng (P) va (Q) vudng goc voi nhau va A la
mot diém trong (Q) thi duong thang di qua diém A vuong a
goc vai (P) sé nam trong (Q). A
(P) L (Q)
A € (Q) =a C (Q).
Acal (P)
Dinh 11 2.

Néu hai mat phang cat nhau va cung Vuong goc
vOi mat phang thit ba thi giao tuyén ctia ching
vuong goc v6i mat phang thi ba.

(P)N(Q)=a
(P) L (R) =a L (R).
(Q) L (R)
3. Hinh lang tru ding, hinh hop chir nhat, hinh 13p phuong

Dinh nghia 2. Hinh lang tru dung la hinh lang tru cé cac canh bén vuong goc véi mat
day. Do dai canh bén duoc goi la chiéu cao ctia hinh lang tru dung.
1. Hinh lang tru ding c6 ddy la tam gidc, ta gidc, ngi gidc, . . . dugc goi la hinh lang
tru dung tam giac, hinh lang tru dung ti gidc, hinh lang tru ding ngt giac, . ..
2. Hinh lang tru ding c6 day la mot da giac déu duge goi la hinh lang tru déu. Ta

c6 cac loai lang tru déu nhu hinh lang tru tam giac déu, hinh lang tru ti gidc déu,
hinh lang tru ngt giac déu .

(a) Hinh lang tru dung c6 day la hinh binh hanh dugc goi 1a hinh hop dung.
(b) Hinh lang tru ding c6 ddy la hinh chir nhat duoc goi 1a hinh hdp chit nhat.

(c) Hinh lang tru ding c6 day 1a hinh vudng va cdc mat bén déu 1a hinh vuong
duoc goi 1a hinh 1ap phuong.
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4. Hinh chép déu va hinh chép cut déu

Dinh nghia 3. Mot hinh chép dugce goi 1a hinh chép déu néu né c6 day la mot da giac
déu va c6 chan dudng cao trung vdi tim ctia da giac day.

1. Hinh chép déu c6 cac mat bén 1a nhitng tam gidc can bang nhau. Cac mat
bén tao v6i mat ddy cac goc bang nhau.

2. Cac canh bén ctia hinh chép déu tao véi mat day cac géc bang nhau.

Dinh nghia 4. Phan ctia hinh chép déu nam giira day va mot thiét dién song song vdi
day cat cac canh bén ctia hinh chép déu duge goi l1a hinh chép cut déu.

B. Bai tap ren luyén

Cach 1. Ta chitng minh mat phang nay chita mot duong thang vudng goéc v6i mat
phang kia.
Cach 2. Ta chitng minh géc gitta chiing bang 90°.

Bai 1. Cho ti dién ABCD c6 ABC la tam gidc vuong tai B va AD L (ABC). Chung
minh (ABD) L (BCD).

Lai giai. .
BC L AB (vi AABC vudng tai B)
| BC L DA (vi AD L (ABC))
Ta co
AB C (ABD)
AD C (ABD).
— BC L (ABD). AR C

Ma BC C (BCD) nén (BCD) L (ABD).

Bai 2. Cho ti dién ABCD c6 AB L (BCD). Trong tam gidc BCD vé cac duong cao BE
va DF cat nhau tai O. Trong mat phang (ACD) vé DK | AC. Goi H 1a truc tAm cta
tam giac ACD.

1. Chuang minh (ACD) L (ABE) va (ACD) L (DFK).
2. Chung minh OH 1 (ACD).

Loi giai.
CD L BE (gia thiét)

1. Tac6 { CD L AB (vi AB L (BCD))
BE, AB C (ABE).
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= CD | (ABE).

Ma CD C (ACD) nén (ACD) L (ABE).
DF 1 BC (gia thiét)

Tac6 { DF 1 AB (vi AB 1 (BCD))

BC, AB C (ABC)

— DF | (ABC).

Ma AC C (ABC)nén DF L AC. (1)
AC L DF (do (1))

Tac6 { AC L DK (gia thiét) = AC L (DFK).
DF, DK C (DEK).
Ma AC C (ACD) nén (ACD) L (DFK).

2. Tac6CD 1 (ABE)vaOH C (ABE)nén CD 1 OH.
Ta c6 AC L (DKF)va OH C (DKF)nén AC 1 OH.
OH 1 CD

Tir (2) va (3) ta cé { OH L AC = OH L (ACD).

CD, AC C (ACD)
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()
(3)

OJ

Bai 3. Cho hinh chép S.ABC c6 day ABC la tam gidc vuong tai C, SAC la tam giac déu

va nam trong mat phang vuong goc v6i (ABC). Goi I 1a trung diém ctia SC.

1. Ching minh (SBC) L (SAC).
2. Chting minh (ABI) L (SBC).

Loi giai.

1. Goi H la trung diém cua AC.

((SAC)N(ABC) = AC

Ta 6 { (SAC) L (ABC) = SH L (ABC).
| AC L SH C (SAC)

(BC 1 AC (gia thiét)

Tacé { BC L SH (vi SH L (ABC))

| AC, SH C (SAQ).
= BC L (SAC).
Ma BC C (SBC) nén (SBC) L (SAC).

Al L SC (gia thiét)
2. Ta c6 { AI L BC (viBC L (SAC)) = AI L

SC, BC C (SBC)
(SBC).
Ma AI C (ABI)nén (ABI) L (SBC).

Bai 4. Cho hinh chép S.ABCD c6 day la hinh thoi canh a va SA = SB = SC = a.

1. Chting minh (SBD) L (ABCD).

2. Chung minh tam giac SBD vuodng.

Loi giai.
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Goi H la hinh chiéu vudng géc cia S trén mat phéng (ABCD).
ViSA =SB =SCnén HA = HB = HC.
Suy ra H nam trén dudng trung tryc cia doan AC. Vay H € BD.

AC 1 BD (vi ABCD Ia hinh thoi)
1. { AC L SO (ASAC can tai S)
BD, SO C (SBD).
= AC L (SBD).
Ma AC C (ABCD) nén (ABCD) L (SBD).

2. Taco ASAC = ABAC = ADAC (c.c.c)
Suy ra ba dudng trung tuyén xut phat tu
3 dinh tuong ting bang nhau thi bang nhau,
nghia la SO = BO = DO.
Trong ASBD ¢6 SO la trung tuyén va SO =

1
=BD.
2

= ASBD vudng tai S.

Bai 5. Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh thoi tdm O, c¢6 canh bang a va

dudng chéo BD = a, SC = %g va vuong goc véi (ABCD). Chiing minh (SAB) L
(SAD).

Loi gii.
Trong mat phang (SAC), ké OH L SA tai H.
Ta c6 AABD déu nén AO = ABZ\@ - ”*2/5 =
AC = aV/3. ;
Trong ASAC c6 SA = VACZ + SC2 = 7‘%
Taco AAHO «~ AACS (g.g)
av/3
CS ~ AS 3a 2 2
V2

AHBD c6 HO la duong trung tuyén va HO =
%BD.
= AHBD vubng tai H.

BD 1 AC (vi ABCD la hinh thoi)

BD L SC (SC L (ABCD))

AC,SC C (SAC)
= BD L (SAC) = BD L SA.
_(SA 1 BD,SA 1 OH BH 1 SA
= SA | (BDH) =

© {BD,OH C (BDH) DH 1 SA.
Vay goc gitta hai mat phang (SAB) va (SAD) la BHD.
Theo ching minh trén ta c6 BHD = 90° = (SAD) L (SAB). ]

Bai 6. Cho tam giac déu ABC. Trén duong thang d vuong géc v6i mp(ABC) tai A lay
diém S. Goi D la trung diém ctia BC.
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1. Chiing minh (SAD) L (SBC).

SISO

Loi giai.

1.

. Chung minh SB L (ICK).

. Chung minh SC 1 BN.

Ching minh (SAD) L (SBC).
Vi AABC déunén AD L BC

o |BCLADBCLSA
4% 1 AD,sA c (SAD)

(SAD).
Ma BC C (SBC) = (SAD) L (SBC).

. |CI L AB,CI L SA

“® 1 AB,SA C (SAB).
— CI 1 (SAB) = CI L SB.

bo g JSBLCKSBLCI
© 9 Nk, cI c Ik
(CIK).

Ta

© s [BMLACBM L SA
19N AC, 54 € (SAQ).

= BM 1 (SAC) = BM 1 SC.
_[SC L. MN,SC 1. BM
Do do
MN, BM C (BMN).
= SC L (BMN) = SC L BN.

. Ching minh (CIK) L (SBC) va (BMN) L (SBC).
Ta c6 SB L (CIK), ma SB C (SBC) = (SBC) L (CIK).
Lai c6 SC L (BMN), ma SC C (SBC) = (SBC) L (BMN).

. Chung minh GH L (SBC).

(CIK) L (SBC)
Ta c6 { (BMN) L (SBC) = HG L (SBC).
(CIK)N (BMN) = HG

Ké CI 1L AB,CK L SB.Chung minh SB L (ICK).

Ké BM L AC, MN L SC.Chiing minh SC | BN.

Ching minh (CIK) L (SBC) va (BMN) L (SBC).

MB cat CI tai G, CK cat BN tai H. Chiitng minh GH L (SBC).

149

O

Bai 7. Cho hinh chép S.ABCD c6 day la hinh thoi tim O. Hai mat phang (SAC) va
(SBD) cung vudng goc véi ddy ABCD.

1. Ching minh (SAC) L (SBD).

2. T O ké OK L BC. Chung minh BC L (SOK).
3. Ching minh (SBC) L (SOK).

4. Kée OH L SK. Chung minh OH L (SBC).
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Loi giai.

1. Chung minh (SAC) L (SBD).
(SAC) L (ABCD)
Ta c6 ¢ (SBD) L (ABCD)
(SAC)N(SBD) = SO.
= SO 1 (ABCD).
AC 1L BD (vi ABCD la hinh thoi)

C6{ AC LSO (viSO L (ABCD))
BD, SO C (SBD).

= AC L (SBD).

Ma AC C (SAC) = (SAC) L (SBD).

2. Chung minh BC L (SOK).
BC 1 OK
Tacod ¢ BC L SO (viSO L (ABCD))

OK, SO C (SOK).
= BC L (SOK).

3. Chitng minh (SBC) L (SOK).

_ (BC L (SOK)
Ta {BC - ($BO) = (SBC) L (SOK).

4. Chung minh OH L (SBC).
OH 1 SK

Ta ¢6 { OH L BC (viBC L (SOK)) =

SK, BC C (SBC)
OH L (SBC).

Bai 8. Cho hinh vuéng ABCD. Goi S 1a diém trong khong gian sao cho tam gidc SAB
la tam gidc déu va nam trong mat phang vuong géc véi day (ABCD). Goi H va I lan
luot 1a trung diém ctia AB va BC.

1. Ching minh (SAB) L (SAD) va (SAB) L (SBC).
2. Chitng minh (SHC) L (SDI).

Loi giai.

Vi tam gidc SAB déunén SH | AB.
(SAB) L (ABCD)

Co < (SAB)N(ABCD) = AB = SH L (ABCD).
SH C (SAB),SH 1L AB



2. HAI MAT PHANG VUONG GOC 151

1. Ching minh (SAB) L (SAD) va (SAB) L
(SBC).
AD 1 AB
Taco ¢ AD L SH = AD 1 (SAB).
AB,SH C (SAB)
Ma AD C (SAD) = (SAB) L (SAD).
Hoan toan tuong tu, ta ching minh dugc
(SAB) L (SBC).

Y__
O

’K‘S\""""""""
e

2. Chung minh (SHC) L (SDI).
C6 ABCH = ACDI (c- -g- -c) = C; = Ds.

T

MaDy+15 =90° = G+ 1, =90° Dodé B e
HC 1 DI.

DI 1 CH
Tacé { DI L SH — DI L (SHC).

CH,SH C (SHC)
Ma DI C (SDI) = (SDI) L. (SHC). -
Bai 9. Cho tam gidc déu ABC canh a. Goi D la diém dbi xing v6i A qua BC. Trén

av/6

duong thang vudng géc véi (ABC) tai D 1ay diém S sao cho SD = — Chung minh

1. (SBC) L (SAD).
2. (SAB) L (SAC).

Loi giai.

1. Ching minh (SBC) L (SAD).

T. BCLAD _ pe | (saD)
A0\ B 1 SD '

Ma BC C (SBC) nén (SBC) L (SAD).

2. Ching minh (SAB) L (SAC).
Goi O = ACNBD.Dung OI L SA tai I.

, 15A L Ol = SA 1 (IBC)
4 \sa L BC '
SA 1 IB
A AQC)) = (BI,CI).
Suy ra SA L IC = ((SAB),(SAC)) = (BI,CI)
Taco AAIO «~ AADS (g-g).
oI AO AO - DS
Suy ra — DS — AS = 0l = A5 (1)
Trong do
a\/_
SD = 5
AO = M — AD = a/3.

— /SDZ+ AD? 3”‘/—
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Thay cac két qua trén vao (1), ta c6 OI = g.

Xét tam giac BIC c6 Ol = BZ—C nén tam giac BIC vuong tai I. Hay BIC = 90°.
Do do ((SAB), (SAC)) = 90°.
Vay (SAB) L (SAC). O

Bai 10. Cho hinh chép S.ABCD c6 day la hinh vuéng canh a, SA vudng goc voi day.
Goi M, N 1a cac diém thudc BC va CD sao cho BM = g, DN = %. Chung minh
(SAM) L (SMN).

Loi giai.

Ap dung dinh ly Py-ta-go cho cdc tam gidc vuéng ABM,
CMN, ADN. Ta c6
( 5{12

AM? = AB? + BM? = e

2
MN2 = CM2 + CN? = 5116 — AM2 + MN2? = AN2,

2542
| AN? = AD? + DN? = 2207
Suy ra tam giac AMN vuong tai M.

Taco | MNLAM vin 1 sam
ACOTMN L sa '

Ma MN C (SMN) nén (SAM) L (SMN).

Bai 11. Cho hinh chép S.ABCD c6 day la hinh thoi tam O, canh a, SB = SD = g,

Za\/§

BD = . Hai mat phang (SAC) va (SBD) ciing vuéng goc v6i day

1. Ching minh tam giac SAC vuodng tai S.
2. Chung minh (SBC) L (SCD).

Loi giai.
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1. Ching minh tam giac SAC vuong tai S.
Taco SO = VSB—BO? = “Y°.

3
AO = VABZ_BO? = %6 — AC =
Za\/g

3
) 1
Tam giac SAC co trung tuyen SO = EAC'

nén tam giac SAC vuong tai S.

2. Chung minh (SBC) L (SCD).
Ké OH 1 SC tai H, ta c6 OH || SA, suy ra
H 1a trung diém cua SC.
Ta co tam giac BSC can tai Bnén BH L SC.
Tam giac DSC can tai D nén DH L SC.
Do d6 ((SBC),(SCD)) = (BH, DH).
Xét tam giac SOC vuodng tai O c6

11 N 1 T 0S-0C :a\/?
OH2 082  0OC? VOS2 + 0C2 3

Xét tam giac BHD c6 HO la duong trung
) BD

tuyen va HO = - nén tam giac BHD

vuong tai H.

Suy ra ((SBC), (SCD)) = BHD = 90°.
Vay (SBC) L (SCD).

Bai 12. Cho hinh chép S.ABCD c¢6 SA vuoéng goc véi day 1a hinh vuéng ABCD. Goi O
la tdm caa ddy, vé CI vuong goc véi SO tai I, vé DH vuong goc véi SB tai H. Chung
minh rang

1. (SAB) L (ADH).
2. CI L (SBD).
3. (ABE) L (SCD), v¢i E la giao diém cua SO va DH.

Loi giai.
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1. Chiang minh (SAB) L (ADH).
(AD L SA
°YAD 1 AB

AD | SB.

s [SBLDH
°YsB 1 AD
Ma SB C (SAB) = (SAB) L
(ADH).

= AD 1 (SAB) =

= SB L (ADH).

2. Chung minh CI L (SBD).
. [BD L SA

°1BD L AC

BD 1 CI.
) {CI 1 SO

CONer L BD

= BD 1 (SAC) =

= CI L (SBD).

3. Ching minh (ABE) L (SCD).

, JSPLBE op | (aBE)
°YsD 1 AB '

Ma SD C (SCD) = (ABE) L
(SCD).



3. GOC GIUA HAI PUONG THANG 155

Bai 3. GOC GIUA HAI DPUONG THANG
A. Toém tit ly thuyét

1. Cach xac dinh géc giita hai duong thang
1. Chon diém O tuy y.

2. Qua O ké hai duong thang @/, b’ sao cho @’ || 4,
b || b.

3. Khi d6 goc gitta hai duong thang a, b chinh
bang goc gitra hai duong thang a’, b'.
2. Cac phuang phap tinh goc
1. St dung hé thuc lugng trong tam giac.
Xét AABC,data = BC,b = AC,c = AB.Taco A

b c

(2) Binh lisin sinA _ sinB _ sinC

b2 + 2 — 42
2bc '

(b) Binh li cos cos A =

2. Tinh theo véc-to chi phuong

Goi ¢ la goc gitta hai duong thang a va g Néll) duong thang a, b c6 véc-to chi
[#1- iy

phuong lan luot la 1, U 5 thi cos P = W
Ui -|u2
Cha y: 0° < ¢ < 90°.
3. AB L CD & AB-CD = 0.

4. Néu a va b song song hodc trting nhau thi géc gitra ching 1a ¢ = 0°.

B. Bai tap ren luyén

Cach xac dinh géc giira hai dwong thang chéo nhau a va b:
Chon diém O thich hop, rdi ké hai duong thang di qua diém O: a’ || ava b’ || b. Géc
gitta hai duong thang a va b 1a goc gitra hai duong thang a’ va b'.

Bai 1. Cho hinh chép S.ABC ¢c6 SA = SB = SC = AB = AC = a, BC = a/2. Tinh géc
gitta hai duong thang SC va AB.

Loi giai.
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Goi E, F, G lan lugt 1a trung diém ctia BC, AC, SA. S
Tac6 EF || AB, FG H SC
= (SC,AB) = (EP FG) = EFG G
Taco FE = FG = %AB =5
ABAG = ACAG(c.g.c) = GB = GC. A C
Tam gidc GBC can tai G c6 GE la trung tuyén nén GE la duong
cao.
a3\"  (av2\* _a ]
E= VBGE - BE = <T) _(T> “7 :

Tam giac EFG déu vi c6 3 canh bang nhau.
Vay EFG = 60°.

Bal 2. Cho hinh hop ABCD.A’B'C'D’ ¢6 d¢ dai tat ca cac canh déu bang a > 0 va

BAD = DAA’ = A'AB = 60°. Goi M, N lan luot 1a trung diém cta AA’, CD. Chiing
minh MN song song v6i mat phang (A’C’'D) va tinh cosin ctia géc tao bdi hai duong
thang NM va B/C.

Loi giai.
Goi I 1a trung diém ctia DC'.
Trong tam gidac CDC’ ¢6 NI la dudng trung binh

NI | cC’
cua tam giac, nén 1
& NI = —CC'.
CC' || AA
a ool — AA , (tmh chat hinh hop)
NI = %AA/_ NI = MA'.

Vay ta giac MNIA’ 1a hinh binh hanh nén MN ||
1A'
Ma IA’ € (A'C'D) = MN || (A'C'D).
MN |14 —— S
i = (CB/,MN) = (DA, IA") = DA'T hoic 180° — DA'I.
{CB | DA

Ta c6 tam gidc DAA' déunén DA’ = a.
Xét AABC c6: ABC = 120°; AC? = AB? + BC? —2AB - BC - c0s 120° = 3a® = AC = a/3.
Tuong tu, 4p dung dinh ly cosin cho AA’AB’ ta c6 AB' = a+/3.
Tac6 AC = A/C' =a+/3, AB' = DC' = a/3.
Trong ADA'C’ c6 A'I 1a dudng trung tuyén:

(g2 DA?+AC?  DC? _a®+3a> 3a> 502 ., _ aV5
2 4 2 4 4 2
——  DA”?+ A% - DJ? 3
T AA'DI DAl = = .
rong ta co: cos S DA IA 2\/5>0
) — — 3 35
Két luan: cos(MN, CB') = )cos patl— 3 35 [
2v5 10

Bai 3. Cho hinh lang tru tam gidc déu ABC.A’B'C’' c6 AB =1, CC' = m (m > 0). Tim
m biét rang goc gitta hai duong thang AB’ va BC' bang 60°.
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Loi giai.

Trong mat phang (ABB'A’), ké BD ||
AFDEAH)

= (AB',BC’) = (BD, BC') = 60°.

Vay DBC’ = 60° hoac DBC" = 120°.

Vi ABC.A'B'C’ 1a lang tru déu nén BB’ L
(A'B'C).

Ap dung Pytago cho ABB'D vuéng tai B ta
co

BD = vDB"? + BB? = /1 + m2.

Ap dung Pytago cho ABB/C’ vudng tai B’ ta
co

BC' = v/C'B"? + BB? = V1 + m2.

Ap dung dinh Iy cosin ADB'C’ ta c6

DC? = DB? + C'B? —2DB' - C'B -
c0s120° =3 = DC' = V3.

Truong hop 1: Néu DBC’ = 60° thi tam giac
BDC’ déu nén:

BD=DC' & Vm2+1=+3&m=2
Truong hop 2: Néu DBC’ = 120° 4p dung
dinh 1y cosin cho ABDC'. Suy ra m = 0
(loai).
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[

Bai 4. Cho liang tru ABC.A’B'C’ ¢6 do dai canh bén bang 2a, ddy ABC la tam giac
vuong tai A, AB = a, AC = a/3 va hinh chiéu vuong goc cta dinh A’ trén mat phfmg

(ABC) la trung diém ctia canh BC. Tinh cosin ctia géc gitta hai duong thang AA’, B'C’.

Loi giai.

Goi H la trung diém ctia BC, theo dé A’H | (ABC).
Ma (ABC) || (A'B'C") = A’'H L (A'B'C).

Tam giac ABC vudng tai A ta co

BC = VAB?2+ AC?2 =2a = BH =a.

_ [AA" || BB — — ——
Taco § _, , = (AA’,B'C") = (BB/,BC) = B’BH.

B'C" || BC

) BC .
Taco BC = VAB?2+ AC?2 =24 = AH = —~ =anén
A'H = AA? — AH? = a.\/3.
Trong tam gidc A'B'H vuodng tai A’ ¢6 HB' =
% A'B2 + A’TH? = 2a.
Ap dung dinh ly ham cosin cho tam giac B'BH ¢¢:
BB + BH? — B'H?> _ 4a*+ a® — 4a?

Ty
cosB'BH = —— om0 = " 2244

1
Z >0 (théa)

O]

Bai 5. Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng canh 2a, SA = a, SB =
ay/3 va mat phang (SAB) vuéng géc véi mat phang day. Goi M, N lan lugt la trung

diém ctia cac canh AB, AC. Tinh cosin ctia géc gitta hai duong thang SM, DN.

Loi giai.
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Ha SH 1 ABtai H.

Vi mat phang (SAB) vudng géc véi mat phang
(ABCD) c6 AB la giao tuyén nén SH | (ABCD).
Trong mat phang (ABCD), tit M ké ME || DN véi E
thudc AD. Vay goc gittra SM va DN chinh la goc gitra
SM va ME.

Xét tam gidc SAB c6 AB? = SA? + SB? = 4a°.

Vay ASAB vudng tai S.
1 1 1 1 1 4
Va = = S+->=-5=SH=
S TS TSR T 2T a2 T
aV/3
>
Tam giac SHA vudng tai H:
HA = VSAZ —SH? = y/a? — 31

Goi K 1a trung diém cua AD ta co ME || BK || DN.
Do d6é ME la duong trung binh tam gidc ABK.

VéyAE:%AK:g;ME:%BK:%\/ABerAKZ:%g. A E K D
Tam gidc HAE vudng tai A ¢6 HE = VAH?+ AE? =
2 2 H
@, 2 _av2
4 4 27 M
Tam giac SHE vudng tai H ¢6 SE = +SH?+ HE? =
M, 2 _ays
V 4 4 2 : 4 :
Ap dung dinh ly ham cosin cho tam giac SME co:
2 2 2 a2+5—az—5—az
cosSME — M T ME —SEZ 4 s _ 1
2-SM - ME 5 /5
2.4.2V°2
/B 2
5
? > O-
0]

Bai 6. Cho khéichép S.ABCD c¢6 ABCD 1a hinh vuéng canh a, SA = av/3va SA vuong
g6c v6i mat phang ddy. Tinh cosin ctia géc giita hai duong thang SB, AC.

Loi giai.

Qua B ké duong thang Bx song song AC. Bx

cat AD tai F.

Goc gitta AC va SB, chinh la goc gitra Bx va

SB.

Ta c6 AFBC la hinh binh hanh, nén AF = BC

va AC = FB.

Suy ra SF = SB, tam giac SBF can tai S.

C6 SB = VSA?+ AB? = 24; FB = AC =

av/2.

Ha SH | FBtai H thi H la trung diém FB.
av/2

HB _ 3 _\2

SB 2a 4

Khi d6 cos S/B\P =
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Bai 7. Cho hinh chép S.ABCD c6 tat ca cac canh déu bang a, day 1a hinh vuéng. Goi
N la trung diém SB. Tinh goc gitta AN va CN, AN va SD.

Loi giai.
Theo dé bai SA = SB = SC = SD = AB = BC =
CD = DA = a.

Goi O = ACNBD, c6 AN =

CN = # (ASBC déu).

Ap dung dinh Iy cosin cho tam gidc ANC ta c6
- 2 2 _ A2 —
cosANC:AN +CNT— AC ——1<0:>ANC:

) 2-AN-CN 3
arccos<§>.

Trong tam giac BDS ¢6 ON la duong trung binh ctia
tam giac nén
(AN,SD) = (AN,NO) = ANO.
Ap dung dinh ly cosin cho AANO ta c6

- 2 2 2 P
cos ANO — ANZHFON2—AO? _ V3 | -5

2-AN-ON 3
arccos ? .

av'3
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Bai 4. GOC GIUA DUGNG THANG VA MAT PHANG
A. Géc giira hai dudng thing

Pinh nghia 1. Pinh nghia gic gitta hai duong thiang trong khéng gian
Goc gitta hai duong thang a va b trong khong gian 1a goc gitta hai duong thang a’ va b’
cting di qua mot diém va 1an luot song song vdi a va b.

B. Bai tap ren luyén

Cach xac dinh géc giira hai duong thang chéo nhau a va b
Chon diém O thich hop, 16i ké hai duong thang di
quaO:a ||avab || b.

>0 1
b/

1. St dung hé thuc lugng trong tam giac.
b c

sinA  sinB  sinC.

W+ﬁ—¥

Dinh ly sin:

Dinh ly c6-sin: cos A = he
Trong do6: a,b,cla 3 canh; A, B,C la 3 goc cua AABC.

. Tinh e theo véeo e phone con g — 1 T8
. Tinh goc theo véc-to chi phuong: cos ¢ = B
1]+ |U2

Chi §: 0° < ¢ < 90°.
3. AB L CD < AB-CD = 0.

4. Néu a va b song song hoac trung nhau thi ¢ = 0°.

Bai 1. Cho hinh chép S.ABC c6 SA =SB =SC = AB = AC =a,BC = a\/i. Tinh goc
gitta hai duong thang SC va AB.

Loi giai.
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Goi E, F, G lan luot 1a trung diém cta BC, AC, SA. S
Ta c6: EF || AB,FG || SC
= [SC,AB] - [EF,FG] — EFG.

1 a
TacO FE=FG = -AB = —.
aco 5 >

ABAG = ACAG (c.g.c) = GB = GC.
Tam giac GBC can tai G c6 GE la duong cao.

= N C O C O C

a
2 2
Tam gidc EFG déu vi c6 3 canh bang nhau.
Vay EFG = 60°.
O
Bai 2. Cho hinh hop ABCD.A’B'C'D’ ¢6 d6 dai tht cA cac canh déu bang a > 0 va
BAD = DAA’ = A’AB = 60°. Goi M, N lan luot 1a trung diém cta AA’,CD. Ching
minh MN || (A’C'D) va tinh c6-sin ctia gdc tao bdi hai duong thang NM va B'C.
Loi giai.
Goi I 1a trung diém ctia DC'.
Trong tam gidc CDC’' ¢6 NI la dudng trung
binh ctia tam gidc

NI || cC’
nén .
NI = %CC’
[echaat
CC = AN (Tinh chat hinh hop)
/
NI = %AA’ NI =MA"

Vay tu gidc MNIA’ la hinh binh hanh nén
MN || IA'.
Ma IA’ C (A'C'D) = MN || (A'C'D).

MN | 1A’ . i

{ ' 1 = |CB MN| = | DA, IA'| = DA hoac 180° ~ DA'L

CB' | DA
Ta c6 tam gidc DAA’ déunén DA’ = a.
Xét AABC c6: ABC = 120°; AC2 = AB2 + BC? — 2AB - BC - c0s 120° = 3a2 = AC = a\/3.
Tuong ty, 4p dung dinh Iy c6-sin cho AA’AB’ : AB' = a+/3.
Tacé AC = A/C' = a,AB' = DC' = a+/3.
Trong ADA'C’ c6 A'I la dudng trung tuyén:

DA/Z A/ 2 D 2 2 2 2
A — +AC*  DC :a+3a —3i:>IA’:@.
2 4 2/2 72 2 2
—— DA“+1A” —-DI 3
T AA'DI ta co: DA'l = = .
rong a co: cos S DA IA 2\/5>0
Két luan: cos [MN, CB’] = ‘coslﬁ = i = % ]
2¢/5 10

Bai 3. Cho hinh lang try tam giac déu ABC.A’B'C’' ¢c6 AB = 1,CC’ = m(m > 0). Tim
m biét rang goc gitra hai duong thang AB’ va BC' bang 60°.

Loi giai.
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Trong mat phang (ABB'A’), ké BD || AB'(D € A’B)
— [AB',BC'} - [BD,BC’} — 60°. N

Vay: BDC' = 60° hoac DBC’ = 120°. B /
Vi ABC.A'B'C’ 1a ling tru déunén BB’ L (A'B'C’).
Ap dung Py-ta-go cho ABB’D vudng tai B:

BD = \/DB"? + BB? = \/1+ m?2.

Ap dung Py-ta-go cho ABB'C' vuong tai B: /T alo-tooooo2

BC' = \/C'B”?2 + BB2 = \/1 4+ m?2.

Ap dung Co-sin cho ADB'C":
DC” = DB?+ C'B? -~ 2DB’ - C'B’ - c0s 120° = 3 = DC' = /3.
Truong hop 1: Néu BDC’ = 60° thi tam gidc BDC' déu nén:

BD=DC & Vm2+1=vV3em=+V2.

Truong hgp 2: Néu BDC' = 120°, dp dung dinh ly c6-sin cho ABDC’ suy ra m = 0 (loai).
U

/1

|
|
|
|
I
]
I
|
|
|
|

Y

CI

Bai 4. Cho liang tru ABC.A’B'C’ ¢6 do dai canh bén bang 2a, ddy ABC la tam gidc
vuong tai A, AB = a, AC = a+/3 va hinh chiéu vuéng géc ctia dinh A’ trén mit phang
(ABC) la trung diém ctia canh BC. Tinh c6-sin ctia géc gitta hai duong thang AA’, B'C’.
Loi giai.
Goi H la trung diém BC, theo dé bai
A'H L (ABC).
Ma (ABC) | (A'B'C’) = A'H L
(A'B'C!).
Tam giac ABC vudng tai A:

BC =V AB?2+ AC? =24 = BH =a.
 (AA’| BB'
Ta co: )
B'C"|| BC
N (AA’, B/C/) - (BB/,BC) — B'BH.

Trong tam giac A’B'H vudng tai A’ c6:

HB = \/A'B2 + A’H? = 2a.

Ap dung dinh ly c6-sin cho tam gidc B'BH c6:

BB? + BH?2 — B'H? 4a® +a? —4a*> 1
B'BH = = = = > 0 thoa.
cos 2 BB -BH 22404 g~ Uthoa

O]

Bai 5. Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng canh 24, SA = a,SB = av/3
va mat phang (SAB) vuong géc véi mat phang day. Goi M, N 1an lugt la trung diém
ctia cac canh AB, BC. Tinh c6-sin ctia géc gitra hai duong thang SM, DN.
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Loi giai.

Ha SH | ABtai H.
Vi mat phang (SAB) vuong goc véi mat phang day (ABCD) c6 AB la giao tuyén.
Suyra: SH 1 (ABCD).

Trong mat phang (ABCD), tit M ké ME || DN
voi E thudéc AD. Vay goc gitta SM va DN
chinh 1a goc gitta SM va ME.

Xét tam gidc SAB co:

AB? = SA? + SB? = 44°.

Vay ASAB vudng tai S.
Vé'1—1+1—1~|—1—4
"SH?2  SA?  SB* 4% 3a> 342
= SH = M.
Tam giac SHA vuong tai H:
SA? —SH? = a2—3—a2:E. A E K D
4 2
Goi K 1a trung diém cua AD. H
Ta c6 ME || BK || DN.
Suy ra ME la duong trung binh ctia tam giac M
ABK.
Vay AE = 2 AK = 2,
Y 2 2’
1,1 5 5 av5
ME,—EBK EVAB + AK = 5 " c
Tam giac HAE vuodng tai A:
2 2
E=VAH2+ AE2 = (/2 4+ 2 - 2¥<
* ! * 4
Tam giac SHE vuodng tai H:
2a a\/g
=+/SH?+ HE? = —_.
i 4 2
Ap dung dinh Iy c6-sin cho tam gidc SME c6:
2 2 2 a*+ 50” - 50”
cosS/]\E:SM +ME - SET 4 4 :i:\/—g>0.
2-SM-ME b g " 5 N
. a .

2
0

Bai 6. Cho khdi chép S.ABCD c6 ABCD 1a hinh vudng canha, SA = a+/3va SA vuéng
géc voi mat phang day. Tinh co-sin ctia goc gitta hai duong thang SB, AC.

Loi giai.
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Qua B ké duong thang Bx song song véi AC. Bx cat AD
tai F.

Goc gitrta AC va SB chinh la goc gitta Bx va AC.

Ta c6 AFBC la hinh binh hanh nén AF = BC va AC =
FB.

Suy ra SF = SB, tam giac SBF can tai S.

C6 SB = \/SA2+ AB2 =2a,FB = AC = av/2.

Ha SH L FB, thi H la trung diém FB.

a\/§ \/_

— HB 5 2
BE = = — .

cos S SB 24 4

Bai 7. Cho hinh chép S.ABCD c6 tat ca cac canh déu bang a, ddy 1a hinh vuédng. Goi
N la trung diém SB. Tinh goc gitta AN va CN, AN va SD.

Loi giai.

Theo dé bai: SA =SB =SC=SD =AB=BC=CD =DA =a.
Goi O = ACNBD ¢6 AN = %5 (A\SAB

déu).

cn = Y3 (ASBC déu).

2
Ap dung dinh ly c6-sin cho tam giac ANC:
—— AN?+CN?2-AC* 1

cos ANC = 2 AN.CN —§<0

. ANC — arccos (g) .

Trong tam giac BDS c6 ON la duong trung
binh cua tam giac.

= [N, sD| = [aN,NO| = aNo.

Ap dung dinh Iy c6-sin cho AANO:

— = ANO = arccos

cos ANO = 7 AN - ON =3

AN?+ON? - A0? V3  —— <L§)

C. Géc giita dudng thang va mit phing

Pinh nghia 2. Géc giita dwong thang va mit phang

Géc gitta duong thang d va mat phang (P) 1a goc gittra d va hinh chiéu ctia n6 trén mat
phéng (P).

Goi « 1a goc gitrta d va mat phéng (P) thi0° < a <90°.
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Dé xac dinh géc gitta duong thang d va mat phang (P) 4 \_B
ta lam nhu sau

e Tim giao diém A cta d va (P).

e Trén d chon diém B khac A, dung BH vuéng goc  /} H )
(P) tai diém H.

Su}; ra AH 1a hinh chiéu vudng goc cua d trén mat
phang (P).

Vay goc gitta d va (P) la goc BAH.

Néu khi xac dinh géc gitra d va (P) khé qué (khong chon i\ M
dugc diém B d€ dung BH L (P)) thi ta stt dung cong

thuc sau day.
Goi « 1a goc gitrta d va (P), suy ra g "‘Z A

d(M, (P)) P - y
AM

sinw =

Ta phai chon diém M trén d ma c6 thé tinh dugc khoang
cach dén mat phang (P). Con A la giao diém cua d va

(P).

D. Bai tap ren luyén

Bai 8. Cho hinh chép S.ABCD c6 day la hinh vuéng canh a, SA vuéng goc voi day va
SA = av/6. Tinh géc gitra

a) SCva (ABCD). b) SC va (SAB).
¢) ACva (SBC). d) SBva (SAC).

Loi giai.
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1. AC 1a hinh chiéu vudng géc ctia SC 1én (ABCD).
Do d6 (SC, (ABCD)) = (SC, AC) = SCA.
Xét tam giac vudng SAC, ta co

—— SA av/6
tanSCA = AC= 5" V3.

Suy ra SCA = 60°.

_(BC L AB
2. { nén BC L (SAB).

120 \Bc 1 54
Suy ra SBla hinh chiéu vudng géc ctia SC 1én mit
phang (SAB).

Do d6 (SC, (SAB)) = (SB, SC) = CSB.

Xét tam giac vudng SBC, ta co

— BC a 1
tanCSB= — = —— = —.
SB a7 7
Su raES\B—arctan( 1 )
y 7/

3. Goi F la hinh chiéu vuéng géc ctia A 1én canh SB.
. [AF L SB

“YAF L BC

Suy ra FC la hinh chiéu vuéng géc cia AC 1én (SBC).

Do d6 (AC, (SBC)) = (AC, FC) = ACF.

Xét tam giac vuong SAB, ta co

Ta nén AF L (SBC).

1 1 1 1 1 7 42
- = = s A=
AF?2  AS2 ° AB?  6a? 4?2 642 7

Xét tam giac vuong ACF, ta co

av/42
sinA/a-“:AP: 7 =\/ﬁ.
AC g2 7
Suy ra ACF = arcsin <g>
4. Ta c6 BO L AC BO L (SAC)
- Taco y | g, DN .

Suy ra SO la hinh chiéu vudng goc ctia SB 1én (SAC).
Do d6 (SB, (SAC)) = (SB,SO) = BSO.
Xét tam giac vuong SAO, ta co

a2 av13
SO = \/SA2 + AO% = \/6a2 + & = .
2 V2
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Xét tam giac vudng SBO, ta co

a
— OB A 1
tan BSO = — = = .
OS 413 V13
V2
Suy ra B/STD — arctan (L>
y V13/°

OJ

Bai 9. Cho hinh chép S.ABCD c6 ddy la hinh thoi. Biét SD = a+/3, tit ca cdc canh con
lai déu bang a.

1. Chiing minh (SBD) la mat phang trung truc ctia AC va SBD la tam gidc vuong.
2. Xéc dinh géc gitra SD va mit phang (ABCD).

Loi giai.

1. Goi H la hinh chiéu vudng goc ctia S 1én (ABCD).
Theo débai SA = SB = SCsuyra HA = HB = HC.
Vay H thudc duong trung truc cua doan AC hay H
thuoc BD.

+ o [ACLBD
49\ AC L SH (SH c (SBD))

(1)

Mat khac, O 1a trung diém cta AC va la giao diém

nén AC L (SBD).

cua AC va (SBD). (2)
T (1) va (2) suy ra (SBD) la mat phéng trung truc
cua AC.

Ta c6 ASAC = ABAC (c.c.c) suy ra BO = SO.
1
Trong tam giac SBD, SO = EBD nén tam giac SBD
vuong tai S.
2. Vi SH 1 (ABCD) nén HD la hinh chiéu vudng géc
cua SD lén (ABCD).
Do d6 (SD, (ABCD)) = (SD,HD) = SDH.
Xét tam giac vudng SBD, ta co
1 1 1 4 a\/3

_ _ % asH= VO
SHZ SsBtspE T 32 2

Xét tam giac vuong SHD, ta co

El\/g \/_

—— SH 2 2

1 DH = — = = —.
sin S D a\/§ >

Suy ra S/DTJ = 45°.
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Bai 10. Cho tam gidc ABC vuong tai A, AB = a nam trong mat phang (P). Canh AC =
a+/2 va tao v6i (P) mot géc 60°. Tinh géc gitta BC va (P).

Loi giai.

Xét tam giac vuong ABC, ta co

BC = VAB2 + AC2 = a/3.

Goi H 1a hinh chiéu vuong géc cia C 1én (P).

Khi d6 AH la hinh chiéu vuéng goc cua AC lén (P).
Do do¢, (AC, (P)) = (AC, AH) = CAH = 60°.

Xét tam giac vuong CAH, ta co

CH

sin@l:C—A(:)CH:CA-sinmo:a\/i-?:M.

2

Ta c6 BH 1a hinh chiéu vuéng géc ctia BC 1én mat phang (P).
Do do, (BC, (P)) = (BC,BH) = CBH.

Xét tam giac vuong BHC, ta c6

—— CH
inCBH = —
sin CB

o[
ol

5

Suy ra CBH = 45°. ]

5 va ddy ABC la tam giac déu

Bai 11. Cho hinh chép S.ABC c6 SA =SB = SC = 24

canh a.

3

1. Goi H la hinh chiéu vudng géc ctia S 1én mat phéng (ABC). Tinh SH.
2. Tinh goc gitta SA va (ABC).

Loi giai.
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1. Ta c6 H la trong tdm cda tam giac déu ABC nén

AH:%Ap:g.M:ﬁ,
3 3 2 3

Xét tam giac vuong SAH, ta co

&
3

42
SH = /SAZ— AHZ = %

= da.

2. Ta c6 AH la hinh chiéu vuéng géc ctia SA 1én (ABC).
Do d¢, (SA,(ABC)) = (SA, AH) = SAH.
Xét tam giac vuong SAH, ta c6

SH a
tanSAH = —— — = /3.
AH 43
3

Suy ra SAH = 60°.
]

Bai 12. Cho hinh chép S.ABCD c6 SA vuong goc voi ddy, ABCD la hinh thang ddy lon
AD, AB=BC =DC =a,DA =2a.Vé AH | SC va M la trung diém SB. Goc gitta SB
va mat phang (ABCD) la 45°. Tinh géc:

a) (AM,(SBD)); b) (AH,(ABCD)); Q) ((SAD),(SBC)).
Loi giai.

1.

Theo dé bai ABCD ntta luc giac déu, nén ABCD S X
ndi tiép trong dudng tron duong kinh AD, co:

AC = BD = VAD? — AB2 = 4+/3.

co JBPLAB _ pp | (saB)
°YBD 1S4 '

Vay AB la hinh chiéu ctia SB 1én mat phang ANH
(ABCD), nén (SB, (ABCD)) — SBA = 45°. M

= SA = AB = a (Vitam giac SAB vudng can tai
A)

AM L SB(gt)
3 = AM L Tl 7
© {AM L BD(BD L (SAB)) >><

(SBD) = (A/M,(SB\D)) — 90°. :

2. Trong tam giac SAC: Ké HI || SA = HI L (ABCD).
Vay AI 1a hinh chiéu ctia A trén mét phéng (ABCD): <AH, (ABCD)> — HAI = HAC.
— SA a 1 —
Trong tam giac SAC vuong tai A:tanSCA = — = —= = — = SCA = 30°.
& 8 o /g\ T AC a3 /3
Trong AHAC: HAC + HCA = 90° = HAC = 60°.
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3. Mudn tim géc gitta hai mat phang (SAD) va (SBC), ta phai tim giao tuyén ctia hai mat

phéng:

]S €BADINGBD) ¢4y (sBD) = sx (51 || AD || BO) (1)
o: AD || BC = Sx (Sx
Ké AK L BCtai K. C6 )P AKX L pe | (saK) = BC L sk 2
© a”-0Npc 154 @)

T ()va@) o0 +5% [(SAD) (SBC)| = ASK

Y sk L sx (5BO)| = ASK

y N = A
Trong tam gidc AKB vuong tai K: AK = AB-cos KAB = a-cos30° = —— (ViDAB =
60°)
av/3

Trong tam giac SAK vudng tai A: tan ASK = ‘2[; = ilg = i = \/Tg = ASK =
arctan EN

O

Bai 13. Cho hinh chép S.ABCD c6 SA vudng goc véi day ABCD, day la hinh thang
vudng tai A, c6 ddy 16n AB, AB = 24, AD = DC = a.Vé AH L SC va M la trung diém
cta AB. Goc gitta (SDC) va (ABC) la 60°. Tinh:

a) (SD,(SAB)); b) ((SAD),(SMC)); ¢) Ching minh BC L
(SAQ).
Loi giai.
1. c6 )P AP L cp 1 (sAD)= cD L sD
~~°1cp L sa '

(SCD) N (ABCD) = CD
C6{ AD 1 CD, SD L CD

AD C (ABCD), SD C (SCD)
N ((SCD), (ABCD)) — SDA = 60°,
trong ASAD c6 SA = AD - tan 60°

_ (AD L AB
Cé { = AD L (SAB).

AD 1 SA

Suy ra SA 1a hinh chiéu vudng goc ctia SD trén
mp(SAB).

Vay (SD, (SAB)) — DSA = 30°.

. Tacé AD || CM (dé dang ching minh dugc).

Tim giao tuyén ctia mp(SAD) va mp(SCM).
S € (SAD)N(SCM)

Cé: ¢ AD | CM = (SADN(SCM) = Sx (Sx || AD || CM).
AD C (SAD), CM C (5CM)

Tac6 DA 1 SA(ViDA L (SAB)) = SA L Sx.

M 1 (SAB)(ViCM || AD) = SM L CM = SM L Sx.
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Vay [(SAD), (SCM)} - (s?xﬁ/J) — ASM.
Co: tanm— AM L:L:m:w.

AS T a3 B

3. Ta c6 ACDM la hinh vuéng nén CM = a, trong tam gidac ACB c6 CM la duong trung
tuyén va bang mot nira canh BC. Suy ra tam gidc ACB vuéng tai C.
Cé {BC 1 AC
6

BC 1 (SAQ).
BC | 54 — BCL(540)

O]

Bai 14. Cho hinh vuéng ABD va tam giac déu SAB canh a ndm trong hai mit phang
vudng goc voi nhau. Goi [ 1a trung diém cua AB.

1. Chung minh SI | (ABCD) va tinh goc hgp bdi SC va mat phéng (ABCD,).

2. Tinh khoang cach tur B dén mat phang (SAD). Tir d6 tinh géc gitta SC va mat
phang (SAD).

3. Goi ] la trung diém cta CD, ching minh (SI]) L (ABCD).

4. Tinh géc hop bédi SI va mat phang (SDC).

5. Xéc dinh va tinh géc hop bsi SA va mit phang (SCD).

Loi giai.
1.

Chung minh SI | (ABCD)

(SAB)N(ABCD) =

(SAB) L (ABCD)

SI 1 AB(vi AABC déu), SI C (SAB)
= SI 1 (ABCD).
Tinh géc hop boi SC va mp(ABCD).
Ta c6 IC la hinh chiéu vuéng goéc
ctia SC trén mat phang (ABCD),
nén [sc, (ABCD)] — SCI.
SI la dudng cao ctia tam giac déu

SABnén SI = \/_
Trong tam giac IBC vuong tai B

IC = vVBC2+BI? = \/a2+—

V5
2
av/3
Trong tam giac SCI vuong tai I: tan SCI = g§ . \2/5 = @
2

Vay [SC, (ABCD)] — SCI = arctan (@)
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2. Tinh khoang céch tir B dén mat phéng (SAD).

Cé: AD 1 AB(ABCD la hinh vuong)
*“YAD 1 SI(iSI L (ABCD))

AD C (SAD) = (SAD) L (SAB).

Hai mat phang nay vuong goc véi nhau theo giao tuyén SA.

Dung BH | SAtai H= SH L (SAD).

Vay d (B, (SAD)) = BH = \/_ (Vi ASAB déu).

Trong mp(SAD) ké Hx || AD Trong mp(BC, Hx) qua C ké dudng thang song song vdi
BH cat Hx tai K thi CK 1 (SAD). Suy ra SK 1a hinh chiéu vudng goc ctia SC trén mat
phang (SAD) nén géc gitta SC va (SAD) la géc CSK.

= AD 1 (SAB).

Theo chiing minh trén thi BCKH la hinh binh hanh nén BH = CK = a\/—
Trong ASCI ¢6: SC = v/SIZ + IC2 = 5Z = av/2.

av/3
Co: smC/S\K—CK 2 —Lg:>C/S\K:arcsin\/T8.

SC a2 4
Két luan (SC, (SAD)> = arcsin \/TE

= CD L (SI]), ma CD C (SCD) = (SCD) L (SI)).

Co: CD L1I]
CD L SI

. Tinh goc hop boi SI va mp(SDC).

Hai mat ph:fmg (SCD) va (SI]) vudng goc véi nhau theo giao tuyén SJ.
Dung IL L S] = IL L (SCD). Suy ra SL la hinh chiéu vudng goc cta SI trén mat
phang (SCD).

Vay goc gitta ST ma mat phang (SCD) la goc ISL.

. 1 1 1 4 1 7 av/21
TrongtamgmcSI]co:m:IS—2+I—]2:3?+Q—2:@$IL: 7
av21
sinI/SI:E: 7 :2W:>L9/\L:arcsin2—ﬁ.
SI 43 7 7
2

, 2/7
Két luan (SI, (SCD)) — arcsin %_

. Xéc dinh va tinh géc hop bsi SA va mat phang (SCD).

Trong mat phang (SCD) ké Ly || CD.

Trong mp(AB, Ly) qua A ké dudng thang song song vdi IL cat Ly tai P thi AP 1 (SCD).
Suy ra SP 1a hinh chiéu vuéng goc ctia SA trén mp(SCD) nén goc gitrta SA va (SCD) la
goc ASP.

v/ 21
Theo chiing minh trén thi AILP la hinh binh hanh nén AP = IL = 4 7
av/21
— AP /21 — /21
Trong ASAP c6 sin ASP = SA = Z =7 = ASP = arcsin - .

Két luan: <SA, (SCD)) — arcsin g
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Géc giita hai mit phing

Pinh nghia 3. Pinh nghia géc giita hai mit phing
Goc gitta hai mat phang la goc gitrta hai duong thang 1an lugt vuong goc véi hai mat
phang.

Dé tim goc gitta hai mit phang, dau tién tim giao
tuyén cta hai mit phang. Sau dé tim hai duong
thang 1an luot thudc hai mat phang cting vuong
gbc voi giao tuyén tai mot diém. Goc gitta hai mat
phang la goc gitta hai duong thang vira tim. dy

Nhirng truong hop dac biét dé hay xay ra:
1. Trwuong hop 1: Hai tam giac can ACD va BCD ¢6 chung canh day CD, thi goc
gitta hai mat phing (ACD) va (BCD) la géc AHB.

2. Truong hop 2: Hai tam gidc ACD va BCD bang nhau c6 chung canh CD. Dung
AH 1 CD = BH 1 CD. Vay goc gitta hai mat ph:img (ACD) va (BCD) la goc
AHB.

3. Trwong hgp 3: Khi xdc dinh géc gitta hai mit phang khé qud, ta nén st dung
cong thuc sau:

d (A, mp(Q))

sin ¢ = )
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V6i ¢ 1a goc gitra hai mat phang (P) va mét phang (Q), A 1a mot diém thudc mat
phang (P) va a 1a giao tuyén ctia hai mat phang (P) va (Q).

4. Trudong hgp 4: C6 thé tim géc gitrta hai mat phang bang cong thirc S’ = S. cos ¢.

5. Truong hop 5: Tim hai duong thang d va d’ 1an lugt vuong géc v6i mat phang

(P) va mat phang (Q). Goc gitra hai mit phang 1a goc gitra d va d'.
6. Truong hop 6: Cach xac dinh géc gitta mat phang bén va mat phang day

(a) Budc 1: Xac dinh giao tuyén d.
(b) Bu6c 2: Tix hinh chiéu vudng goc cta dinh , dung AH | d

(c) Budc 3: Goc can tim la goc SHA.
V6i S 1a dinh, A 1a hinh chiéu vudng goc ctia dinh trén mat day.

F. Bai tap ren luyén

Bai 15. Cho hinh chop S.ABC c6 SA vudng goc voi mat day (ABC). Hay xac dinh goc
gitta mat bén (SBC) va mat day (ABC).

Loi giai.

Ta c6 BC la giao tuyén ctia mp(SBC) va mp(ABC). Tir hinh chiéu ctia S
dinh 1a diém A, dung AH L BC.

BeLs4a = BC 1L (SAH) = BC L SH
"\BC L AH |
Két luan géc gitrta hai mat phang (SBC) va (ABC) 1a géc SHA. A& C
>'H
B

Bai 16. Cho tit dién ABCD c6 AD 1 (BCD) va AB = 3a. Biét BCD la tam giac déu
canh 24. Tinh gbc gitra hai mat phéng:

a) (ACD)va (BCD). b) (ABC) va (DBC).

Loi giai.
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1. Tinh géc gitra hai mat phang (ACD) va (BCD).
Vi AD vudng gbc véi (BCD) nén hai mat phfmg (ACD) va
(BCD) vuodng gbc véi nhau, suy ra goc gitta ching bang 90°.

2. Tinh géc gitta hai mat phang (ABC) va (BCD). Duyng DE | BC DX C
tai E. £

. [BC L AD
Ta co: {BC | DE = BC L mp(SBC) = BC L AE.
Hai mat Rhéng (ABC) VE:,i (BCD) c6 BC la giao tuyén va hai
duong thang DE, AE lan luot thudc hai mat phang cung
vuong goc vdi giao tuyen BC. Nén goc gitta (ABC) va (DBC) la
goc gitta DE va AE chinh la goc AED.

\ B
Tam giac BCD déunén c6 DE = CT\/§ = a+/3.

Tam gidc ABD vuong tai D ¢6 AD = VAB?>—-DB? =

V942 — 442 = 4./5.

Trong AADE vuéng tai D, c6:

taru?ETDzAD :a\/g: 15:>1?ET):arctan 15 .
DE a\/§ 3

Bai 17. Cho hinh chép S.ABCD c6 day la hinh vuéng tdm O canh a, SA vudng goc véi
day ABCD, SA = a+/3. Tinh gbc gitta cac cdp mit phang sau:

a) (SAB) va (SBC). b) (SAD) va (SCD).
c) (SAB)va (SCD). d) (SBC) va (SAD).
e) (SBD) va (ABCD). f) (SBD) va (SAB).
g) (SBC) va (ABCD). h) (SCD) va (ABCD).
i) (SBD)va (SBC). i) (SBC)va (SCD).

Loi giai.
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1. Goc gitta (SAB) va (SBC)

Taco: JPC+AB = BC L (SAB)
A" \BC Lsa

= (SBC) L (SAB)vi(BC C (SBC)).

Vay géc gitta hai mit phang (SAB)

va (SBC) bang 90°.

2. Géc gitta (SAD) va (SCD)

Taco: 1SP+AD L op |

€ \ep L sa

(SAD) = (SCD) L (SAD) vi
(CD C (5CD)).

Vay goc gitta mat phang (SCD) va
mat phang (SAD) bang 90°.

3. Goc gitta (SAB) va (SCD)
Dung AH | SD, H € SD.
Taco AH L SDva AH L CDvi
CD 1 (SAD).
Tr do = AH 1
(5CD) )
Ngoai ra ta c6 AD L (SAB). St
dung cach xac dinh goc truong
hop 5, thi géc gitra hai mat phang
(SAB) va (SCD) la gbc gita hai
duong thang AH va AD chinh la

goc HAD.

Ta c6 DAH = DSA (vi cung phu
voi SAH).

tan DSA = 220 — 1 Dga —30°.

AS ~ /3

4. Goc gitra (SBC) va (SAD).
Dung AI L SB, I € SB.
Taco AI L SBva Al 1. CBviCB 1 (SAB).
Tir dé suyra AI L (SBC)
Ngoaira ta co AB L (SAD). Stt dung cach xac dinh goc truong hop 5, thi goc gitta hai
mét phang (SBC) va (SAD) la géc gitta hai duong thang Al va AB chinh la géc BAI.
Ta c6 BAI = BSA (vicung phu v6i goc SAI).

cOtan BSA = —B = — = BSA = 30°.

AS /3
Vay ((SBC), (SAD)) = BAI = 30°.

5. Goc gitta (SBD) va (ABCD).

BD 1 AC
{BD 1 SA
Hai mat phang (SBD) va (ABCD) c6 giao tuyén BD, hai duong thang AO va SO lan
luot thudc hai mat phang cing vudng goc vdi giao tuyen BD nén goc gitta hai mat
phing 1a géc giita AO va SO chinh la goc SOA.

-

Ta c6 = BD L (SAC) = BD L SO.
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av2
Ta co: tanS/éZ = AO 2

= — = @ = arctan

SO 4/3 6
Vay ((SBD),(ABCD)) = arctan (?)

B

6. Goc gitra (SBD) va (SAB).
Vi (SAC) L (SBD) theo giao tuyén SO. Dung A] L SO, ] € SO
Suyra A] L (SBD).
Tacé A] L (SBD), AD L (SAB) = ((SBD),(SAB)) = (A], AD) = DA].
o1 1 1 1 2 7 av/21
CapTastar w7
Vi A] L (SBD)= AJ L JD,]D C (SBD) = AAJD vuéng tai ] nén:

— Al V21 | <¢ﬁ)

cos DAJ = = —— = DA]J = arccos .

AD 7

21
Vay ((SBD), (SAB)) = arccos (g)
7. Goc gitra (SBC) va (ABCD).
Ta c6 BC L (SAB) = BC L SB.
Hai mat phéng (SBC) va (ABCD) c6 giao tuyén BCva AB 1 BC,SB 1 BC

= ((SBC), (ABCD)) = (AB,SB) = SBA = 60° (vi BSA = 30°).

8. Goc gitra (SCD) va (ABCD).
Tac6CD L (SAD) = CD L SD.
Hai mat ph:fmg (5CD) va (ABCD) co giao tuyén CDvaAD 1 CD,SD 1 CD

= ((SCD),(ABCD)) = (AD, SD) = SDA = 60° (vi DSA = 30°).

9. Goc gitta (SBD) va (SBC).
Taco Al L (SBC), A] L (SBD) = ((SBC), (SBD)) = (AL A)).
Ap dung hé thitc lugng trong cac tam gidc vudng SAB va SAO ta c6:

3q¢> 3a
A% =S]-SB [=—=—;
SA*=SI-SB=S oy 5
2 2
SAZ = §]-S0 = I = 24 _ 302 _3avld
50 \/SA2+A02 , 7
\/3a +—
AL-SB—SA-AB = Al = V310 _aV3
2a 2
aV/14
— S0 14
Trong tam giac vudng SBO tai O co cos BSO = B = 22a = \/4_
Trong ASJI co:
— 942 1842 3¢ 3av14 V14 94
2— 2 2_ . . [ _— _— . _
I]* =SI+S]J°—2S81-S] - cos BSO 1 + - 2 > 7 TR
Trong AAIJ c6:
, - 3a2+3a2 9a? /5 v
— A"+ AJ°—1] 4 7_5 227 — 27
[A] = = = [A] = — .
cos[A] 2AL- A i3 avol 7 = [A] = arccos 7

2.2V
2 7
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Két luan ((SBC), (SBD)) = ]/A\I = arccos (2—\7/7)

10. goc gitta (SBC) va (SCD).
Ta c6 ASBC = ASDC (Canh huyén - canh goc vudng).
Dung BK L SC, (K € SC) = DK L SC va DK = BK.
Hai mat ph:fmg (SBC) va (SCD) c6 canh SC chung nén:

((SBC), (SCD)) = (BK, DK) = BKD hodc 180° — BKD.
Xét ASBC vudng tai B co:
BS-BC BS - BC 2a-4a 2a

BK-SC =BS-BC = BK = = = = —.
5C VSAZ+AC?  V3a2+2a2 V5

Trong ABDK c6:
2 2 2 4a” + 4a” 2a®
——— BK2+DK2-BD? & T & " S <1)
BKD = - _ - BK, DK) = BKD = -
cos 7 BK. DK ) 2 4<0:>( , DK) arccos |
5

[

Bai 18. Cho hinh chép S.ABCD c6 day ABCD la hinh chit nhat AB = a, BC = 2a.
Canh bén SA vudng géc véi ddy va SA = a. Tinh goc gitta cac mat phang sau:

a) Goc gitta mdt bén va mat day. b) Goc gitra hai mat bén lién tiép.
c) Goc gitta hai mat bén ddi dién.
Loi giai.

1. Goc gitta cdc mat bén va mat day.

(SAB) L (ABCD)
(SAD) L (ABCD)
Vay goc gitta hai mat phang (SAB), (SAD) véi
mat phang (ABCD) bang 90°.

BC 1L AB,BC 1. SA = BC L SB.(dlba duong
vuong goc)

Hai mat phang (SBC) va (ABCD) ¢6 giao tuyén
BC nén goc cua chung la goc gitta SB va AB la
SBA.

Tam giac SAB vudng tai A c6 AB = SA nén
ASAB vudng can tai A, suy ra: SBA = 45°.
Suy ra ((SBC), (ABCD)) = 45°.

CD 1 AD,CD 1 SA = CD L SD. (dl ba
duong vudng goc)

Hai mat phéng (SCD) va (ABCD) c6 giao
tuyén CD nén goc cua ching la goc gitta SD

Taco SA 1L (ABCD) = {

va CD1a SDA. -
Tam giac SAD vudng tai A c6 tanSDA =
SA 1

AD 2

Suy ra ((SCD), (ABCD)) = SDA = arctan %
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2. Goc gitta hai mat bén lién tiép.
Goc gitra (SAB) va (SBC)
Ta co6 {BC AB = BC L (SAB) = (SBC) L (SAB) (vi BC C (SBQ)).
BC 1L SA
Vay goc gitta mat phang (SBC) va mat phang (SAB) bang 90°.
Goc gitra (SAB) va (SAD)
AD L AB = AD 1 (SAB) = (SAD) L (SAB) (vi AD C (SAD))
Ta co AD L SA .
Vay goc gitta mat phang (SAB) va mat phang (SAD) bang 90°.
Goc gitra (SAD) va (SCD)
, JCDLAD AD) = (SCD) L (SAD) (viCD C (5CD))
a CD L SA = CD L (S .
Vay goc gitta mat phang (SCD) va mat phang (SAD) bang 90°.
Goc gitra (SBC) va (SCD)
Goi I 1a trung diém SB, khi d6 AI L SBma BC L AI = AI 1 (SBC).
Dung AH L SD = AH L (SCD). ?
Vay goc gitta mat phang (SBC) va mat phang (SCD) la goc gitta AI va AH chinh 1a goc
TAH hoic 180° — TAH.
V3

Ta c6 ASAB vuodng can tai A nén SB = av/2, Al = > ; ASAD vudng tai A nén

SD = a+/5.

SA-AD 2a SB  av2 SA?2 45

AH-SD=SA-AD=> AH="""_ " .g1="" Y2 gy """ _ "V~
Sb =5 = SD A T S N

Ap dung dinh li cosin trong hai tam giac BSD va ISH ¢6 chung géc S.

COS§_SB2+SD2—BD2 20> +5a° — 54> _ /10
~ 2:SB-SD  2.4\2-a\5 10

2 2 2
2 P4 SH?-2.SI-SH-cos§= L+ % 5. aV2 aV5 VI0_ a?
H* =S+ SH ZSISHcosS—2—|—5 2 > 5 T
) ) a? N 4a%>  a? /o \/_
——  AI’ 4+ AH? — [H? 2 ?_E 10 10
cosAH = > AL AL = 2.L,2_” 5 — TAH = arccos 5
V2 /5
) — 10
Ket luan ((SBC), (SCD)) = IAH = arccos %,
3. Goc gitra hai mat bén déi dién.
Goc gitra (SAB) va (SCD)
Vi AD 1L (SAB)va AH L (SCD) nén goc gitta (SAB) va (SCD) la goc gitta AD va AH
la géoc nhon DAH.
Ta c6 tan DSA = ilS) 2; — 2 = DSA = arctan?2.
Vi goc DAH va DSA cung phu véi goc SAH nén DAH = arctan 2.
Goc giua (SBC) va (SAD)
Vi AB L (SAD)va Al L (SBC) nén goc gitra (SAD) va (SBC) la goc gitta AB va Al la
goc nhon BAI.

Ta c6 ASB = 45° = BAJ = 45°.
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Bai 19. Cho hinh chép S.ABCD c6 SA vudng goc v6i day ABCD la hinh thang vuéng
tai AvaD,co AB = 2a, AD = DC = a,dung AH | SC(H € SC), goi M la trung diém
cta AB. Goc gitta hai mat phéng (SCD) va (ABCD) bang 60°.

a) Tinh goc gitta SD va (SAB). b) Tinh goc gitta (SAD) va (SMC).
c) Tinh goc gitta (SBC) va (ABCD). d) Tinh goc gitra (SBC) va (SCD).
Loi giai.
Ta co cb L AD = CD 1 (SAD) =
T \cp1sa
CD 1 SD.

Hai mat phfmg (SCD) va (SAD) c6 SD la
giao tuyén nén goc gitta hai mit phang
(SCD) va (SAD) la goc gitta AD va
SD chinh la goc SDA = 60°, nén cé
SA = AD-tan60° = ay3, SD =
VSA? 4+ AD? = /342 + a2 = 2a.

1. Tinh goéc gitra SD va (SAB).
AD 1 AB

{AD 15A
Hinh chiéu vuéng goc cua SD lén mat
phang (SAB) la duong thang SA nén goc
gitta SD va (SAB) 1a géc DSA.
Suy ra (SD, (SAB)) = DSA = 30°.
Vay (SD, (SAB)) = DSA = 30°.

2. Tinh goc giL:Ia (SAD) va (SMC).
Hai mét phang (SAD) va (SMC) c6 diém chung S va c6 AD || MC nén giao tuyén cta
chiung 1a duong thang Sx va song song v6i AD va MC.

= AD L (SAB).

CMLAB M1 (SAB)= CM L SMmacCM | Sxnén SM L Sx. (1)
CM L SA
SA L ADma AD || Sxnén SA L Sx. )
Tir (1) va (2) suy ra (SAD), (SMC)) = (SA, SM) = MSA.
Tam giac ASAM vudng tai A cd tan ASM = AM v _ 1 ASM = 30°.
SA  a/3 3

Vay ((SAD), (SMC)) = ASM = 30°.

3. Tinh goc gitta (SBC) va (ABCD).
Trong tam giac ABC c6 CM la trung tuyén va CM = %AB = AABC vuéng tai C.
., [BC LSA
e {BC L AC
Hai mat phang (SBC) va (ABCD) ¢6 giao tuyén BC, hai dudng thang SC va AC lan
lugt nam trong hai mat phang cung vudng goc vdi giao tuyen BC, nén goc gitra (SBC)
va (ABCD) la goc gitta SC va AC la goc SCA.

= BC L (SAC) = BC L SC.

— SA SA 3
Trong tam gidc vuoéng SAC vudng tai A c6 tan SCA = = _ a3 _

e AC  JAB2+DC?2 av2
6

>
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Vay ((SBC), (ABCD)) = SCA = arctan g.

4. Tinh goc gitta (SBC) va (SCD).
BC L (SAC)
{BC C (SBO) = (SBC) L (SAQ).
Hai mat phéng (SBC) va (SAC) vuong goc voi nhau theo giao tuyén SC.
Dung AH 1 SC(H € SC) = AH L (SBC). (3)
Hai mat phang (SAD) va (SDC) vuéng géc véi nhau theo giao tuyén SD.
Dung Al L SD(I € SD) = AI L (SCD). 4)
Tix (3) va (4) suy ra ((SBC), (SDC)) = (AH, Al).

Hai tam gidc SAD va SAC vuong vuong tai A ta c

SA-AD aV3-a a3

SAZ 3&2 3a
SA%>=SI- SD:>SI_SD = =5
SA-AC — AH.SC —> A — 24-AC _«a 3-av2 _ a\/@;
SC LZ\/B 5
2 2
SAZ:SH~SC:>5H:£:3‘1 :3_41.
SC /5 5
—<= SD  2a 2
Tam giac SAC vuong tai D ¢6 cosCSD = — .
° 5 sC QVA§ V5

Ap dung dinh li cosin trong hai tam gidc STH va AIH.

— 942 2 2
IH? = SI> + SH? — 2SI - SH - cosCSD_9i+ a7, % 3a 2 9

4 5 2 V5 5 20
30> 6a> 94>
COS@_AIMAHZ—IHZ_TJF?—g:m
2-Al-AH , 03 av30 4
2 5

V10
suy ra [ TAH nhon va [ TAH = arccos 1

Vay ((SBC),(SDC)) = IAH = arccos @.

O]

Bai 20. Cho hinh chép ti gidc déu S.ABCD c6 canh day bang a, mat bén hop véi day
g6c 60°. Tinh géc gitta cic mat phang:

a) (SAB)va (SCD). b) (SAB) va (SBC).

Loi giai.
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1. Tinh goc gitra hai mat phéng (SAB)va

CHUONG 3. QUAN HE VUONG GOC TRONG KHONG GIAN

(SCD),
Goi O la tam day va I, H lan luot la
trung diém AB, CD.
(SCD) N (ABCD) = CD
Taco { OH L CD,0OH C (ABCD)
SH 1 CD,SH C (SCD)

— ((SCD), (ABCD)) = SHO = 60°.

Tam giac SHO vuong tai O.
tanSHO = 22 = S0 = OH-
tan 60° = %g.

S € (SAB)N (SCD)
Tacé { AB | CD

AB C (SAB),CD C (SCD)
= (SAB)N (SCD) = Sx(Sx || AB ||
CD).
AB 1 ST = SI L Sx,CD L SH =
SH 1 Sx -
Suyra ((SAB),(SCD)) = ISH.
Vi ASIH can tai S ¢6 SHI = 60° nén
ASIH déu nén ISH = 60°.
Vay ((SAB),(SCD)) = ISH = 60°.

. Tinh goc gitta hai mat phéng (SAB) va (SBQ).

Ta c6 (SAB) N (SBC) = SB.

Vi S.ABCD 1a hinh chép déu nén cdc mat bén 1a cic tam giac can bang nhau do do
ASAB = ASBC.

Tir Aké AK L SB thi CK L SB. Suy ra: ((SAB), (SBC)) = (AK, CK).

a3\ (av2)’
Trong tam gidc SOB vuong tai O, ¢6 SB = v S0? + OC? = - + ) =
av/5

2
1 1 SI-AB .
Trong tam gidc SAB ¢6 Sasap = 5SI- AB = SAK-SB = AK = == = 5\/% -
2
2a
V5 )
Tam gidc ACK can tai K tit chitng minh trén, nén AK = CK = 7%.
2 2 2 407 + 407 2a?
. —— AK Ks— A 5 5§
Ap dung dinh li cosin trong tam gidc AKC. cos AKC = 2—;5_; CK C_5 i Zuz =
5

1
—— < 0.
4<

1
Suy ra (AK, CK) = arccos T
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Vay ((SAB), (SBC)) = arccos 1

4
O
Bai 21. Cho tam gidc déu ABC canh 4 ndm trong mit phang (P). Trén cac dudng thang
vuong goc voi (P) vé tu B va C lfay cac doan BD = #, CE = av/2 nam cung mot bén

déi véi (P).
1. Ching minh tam gidc ADE vuéng. Tinh dién tich tam giac nay.
2. Tinh goc gitta hai mat phrfmg (ADE) va (P).

Loi giai.

. ) CE
1. Goi F 1a trung diém cua CE c6 FE = FC = - =

av2

2
Ap dung dinh ly Pi-ta-go cho cac tam giac ABD,
ACE, DEF.
2 2 ) 32
o AE?=AC*+CE?*=3a.
e DE2=DF?+FE?= 3%
Trong tam gidc ADE ¢6 AE?> = AD? + DE? =
3a%>  3a® 5
— + — = 3a“.

Vay tam giac ADE vuong tai D.

2. ViBD L (ABC), CE 1 (ABC)nén tam giac ABC la hinh chiéu vudng géc ctia tam giac
ADE.
Khi d6 mat phang (ABC) chinh 1a mit phang (P).
Goi ¢ 1a goc gitta hai mat phang (ADE) va mp(P). Khi d6

ABYS 23 /3

SaABC 1 a%+/3 3

SAABC = COS PSAADE = COS ¢ = SAADE =7 4 = 22 — 5
—DE-DA il
2 2=

OJ

Bai 22. Cho hinh chép S.ABCD c¢6 day la hinh vudéng canh a. SAB la tam gidc déu va
(SAB) L (ABCD). Tinh goc gita:

1. (SCD) va (ABCD).
2. (SCD) va (SAD).

Loi giai.
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Goi E, F lan luot la trung diém cta AB, CD.
C6 SE 1. AB (ASAB déu)
= SE 1 ABCD.

, JCDLEE | oh | (SEF)= CD L SF
°YcD L SE '

Vay [(SCD), (ABCD)] = SFE.
Trong tam gidc ASEF vuong tai E: tan SFE = Z_I]:-:

V3

>

Tacs P HEE L ep | (sER) = (5CD) L (SEF)
a9%cp 1L sE '

Dung EI L SF (I € SF) = EI L (SCD) = d(E,(SCD)) = EI.
Trong tam gidc ASEF vuodng tai E ta c6

1 1 1 4 1 7 av/3
= — 4o - L Eg="2
EP ES EF2 32 a2 32 7
21
Vi AE || CD nén AE || (SCD) = d(A, (SCD)) = d(E, (SCD)) = ~ ‘;_
2 2
Tac6 SD? = SE2 + ED? = SE2 + EA2 + AD? = 3%+“Z+a2 — 242,

2
Dung AH 1 SD (H € SD),vi ASAD cantai Anén AH? = \/SA2 — SH2 = /a2 — - =

av/2
=
Tacé (SAD)N(SCD) = SD; A € (SAD);

a

d(A,SD) = AH = #; d(A, (SCD)) = “\éﬁ.

Goi ¢ la goc gitra hai mat phéng (SAD) va (SCD).
Str dung cong thic tinh goc & truong hop 3 ta dugc

av?21
. d(A, (SCD v/ 42 . 42
sin g = (d(A(,SD))) = a\7/§ = . = ¢ = arcsin (7>

2

]

Bai 23. Cho tua dién S.ABC, hai mat phéng (SAB) va (SBC) vuong goc nhau, c6 SA
vuong géc véi mat phang (ABC) biét SB = av/2, BSC = 45°, ASB = «.

1. Chung minh BC vuong goc vdi SB.
2. Xac dinh « dé hai mat ph:fmg (SAC) va (SBC) tao v6i nhau mot goc 60°.

Loi giai.
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1. Chuang minh BC vuong goc voi SB.

ViSA 1 (ABC)nén (SAB) L (ABC) (1).
Theo dé bai (SAB) L (SBC) ().
Va (ABC) N (SBC) = BC (3).

T (1), (2) va (3) suy ra BC 1 (SAB) = BC L SB (hai
mat phang cung vuong goc voi mat phang thabathi A
giao tuyén ctia ching cling vudng goc v6i mat phang

thu ba).

2. Xac dinh « dé hai mat phéng (SAC) va (SBC) tao véi nhau mét goc 60°.
Dung AE 1 SBtai E. Dung AF L SCtaiF.
Theo cau a) thi AE | (SBC) = AE 1 SC.
Vay SC L (AEF) = SC L EF.
Hai duong thang AF va EF thudc hai mat phang (SAC) va (SBC) ciing vudng goc v6i
giao tuyén SC nén [(SAC), (SBC)] = AFE = 60°.
Ta c6 A AEF vuong tai E (vi AE L (SBC) = AE L EF)c6 AE = EFtan60° = EF - V3.
Xét A SAE c6 AE = SE tana.
SEV2

Xét o SEF c6 EF = SEsind5® = —
V6

Ev?2
SuyraAE:EP-\/g(:)SEtanoc:%-ﬁ@tamzx:T:a:arc’camg.

Bai 24. Cho lang tru dung ABC.A’B’C’ ¢6 day ABC la tam giac can v6i AB = AC =g,
BAC = 120°, BB’ = a. Goi I la trung diém cta CC'.

1. Chiing minh rang tam gidc AB'I vudng & A.
2. Tinh cosin ctia goc gitta hai mat phang (ABC) va (AB'I).

Loi giai.
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A’ c’
1. Goi H la trung diém cta BC. Vi AABC can tai
AnénAH L BC.
Do BAC = 120° = ACH = 30°.
Xét ANACH vuong tai H co

AH:Ac-sinXé?I:g

>

CH:AC-COSA/C?I:[ZT
= BC = 2CH = a/3.

e Xét AB'C'I vuodng tai I nén IB'? = B/'C"? +
1o _ 134
=7
e Xét AABB’ vuéng tai Bnén AB'2 = AB? +
BB"? = 242

e Xét AACI vudng tai C nén AI?> = AC? +
5a?
IC? = —.
4
4 ? ” 2 _ 132 ; .
Ta thay IB” = AB” 4 AI* = o Chung to

AB'AI vuodng tai A.

1 2 1 2
2. TaCéSAB’AIZE'AH'BC:afVéSAABCZE'AH'BC:a;/g.

Goi « la goc gitta hai mat phang (ABC) va (AB'I).
V3 @YD /30
4 7 4 10

Ta cod SAaapc = SAAp - COSA = cosx =

Bai 25. Trong mit phang (P) cho hinh vuéng ABCD canh a. Lay hai diém M, N thudc
CBva CD. Pat CM = x, CN = y. Trén dudng thang vuéng goéc vi mat phang (P) tai
diém A ldy mot diém S. Tim lién hé gitta x, y dé

1. <(SAM), (SAN)) — 45°,

2. (SAM) L (SMN).

Loi giai.
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1. ViSA 1 (ABCD) = SA 1. AM,SA 1L AN.
Hai mat phéng (SAM) va (SAN ) cO glao tuyén la
SA.Nén goc gitra hai mat phang la goc gitta AM
va AN chinh la goc MAN = 45° < Az = 45°.
TacoA1+A2+A3 =90° = A1+A3 = 45°.
Lai c6

tan A; + tan Az tan A1 + tan Aj
1 —tan A - tan Az 1—tanA;-tan Az “>

tan(Aq + Asz) =

Xét trong hai tam giac vuong ABM va ADN c6

BM a—x DN a-—vy B
tanAl = m = — tanAz— E = p (2)
Thay (2) vao (1)
a—x a-—
+ y
a a =1
1_a—x‘a—y
a a

& aRa—x—y)=alx+y)—xy
& 2a% =2a(x +vy) — xy.

Vay lién hé gitra x, y 1a 24> = 2a(x + y) — xy.

2. Taco SA 1L (ABCD) = (SAM) L (ABCD). Gia stt (SMN) L (SAM) thi hai mat
phang (ABCD) va (SMN) cung vudng géc v6i (SAM) nén giao tuye tuyén cta ching la
MN vuong goc voi ‘mat phang (SAM). Suy ra MN L AM hay AMN = 90°. Liic d6
M1+M3 =90° = M3 = A1 nén co

tan Mz = tan A] & % _ ).

Vay lién hé gitra x, y 1a x2 = a(x — y).
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Bai 5. KHOANG CACH TU MOT DIEM DEN MAT PHANG

A. Phuong phap giai toan

Bai toan tinh khoang cach tir mot diém dén mot mat phang, 1a mot dang todn rat quan trong
trong chuong vudng goc cta 16p 11 va la mot phan hay ra trong dé thi Dai hoc. Dé giai quyét
van dé nay cac ban phai thanh thao hai cong cu sau va né lién quan v6i nhau.

Bai toan 1. Tinh khoang cach tir hinh chiéu vuéng géc ctia dinh dén mot mat bén
Phuong phap xac dinh khoang cach tir hinh chiéu ctia dinh dén mot mat phang bén.

e Budc 1. Xac dinh giao tuyén A.
e Budc 2. Tir hinh chiéu vudng géc ctia dinh, dung AH | A (v6i H € A).

e Budc 3. Dung Al L SH (v6i I € SH). Khoang cach can tim la AL
V6i S 1a dinh, A 1a hinh chiéu vudng goc ctia dinh trén mat day.

Ba budc dung ¢ trén la su dung tinh chat: Hai mat phang vuéng goc voi nhau, néu mot

duong thang nam trén mat phang nay vudng goc voi giao tuyen thi sé vuong goc vai mat

phang kia.

Day la bai todn co ban nhung vé cung quan trong trong viéc tinh khodng cdch tix mét diém dén mot

mit phang. Hau nhu tinh khodng cdch tir mot diém bat ki dén mdt phiang bén déu thong qua diém

nay dya vao cong thirc cua Bai todn 2.

Vi du dién hinh: Cho hinh chép S.ABC ¢6 SA vudng goc véi day (ABC). Hay xac dinh

khoang cach tir diém A dén mat bén (SBC).

Loi giai.

Ta c6 BC 1a giao tuyén ctia hai mat phang (SBC) va (ABC). S

Tir hinh chiéu ctia dinh 1a diém A.

Dung AH 1 BC tai H. Dung AI L SH tail.
{BC 15A

BC 1 (SAH BC) L (SAH).
BCJ_AH:> C L (SAH) = (SBC) L (SAH)

Mat phang (SBC) vudng goc véi mat phang (SAH) theo giao
tuyén SH c6 AI 1. SHnén Al | (SBC).
Vay d (A, mp(SBC)) =

Bai toan 2. Tinh khoang cach tir mét diém bt ky dén mét mat phang
Thuong st dung cong thiic sau:
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A d
o P
K
o
M

o d (M,mp(P)) MO
Cong thuc tinh ti 1€ khoang cach d (4, mp(P)) =10
0 cong thiic trén can tinh khoang cach tir diém M dén mat phang (P).
Phuong phép phai tim mot duong thang d qua M va chita mot diém A ma c6 thé tinh khoang
cach dén mat phang (P). Kinh nghiém thudng diém A 1a hinh chiéu ctia dinh.

B. Bai tap mau

Bai 1 (Dv bi Pai hoc khoéi D-2002). Cho hinh chép S.ABC c6 day ABC la tam giac
déu canh a, canh bén SA vuéng goc véi day. Tinh khodng cach tir diém A dén mat
av/6

phang (SBC) theo a, biét SA = —

Loi giai.

Goi E la trung diém ctia BC thi BC L AE (vi ABC déu).
Dung AF | SE tai F.

C6 BC L SA, BC L AEnén BC L mp(SAE).

Suy ra (SBC) L (SAE).

Mp (SBC) vudng goc voi mp (SAE) theo giao tuyén SE ¢6
AF 1 SE.

Suyra AF L (SBC).

Vay d (A, (SBC)) = AF.

Trong tam giac SAE ¢o

11 N 12 +4 2
AF2  AS2  AE2 342 342 42
2
:>AF:%.
av2

Kétluan d (A, (SBC)) = AF = -
O

Bai 2 (Dé thi TSDH Khéi A-2011). Cho hinh chép S.ABC c6 ddy ABC la tam giac
vuong tai B, BA = 3a, BC = 4a; mat phang (SBC) vudng goc véi mat phang (ABC).
Biét SB = 2a+/3 va SBC = 30°. Tinh thé tich khéi chép S.ABC va khoang cach tir diém
B dén mat phang (SAC) theo a.

Loi giai.
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Nhan xét. H la hinh chiéu vuéng goc ciia dinh va diém B ciing nam trén duong thang cé giao diém
vdi mit phing (SAC) tai C. Nén budc ddu tién ta phdi tinh khodng cdch tir H dén mdt phing (SAC),
sau do st dung cong thitc t s6 khodng cdch dé'tinh khodng cdch tir diém B.

Goi H la hinh chiéu vuéng goc caa S 1én BC.

Do mp(SBC) L mp(ABC) nén SH L mp(ABC).
Trong ASBH vudng tai H co:

SH = SB-sin30° = av/3, BH = SB - cos 30° = 3a.
Dung HG 1L AC tai G.

Dung HK 1 SG tai K.

, JACLHG e | mp(SHOG)
“©Yac 1 sH mp '

— mp(SAC) L mp(SHG) (vi AC C mp(SAC)).
Va (SAC) N (SHG) = SG = HK L mp(SAC).
Vay d (H, mp(SAC)) = HK.

Ta

, GH CH a 3a
Trong ASHG vuong tai H ta c6
1 1 1 25 1 28 3a\/7
p— = —_— —_— T — HK p— .
HKZ  HGZ T HSZ 922 322 922~ 14

d (B, mp(SAQ))

Hai diém H va B nam trén duong thang cé giao diém véi mp(SAC) tai C nén c6

d (H,mp(SAC))
BC _y
HC
Vay d (B, mp(SAC)) = 4d (H, mp(SAC)) = 6“7\/7 . O

Bai 3. Cho hinh chép S.ABC c6 ddy la tam gidc vuéng tai A véi BC = 24, ABC = 60°.
Goi M la trung diém BC. Biét SA = SB = SC = a+/5.

1. Tinh chiéu cao ctia hinh chép.

2. Tinh khoang cach tir M dén mat phang (SAB).

Loi giai.
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1. Tinh chiéu cao ctia hinh chép.
Vi AABC vudng tai A, M la trung diém ctia BC nén ta c6 MA = MB = MC. (1)
Theo dé SA = SB = SC. (2)
Tir (1) va (2) suy ra M la hinh chiéu vudng goc cua S 1én mat phéng (ABC).
Vay d (S, (ABC)) = SM.

2
Trong ASBM 6 SM = /SBZ — BM? = 1/ (av/5)” — a2 = 2a.
2. Tinh khoang cach tir M dén mat phang (SAB).
/N M 1a hinh chiéu vudéng goc ciia dinh S trén mit phing (ABC).
Ké MF | ABtai F.Ké MG L SF tai G = MG L (SAB).

MAB la tam gidc can c6 géc 60° nén MAB déu = MF = %.
Trong tam giac vuong SMF ta co

1 1 1 1 1 2a\/3
MG? SM?2  MF?2  (2a)? <a\@>2 V19
2

]

Bai 4. Cho hinh chép ti gidc déu S.ABCD c6 day ABCD la hinh vuéng tam O, AB =
2a, SA = 4a. Tinh

1. Khoang cach tir O dén (SAB).
2. Khoang cach tir A dén (SCD).

Loi giai.

1. Khoang céach tir O dén (SAB).
Theo dé bai thi SO | (ABCD). Dyng OI | ABtailthi AB 1 (SIO) = (SAB) L (SIO).
Hai mat phang nay vuong goc véi nhau theo giao tuyén SI.
Dung OH L SItai H. Suy ra OH L (SAB). Vay d (O, (SAB)) = OH.
OI 1a duong trung binh cia ABAD = OI = %AD = a.

Trong ASAO vudng tai O ¢6 SO = VSA2 — AO? = /1642 — 242 = a+/14.
Trong ASOI vuong tai O, ta c6
1 1 1 1 1 15 ~av210

oz " or ‘o T @ T2 1a2 M5
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2. Khoang cach tir A dén (SCD).

Vi S.ABCD 1a hinh chép déu nén khoadng cach tir tim O dén cdc mat bén bang nhau,

6 d (O,(SAB)) = d (O, (SCD)) = OH =~ 1?0.

Hai diém A va O nam trén dudng thang c6 giao diém véi mat phang (SCD) tai C, nén
L d(A,(sCD) _AC

d(0,(scD)) AO
Vay d (A, (SCD)) = 2-d (O, (SCD)) =

Za\/m
15
]

Bai 5. Cho hinh chép S.ABCD c¢6 day ABCD la hinh vudng tdm O, canh bang a, SA
vuong goc véi day. Goc tao bdi SC va mat phang (SAB) bang 30°.

1. Tinh khoadng cach tir diém A dén mat phfmg (SBD).
2. Tinh khoang cach tir diém C dén mat phang (SBD).

3. Tinh khoang cach tir trung diém I cta SC, trong tdm G ctia tam gidc SCD dén
mit phang (SBD).

4. Tinh khoang cach tir O, I va G dén mat phang (SAB).

Loi giai.

. Tinh khoang cach tir diém A dén mit phang (SBD).

v, [CB L AB
"\cB L sa

N (sc, (SAB)) — (sc/?B) — CSB = 30°.
Trong ASBC vudng tai B ¢6 SB = BC - cot30° = av/3.
Trong ASAB vudng tai A c6 SA = V/SB2 — AB2 = \/3a2 — a2 = aV/2.

(SA L BD
{ = BD 1 (SAC) = (SBD) L (SAC).

= CB 1 (SAB). Do d6 SB 1a hinh chiéu ctia SC lén mat phffmg (SAB).

T.

T4ac 1D
Trong mat phang (SAC), ké AH | SO = AH | (SBD) = d(A,(SBD)) = AH.
Trong ASAO vudng tai A c6

A2 SA AR T T2 T T

1 1 1 1 2 5 av'10
5
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10
Vay d (A, (SBD)) = ”f.
2. Tinh khoang cach tir C dén mit phang (SBD).
Vi hai diém A va C ndm trén dudng thang c6 giao diém véi (SBD) tai O nén ta c6
d(C,(SBD) _CO .
d(A,(SBD)) AO

Suy rad (C,(SBD)) = d (A, (SBD)) =

av/'10
T

3. Tinh khoang cach tir I va G dén mat phang (SBD).
Vi hai diém I va C nam trén duong thang c6 giao diém véi (SBD) tai S nén ta c6
d(I(SBD)) IS 1

d(C,(SBD))  CS 2

Do d6 d (I, (SBD)) = %d (C,(SBD)) = ”\1/01_0.

Vi hai diém I va G ndm trén dudng thang c6 giao diém véi (SBD) tai D nén ta c6
d(G,(SBD)) _ GD _ 2

d(I,(SBD)) _ ID 3’
Suy ra d (G, (SBD)) = %d(l, (SBD)) =

av/10
15

4. Tinh khoang cach tir O, I va G dén mit phang (SAB).
Theo cau a) ta co CB 1 (SAB) = d(C, (SAB)) =CB =u.

Vi hai diém I va C nam trén duong thang c6 giao diém v6i mat phang (SAB) tai S nén
d(I,(SAB)) IS 1

d(C,(SAB)) ~ CS 2
— d(I,(SAB)) = %d(C, (SAB)) = g
Vi hai diém O va C nam trén duong thang c6 giao diém véi mat phang (SAB) tai A nén
d(O,(SAB) 0A 1
d(C,(SAB)) CA 2
— d (O, (SAB)) = %d(C, (SAB)) = g
ViCE || ABnénd (C,(SAB)) = d (E, (SAB)) = a.

Vi hai diém E va G nam trén duong théng c6 giao diém vGi mat phéng (SAB) tai Snén
d(G,(SAB)) GS 2

© I(E,(SAB) _ES 3
— d(G,(SAB)) = %d(E, (SAB)) = 23“

Thong qua bai tdp nay cdc ban thdy mau chét chit yéu ciia bai todn la dua vio khodng cdch tir hinh
chiéu ciia dinh & ddy la diém A, sau dd sir dung cong thitc tinh t1 1¢ khodng cich. O

Bai 6. Cho hinh chép S.ABCD c6 day la nira luc gidc déu noi tiép duong tron duong
kinh AD = 2a, SA vudng géc véi day (ABCD) va SA = a+/6.

1. Tinh khoang cach tir A, B dén (SCD).
2. Tinh khoang cach tir AD dén (SBC).
Loi giai.

1. Tinh khoang cach tir A, B dén (SCD).
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. _[CD 1L AC CD 1 (SAC)
Theo dé bai ta ¢o

CD L SA CD C (SCD)
sC.
Ké AH L SC (H € SC) =
AH 1 (SCD).

Do dé d(A, (SCD)) = AH.
Xét tam giac vudong ACD co

AC = +AD?2-CD? =

V4aa2 — a2 = g+/3.

Xét tam giac vuong SAC co
S T

AHZ —  SAZ  AC?

11 _ 4

a2 = 3a2 342

— AH = #

Goi M la trung diém AD thi
BM || CD

— BM || (SCD).

Goi {0} = AC N BM

N d(B, (SCD)) -
d(0, (SCD)).

Vi {C} = AON(SCD) va

oC = %AC
nén  d(O,(SCD))

1 a\/§
Vay d(B, (SCD)) = %3.

. Tinh khoang cach tor AD dén

(SBC).
Vi AD || BC = AD || (SBC)

= d(AD, (SBC)) =

d(A, (SBC)).

Ké AK L BC (K € BC).

BC L AK _ {BC 1 (SAK)

BC L SA BC C (SBC)

Ké A] L SK(J € SK) = AJ L (SBC). Dodo d(A,(SBC)) = AJ.
/ 2
Xét tam gidc vuong SAK ¢6 AK = vV AB? — BK? = y/a? — <g> = _a\z/g'
1 1 1 4 av/21
Xé ia O : = - 4= )
ét tam giac vuong SAK co AR~ sAz + Yo + 32 =
av'21
7

= (SBC) L (SAK) theo giao tuyén SK.

Ta co

Vay d(AD, (SBC)) =

= (SCD) L (SAC) theo giao tuyén

Bai 7. Cho hinh chép S.ABCD c¢6 day ABCD la hinh vuong, SA = a va vudng goc voi
mat phang (ABCD). Goi M, N 1an lugt 1a trung diém AD, DC. Géc gitta mat phang
(SBM) va mat ph;fmg (ABCD) bfZ\ng 45°. Tinh khoang cach tir D dén mat phffmg (SBM).

Loi giai.
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Goi H la giao diém cta BM va AN.
Ta c6 ADAN = AABM (c.g.c) = DAN = ABM ma ABM + AMH = 90° = HAM +
AMH = 90° = AHM = 90° hay BM L AN.
o [BM LAN

7o {BM L SA
BM la giao tuyén cuia (SBM) va (ABCD). ]
Khi d6 goc gitra mat phang (SBM) va mét phang
(ABCD) bang goc gitra hai duong thang AN va SH
hay SHA = 45°.
Tam giac SAH vuong can tai A = AH = AS = a.
Xét tam giac vuong ABM co

1 1 1 & AB?2 = 5AH? & AB =

AHZ ~ AMZ T AB?
AHW5 = a+/5.

Dung Al | SH (I € SH). Hai mat phang (SBM) va
(SAN) vudng goc voi nhau theo giao tuyén SH

= Al 1 (SBM) = d(A,(SBM)) = Al

= BM L (SAN) = BM L SH.

H AHvV2
Xét tam giac vuong SAH c6 Al = ST = 2\/_ =
ay/2
2

Hai diém A va D ndm trén dudng thang c6 giao diém véi mat phang (SBM) tai M véi M
X e o dD,(SBM)) _ DM _ _ _
la trung diém cua AD, nén c6 d(A, (SBM) ~ AM 1 = d(D,(SBM)) = d(A,(SBM)) =

av/2
2
Vay d(D, (SBM)) = %E 0

Bai 8. Cho hinh chép S.ABCD c6 day la ABCD hinh vuéng tam O canh a, SA vuéng
goc voi mat day (ABCD) va SA =a.Goi [, | lan luot 1a trung diém SC va AB.

1. Chiing minh rang IO L (ABCD).
2. Tinh khoang céch tir I dén CJ.
Loi giai.
1. Ching minh rang IO L (ABCD).

Ta c6 OI la duong trung binh cia ASAC
OI || SA

SA 1 (ABCD)
= OI L (ABCD).

2. Tinh khoang cach tir I dén CJ.
Ké OH L CJ tai H.
Taco 199 Loy L wony = o) LH =
a
“cjLoH
d(1,CJ) = IH.

Goi {G} = BONCJ suy ra G la trong tam cia B C

AABC.
Ta c6 OG = %OB - #-




196 CHUONG 3. QUAN HE VUONG GOC TRONG KHONG GIAN

1 1 1 20 a
Xét tam giac vuong COG co O OC2 OG2 u_2 = OH = —\/2_
a2 a\/
Xét tam giac vuong OIH ¢6 [H = VOH? + OI? = % _|_ adl
Vay d(I,CJ) = IH = ”Vlo :

Bai 9. Cho hinh lang tru dung ABC.A'B'C' c6 AA’ = a, ddy ABC la tam giac vuong
tai A c6 BC = 2a, AB = a\/3.

1. Tinh khoang céch tir AA’ téi mat phang (BCC'B/).
2. Tinh khoang cach tir A t6i (A’BC).

3. Chuing minh rang AB L (ACC’'A’) va tinh khoang cach tir A’ dén mat phang
(ABC)).

Loi giai.

1. Tinh khoadng cach tir AA’ t6i mat phang (BCC'B’).
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Dung AH 1 BC tai H, ta co:

AH 1 BC - ARG A
, = AH 1 (BCBC) = .
AH 1 BB
d(A,(BCB'C)) = AH. ,
AABC vuéng tai A ¢6: AC = vBC2 — AB2 =a LN
3-a a\/_ /,’:/\G\K B/ N \
211 4 ,//:/’/ \\\ \\
Két luan d(A4, (BCB’C’)) = AH = %5 c
Vi AA’ || BB' = AA’ || (BCC'B)
= d(AA’,(BCB'C")) = d(A,(BCB'C')) = AH = ~\
av/3 ~ o
2 H

Vay d(AA’, (BCB'C')) = ”f B
2. Tinh khoang cach tir A t6i (A BC).

~ (BC L AH
Ta co: , = BC 1 (AAH) =
BC L AA

(A'BC) L (A'AH).
(A’BC) N (A’AH) =
Dung AK L A'H,(K € A'H) = AK L (A'BC).
Do dé d(A, (A’BC)) = AK.
Trong AA’AH vudng tai A co:
1 1 17 av/21
7

A2~ AR T am T e~ K=
V21
Vay d(A, (A’BC)) = AK =~ .

3. Chiing minh rang AB 1 (ACC'A’).
) {AB 1 AC
a Co:

AB L AA
Tinh khoang cach tir A’ dén mét phéng (ABC).
AB 1 (ACC'A"y = (ABC') L (ACC'A)).
(ABC') N (ACC'A"y = AC'.
Dung A'l L AC' = A'T 1 (ABC).
Do dé d(A', (ABC')) = A'l
Trong AAA'C’ vudng tai A’ co:
1 1 1 2 a\/2

= AB L (ACC'A").

A/IZZAA/2+A/C/2 2:>A/I: 2 :
2
Vay d(A, (A'BC)) = A'I = %

[

Bai 10. Cho hinh chép S.ABCD c¢6 day ABCD la hinh vudéng tdm O, canh 4, SA L
(ABCD) va SA = av/3.

1. Tinh khoang cach tir A dén mét phang (SBC).
2. Tinh khoang cach tir O dén mat phang (SBC).

3. Tinh khoang cach tir trong tam ctia tam gidc SAB dén mat phang (SAC).
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Loi giai.

1. Tinh khoang cach tir A dén mat phang (SBC).
) {BC 1 AB
a Co:

BC 1 (SAB BC) L (SAB).
BCLSA:>C (SAB) = (SBC) L (SAB)

Hai mit phang nay nady vudng géc véi nhau theo
giao tuyén SB.

Ké AH 1 SBtai H= AH 1 (SBC).

Vay: d(A, (SBC)) = AH.

Trong ASAB ta co:

1 1 1 1 1 4
AH?  AB? + SAZ g2 + 3a2  3a2
a\/g
—

Két luan: d(A, (SBC)) = #

2. Tinh khoang cach tir O dén mat phang (SBC).
Hai diém A va O nam trén duong thang c6 giao
diém v6i mét phang (SBC) tai B.Nén ta c6:

d(O,(SBC)) ~ OC 1 B
m =S¢ = 5 = dO6BO) =
—d(A (SBC)) = ”\f

\/_

3. Tinh khoang cach tir trong tdm ctia tam giac SAB dén mit phang (SAC).
BD 2
Tac6 BO L (SAC) = d(B,(SAC)) = BO = —~ %
Hai diém B va G nam trén duong thang c6 giao diém véi mat phang (SAC) tai I véi I
1a trung diém ctia SA.
d(G (SAC) _GI 1 f

Vay d(G, (SAC)) = %.

OJ

Bai 11. Cho hinh chép S.ABCD c¢6 day ABCD la hinh vuéng canh a, SA =avaSA L
(ABCD).

1. Goi I 1a trung diém ctia SD. Ching minh Al | (SCD).

2. Tinh khoang cach tir trong tam ctia tam giac SBC dén mat phang (ABCD).
Lai giai.
1. Chung minh AI 1 (SCD).

CD 1L AD
5 CD 1 (5CD SAD) L (SCD).
TaCO{CDJ_SA: ( ) = ( ) L ( )
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Hai mit phang nay vudng goc v6i nhau theo
giao tuyén SD.

Mat khac AI L SD vi tam gidc SAD can tai A.
Suyra AI L (SCD).

2. Tinh khoang cach tir trong tdm ctia tam giac SBC
dén mat phang (ABCD).
Goi H la trung diém cua BC.
Hai diém S va G nam trén duong thang c6 giao
diém v6i mat phang (ABCD) tai H nén c6:

d(G,(ABCD)) _GH _1 Ry
d(S,(ABCD)) _SH 3 d(G, (ABCD)) = gd(f, (ABCD)) =

Vay d(G, (ABCD)) = g

O]

Bai 12. Cho hinh chép S.ABCD c6 ddy ABCD la hinh chit nhat véi AB = a, AD = 2a,
SA =avaSA L (ABCD).Goi I, M lan luot 1a trung diém caa SC, CD.

1. Tinh khoang céch tir A dén mat phang (SBD).
2. Tinh khoang cach tir I dén mat phang (SBD).
3. Tinh khoang cach tir A dén mat phang (SBM).

Loi giai.

1. Tinh d(A, (SBD)).
Ké AO L BD taiO.
CoBD L AOvaBD 1L SA= BD 1 (SAO) = (SBD) L (SAO).
Hai mit phang nay vuéng géc véi nhau theo giao tuyén SO.
Dung AH 1L SOtai H= AH 1 (SBD).
Vay d(A, (SBD)) = AH.

Trong tam giac ABD co:

1 1 1 1 1 5
AO?  AB? +AD2 a2 +4a 4q2
Trong ASAO cé:

11 N 15 L+ 1
AH? ; AO? ' SA? 44> a2

a
AH = —.
3

Vay d(4,(SBD) = 2

2. Tinh khoang cach tir I dén mat phang (SBD).
Goi N = AC N BD.
Vi hai diém A va C ndm trén dudng thang c6
giao diém vo6i mit phang (SBD) tai N, nén co:
d(C,(SBD)) CN
= =1 BD)) =
d(A,(SBD)) ~ AN = d(C(5BD))

d(A, (SBD)) = %”




200 CHUONG 3. QUAN HE VUONG GOC TRONG KHONG GIAN

Vi hai diém I va C nam trén duong théng c6 giao diém vGi mat phéng (SBD) tai S, nén

co:

d(1,(SBD)) _ SI 1 1
@)~ =2~ d(I, (SBD)) = 5d(C, (SBD))
Vay d(I, (SBD)) = g

a

3

3. Tinh khoang cach tir A dén mat phang (SBM).
Ké AK | BM, A] 1 SK.Suyra A] L (SBM) = d(A,(SBM)) = A]J.

2 17
Ta c6: BM = VBCZ + CM2 = \/4a2+%: 4 .

Ta co:

SaBcp = SaaBm + 25aBcMm

RN ZaZ:%AK-BM-I—Z%BC-CM
1 av17 a2
2—_. . —
& 2a =5 5 AK + >
6a
= AK= —.
V17
1 1 1 17 1 53 6a
T ASAK c6: — — S22 =24
rong SSAK S T = a2 T e T2 " ser VT 5
. 6a
Keét luan: d(A, (SBM)) = ——.
an: d(A, ( ) 5

Bai 13. Cho hinh thoi ABCD tam O, canh a va AC = a. Tir trung diém H cta AB dung
SH vuong goc voi (ABCD) v6i SH = a.

1. Tinh khoang cach tir H dén (SCD).
2. Tinh khoang cach tir O dén (SCD).
3. Tinh khoang céch tir A dén (SBC).

Loi giai.
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Tinh khoang cach tir H dén (SCD).
Ké HK 1 CD tai K. Ta c6

CD 1 HK
D 1 (SHK D) L
{CDJ_SHjC (SHK) = (5CD)

SHK, hai mit phang nay vudng géc véi
nhau theo giao tuyén SK.

Ké HI 1 SKtailsuyra HI L (SCD).

Vay d(H, (SCD)) = HI.

Vi AB || CD nén d(H,CD) = d(A,CD) =

%g, do AACD déu. Trong ASHK vuéng

tai H ta co
1 1 1 4 1 7
HI? HK? + HS?  3a? + az 342 =
21
Vay d(H, (SCD)) = HI =~ =.

2. Tinh khoang céch tir O dén (SCD).
Goi M la giao diém ctia HO va CD, O la tAm ddi xtiing ctia ddy, suy ra O 1a trung diém
cua HM, do d6
d(0,(SCD) OM 1 av/21

d(H,(ScD)) ~ HM ~ 2~ AO.6CD) ==

3. Tinh khoang cach tur A dén (SBC).
Mudn tinh khoang céch tir A dén (SBC) ta phai tinh khoang cach tit H dén (SBC) trude
sau do st dung cong thuc tinh ti 1€ khoang cach.
BC 1L HL
BC 1L SH
nay vudng goc vdi nhau theo giao tuyén SL.
Ké H] L SL tai [ suyra H] L (SBC), t d6 d(H, (SBC)) = HJ.
Ta c6 AABC déu nén HBL = 60°.

Ké HL | BCtaiL,tacd { = BC 1 (SHL) = (SBC) L (SHL), hai mat phéng

3
Trong tam gidc HBL c6 HL = BH - sin60° = %.
Trong ASHL vudng tai H ta c6
1 1 1 16 1 19 av/'3
=t = st = s H]:L_.
HJ HL HS 3a a 3a /19

Hai diém A va H nam trén dudng thang c6 giao diém véi (SBC) tai B nén c6

d(A,(SBC)) AB _ 2aV/3  2a\/57
d(H,(SBC) ~ HB 27 dAGBO) = e =g

O

Bai 14. Cho hinh chép S.ABCD ¢6 SA = 2a va SA vudng gbéc v6i mit phang day
(ABCD), day 1a hinh thang vudng tai A va B, c6 AB = BC = a, AD = 2a.

1. Tinh khoang cach tir A, B dén (SCD).
2. Tinh khoang cach tir AD dén (SBC).

Loi giai.
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1. Tinh khoang cach tir A, B dén (SCD).

bay dugce vé lai ¢ hinh sau, dé dang ching minh dugec CD L AC.
Ta o CD L AC

o {CD 1 SA
gbc voi nhau theo giao tuyén SC. Dung AH | SC = AH 1 (SCD). Vay d(A, (SCD)) =
AH.

= CD L (SAC), suy ra (SCD) L (SAC), hai mat phang nay vuong

Trong ASAC ta cé
1 1 1 1 1 3 2a+/3
_ . P L AH=— .
AR ACC TAS? TR T e T 3
, 20v/3
Két luan d(A, (SCD)) = AH = “?:f.

Goi M 1a trung diém cua AD

thi BCDM la hinh binh hanh, suy ra BM || CD.
GoiOlagiaociaBMvaAC.ViMB | CD = BM | ,,
(5CD),

suy ra d(B, (5CD)) = d(O, (5CD)).

Hai diém O va A ndm trén duong thang c6 giao
diém véi (SCD) tai C

nén ta co

A

d(O,(sCDh)) _ oC _ 1 = d(O, (5CD)) = %d(A, (SCD)) = ;

d(A,(SCD)) AC 2 3
Két luan d(B, (SCD)) = %ﬂ
. Tinh khoang cach tir AD dén (SBC).
AD || BC = AD | (SBC) = d(AD,(SBC)) = A a M a D
d(A, (SBQ)).
Ta c6 BC L (SAB) suy ra (SBC) L (SAB), hai mat phéng .
nay vudng goc vdi nhau theo giao tuyén SB. @)
Dung AI 1 SB, I € SB, suy ra AI 1 (SBC). Vay
d(A,(SBC)) = Al B 4 C
Trong ASAB c6
1 1 1 11 5 2a+/5
— = — —_— — AI — .
AR AR T AL T 2 i 1 5
. 2
Két luan d(AD, (SBC)) = AI = “5\/5 .

O]

Bai 15. Cho hinh chép S.ABCD c6 day la hinh thoi véi BAD = 120°, BD = a, SA
vuong goéc v6i mat phang day (ABCD), goc gitta (SBC) va mit phang day 1a 60°. Tinh

1. Puong cao cua hinh chép.

2. Khoang cach tir A dén (SBC).

Loi giai.
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Goi O = ACNBD, ké AH 1 BC.
Ta co BC L AH = BC 1L (SAH) = BC L SH.
BC L SA
(SBC)N(ABCD) =
Laic6é ¢ SH 1 BC,AH | BC
SH C (SBC), AH C (ABCD)
Suy ra goc gitra hai mat phéng (SBC),(ABCD) la
AHS.
Do AAOB ntta tam gidc déu nén

Bo— ABY3 _ 4p_ 2
2 V3
Do AABC la tam giac déunén AH = BO = g.
Ta co6 tan@ % = SA = tan60° - AH =
av/3
—
\/—

Vay duong cao ctia hinh chép 1a SA = 1
2. Ha AI 1L SH = AI 1 (SBC). Vay d(A,(SBC)) = Al. Taco

1 1 1 4 4 16 av/3
AR AR A T a2 Tz2 T 32T 1

Két luan d(A, (SBC)) = Al = \/_

Bai 16. DE THI TUYEN SINH DAI HOC KHOI D NAM 2007

Cho hinh chép S.ABCD c6 day la hinh thang, ABC = BAD = 90°, BA = BC = g,
AD = 2a. Canh bén SA vuong goc véi day va SA = av/2. Goi H 1a hinh chiéu vuong
goc cua A trén SB. Chiing minh tam giac SCD vuoéng va tinh khoang cach tir H dén
mat phang (SCD) theo a.

Loi giai.
Goi M la trung diém ctia AD, ta c6

MAzMC:MDiMC:%AD.

Vay AACD vudng tai C.
T DL Ac = CD 1L (SAC)=CD 1 sC
A0 D 1 sa '

Két luan ASCD vuéng tai C.
Dung AI L SC tai L.

T ALLSC 0 (SCD) = d(A, (SCD)) = Al
A0 A1 L CD ’ -4
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Trong ASAC vuong tai A ¢6

! _ 1+1 —1+1—1=>A1—a
A2 AC2 ' AS2 242 242 g2 o

Goi G = BMN AC, ta c6 BM || (SCD). Vay d(B, (SCD)) = d(G, (SCD)).
Hai diém A va G nam trén duong thang c6 giao diém v6i mat phang (SCD) tai C nén

d(G,(SCD)) GC 1

d(A,(SCD)) ~ AC 2

Suy ra d(G, (5CD)) = %d(A, (SCD)) = g.
Trong ASAB vudng tai A c6

SH-SB _ SA? SA? 20? 2

SH - SB = SA? = = =,
© TSBZ T SBI SAZLAB’ 222+a2 3

Hai diém B va H nam trén duong thang c6 giao diém véi mat phang (SCD) tai S nén
d(H,(SCD)) HS 2

d(B,(SCD)) ~_ BS 3
Vay d(H, (SCD)) = %d(B, (SCD)) = g O

Bai 17. Cho hinh chép S.ABCD c6 ddy ABCD la hinh thoi canh a ¢6 géc BAD = 60°
vaSA =SB=SD =a.

1. Ching minh (SAC) vuong goc voi (ABCD).
2. Chung minh tam giac SAC vuong.

3. Tinh khoang cach tir S dén (ABCD).
Loi giai.

1. Ching minh (SAC) vuong goc v6i (ABCD).
Goi O la tam ctia hinh thoi ABCD, ta ¢6 ASBD can
tai S c6 O la trung di€ém BD nén SO L BD, lai ¢
ABCD Ia hinh thoi nén BD 1 AC, suy ra BD L
(SAC).
Ma BD C (ABCD) = (SAC) L (ABCD).

2. Ching minh tam giac SAC vuong.
Ta chirng minh SO = AO = OC.
Do AABD can tai A ¢c6 BAD = 60° nén suy ra
AABD déu.
N ABD déu canh a c6 AO la dudng trung tuyén nén
40— V3

2
Xét ASOD vuong tai O, ta co

a\ 2 3a2 a3
— /SD2—0D2 = /a2 — () =/ _
SO =+v/SD OD4 =\/a <2> = 1= o

Suy ra SO = AO = OC = %g. Ma SO la dudng trung tuyén cua ASAC nén ASAC

vuong tai S.
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3. Tinh khoang cach tir S dén (ABCD).
Xét hinh chép S.ABD, tac6 SA =SB = SD =a, AB=BD = DA =anén S.ABD la
hinh chép déu.
Goi H la trong tdm ctia AABD suy ra SH L (ABD) (theo tinh chat ctia hinh chép déu),
suy ra SH | (ABCD) tai H, do d6 d(S, (ABCD)) = SH.
2 a3 _ av/3

X . . 2,
Vi H la trong tam AABD nén AH = §AO =3 5 = 3

Trong ASHA vuéng tai H, ta ¢6

2 2
SH—\/SAZ—AHz—\/aZ— <%§> )

Vay d(S, (ABCD)) = SH = %
0

Bai 18. Trong mat phang (P) cho tam gidc ABC vuéng tai A c6 BC = 2a, ACB = 60°.
Dung hai doan BB’ = a, CC’ = 2a cung vudng goc véi mat phang (P) va & cung mot
bén véi (P).
1. Tinh khoang cach tir C dén (ABB’).
2. Tinh khoang cach tir trung diém ctia B'C dén mat phang (ACC).
3. Tinh khoang céch tir B’ dén (ABC).
Loi giai.
1. Trong tam giac ABC vuong tai A ta co
AC = BC-cosC =ava AB = BC-sinC = aV/3.

ViCA | ABvaCA | BB nénCA L (ABB).
Do d6 khoang cach tir C dén (ABB’) 1a

d(C,(ABB’)) = CA = a.
2. Goi E 1a trung diém ctia B'C.
Vi BB' || CC' nén BB' || (ACC)).
Cho nén d(B', (ACC')) = d(B, (ACC")).
Vi AB L. ACva AB L CC'nén AB L (ACC/).
Vay d(B(ACC')) = AB = a+/3.
Lai c6 EB’ cat mat phang (ACC) tai C nén

1 Yy — 1 NG a\/g
d(B,(ACC)) ~ d(B,(ACC’) _BC 2 d(E, (ACC") = 7d(B, (ACC) = —~.

d(E,(ACC")  d(E,(ACC")) EC

3. Goi F = B'CNBC'.
Trong tam gidac ACC'ké CH L AC'.
Khi d6 CH 1L AC' va CH L AB (vi AB L (ACC’)) nén CH L (ABC/), suy ra
d(C, (ABC')) = CH.
Trong tam gidac ACC’ vuong tai C ta ¢
1 1 1 1 1 5

2a
= [ — —_— = = H = —
CH? CA? + c'cz g2 + 402 442 ¢ V5
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FB' BB 1
3 3 / / 2 _— = — = —
Mat kha? AB'FB «~ ACFC' nén oo o
Vi B'C cat (ABC') tai F nén
d(B’,(ABC') FB' 1 , w1 , a  aV5
= = — A = — A = —— = —,
d(C,(ABCY) — EC ~ 2~ 4B/ (4BC) =7d(C(ABCY) = “= = =5

Dinh nghia 1. Tir dién vuong la ti dién c6 moét goc tam dién ba mat vuong.

Trong ti dién vudéng c6 mot tinh chat dang chi y sau day.
Tinh chat 1. Gia sit O.ABC la ti dién vuong tai O (OA 1 OB, OB L OC, OC L OA).
Khi d6 duong cao OH cua tui dién O.ABC dugc tinh theo cong thuc

1 _ 1,1 1
OH2 _ 0A? ' OB? ' OC%

Chirng minh.

Dung OD | BC (D € BC),dung OH L. AD (H € AD).
Ta co BC L OD va BC L. OAnén BC 1L (OAD), suy ra
(ABC) L (OAD).

Hai mat phang (ABC) va (OAD) vuéng géc v6i nhau
theo giao tuyén AD c6 OH | AD nén suy ra OH |
(ABCQ).

1 1
Trong tam giac vudéng OBC ta c6

1
oD? 0{32 - o<1:2‘

Trong tam giac vuong OAD ta co O — OD2 + OAZ"
Viva 11 i 1 1

Y OoHZ ~ 04 0B2 " OC”
Nhan xét. Sir dung tinh chit nay dé tinh khoing cdch tir diém dén mit phang trong nhiéu
triong hop té ra khd tién loi. Day la cong thitc dep va ciing hay duoc sit dung. Trong dé thi dai
hoc nhitng niam vita qua cé nhiéu bai sir dung cong thiic nay, chiing ta lan lugt xem nhitng bai
dudi ddy.

+

Bai 19. Cho hinh t&t dién ABCD c6 AD vuong géc véi mat phang (ABC), biét AC =
AD = 4cm, AB = 3 cm, BC = 5 cm. Tinh khoang céch tir A dén mat phang (BCD).

Loi giai.

Ta c6 AB% + AC? = 3% + 42 = 52 = BC? nén tam gidc
ABC vuodng tai A.

Ta dién ABCD c6 AB, AC, AD doéi mot vuong goc voi
nhau tai A.

Trong tam giac ABC ké AE | BC va trong tam gidc ADE
ké AH 1 DE.

Khi d6 d(A, (BCD)) = AH.

Lai co

11 N 1 N 1 —1+1+1—17:>AH—
AH2  AB2  AC2  AD?2 32 42 42 72 o '

6V 34
17

Vay d(4, (BCD)) =



5. KHOANG CACH TU MOT DPIEM DEN MAT PHANG 207

Bai 20. Cho hinh chép S.ABCD c6 déy ABCD 1a hinh thoi tam O, canh a, BAD = 60°,

SO vuodng goc voi mat phang (ABCD) va SO = %”.

1. Tinh khoang cach tir cac diém O va A dén mat phfang (SBC).

2. Tinh khodng cach gitra hai dudong thang AD va SB.

Loi giai.

1. Tir gia thiét ta c6 tam giac BCD déu nén OB = g va
oc = #

T dién OSBC c¢6 OS, OB, OC d6i mot vudng goc voi
nhau tai O nén

1 1,1
d2(0,(SBC)) ~ SO? " 0OBZ " OC?

16 4 4 64

02 T2 32 T o

Vay d(0, (SBC)) = -
Ta c6
d(A,(SBC))  AC

(O,(SBC)) ~ OC

=2 = d(A, (SBC)) = 2d(O, (SBC)) = 2- %ﬂ 3a

T
2. ViAD || BCnén AD || (SBC). Ma SB C (SBC) nén

d(AD, SB) = d(AD, (SBC)) = d(A, (SBC)) = 34—”.

Bai 21. Cho hinh l4p phuong ABCD.A’B'C'D’ ¢6 canh bang a. Tinh khoang céch gitra
hai duong thang AC va DC'.

Loi giai.
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Goi O = AD' N A’'D. Suy ra O la trung diém cta AD'. D' C’
. d(A,(DA'C’)) A0 . e ) p

Ta co d(D,(DA'CY)) ~ DO =1nénd(A,(DA'C)) = "E /

d(D’,(DA'C')). =2 L

Vi AC || A'C' nén AC || (DA'C'). Do d6 "
d(AC, DC’) = d(AC, (DA'C")) = d(A,(DA'C')) = (D', (DAICY)o

Tit dién D’A'C'D ¢6 D’A’, D'C’, D'D d6i mot vuong [ ///
goc nhau tai D’ nén ! ,5 ““““““ Lo C

1 S SRR U S SO O ) SO
dz(D// (DA'C’)) " D'A2  DIC?2  D'D?2 g2 g2

f

= d(D,(DA'C')) =

Vay d(AC, DC') = ”f
[

Bai 22. Cho lang tru diung ABC.A'B'C’ ¢6 day ABC la tam gidc vuong tai B, AB =
BC = a,canh bén AA’ = av/2. Goi M la trung diém ctia BC.

1. Tinh khoang cach gitra hai dudng thang AM va B'C.
2. Tinh khoang cach tir diém M dén (AB'C).

Loi giai.

, B’ A’
1. Goi E la trung diém cta BB/, ta ¢6 B'C || (AME). Do d6 S
d(AM, B'C) = d(B'C, (AME)) = d(B', (AME)) = d(B, (AME)). R,

Ex.
Ta dién BAME c6 BA, BM, BE d6i mét vudng goc vai nhau R

tai B nén -

1 1 1 17 NN A
2 s v TR 2 B -7\
d2(B,(AME)) ~ BAZ " BMZ ' BEZ a by,

= d(B,(AME)) = —~ \F C

f

Vay d(AM, B'C) =~

d(M(ABC))_MC_l X i1 /
2 Tac d(B, (AB'C)) ~ BC 2 nén d(M, (AB'C)) = 2d(B, (AB'C)).
Ti dién BAB'C ¢6 BA, BB', BC d6i mot vuong goc vdi nhau tai B nén

! 1,11 1. 1.1 5
d?(B,(AB'C)) BA2 B'B2  BC2 a2 242 a2 242
— d(B,(AB'C)) = WSE.
Vay d(M, (AB'C)) = % : ”\éﬁ - “\1/01_0.
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Bai 23. Cho lang tru déu ABC.A’B/C’ ¢6 tat ca cac canh déu bang a. Goi M, N lan luot
la trung diém ctia AA’, BB'. Tinh khoang cach giita hai duong thang B'M va CN.

Loi giai.
Goi O va O’ lan lugt 1a trung diém ctia BC va B'C’. Al B
Goi P la giao diém ctia OO’ va CN. .7
Vi B'M || AN nén B'M || (CAN). Do d6

PaNa1%
d(BM’,CN) = d(B'M, (CAN)) = d(B’,(CAN)) = d(B, (CAN)).M N
. . d(B,(CAN)) BC . o
L S = =2 AN)) =
ai co (0, (CAN)) oC nén d(B,(CAN))
2d(O, (CAN)).
Vi (CAN) = (CAP) va ta dién OACP ¢6 OA, OC, OP dé6i A -»B
mot vudng goc vdi nhau tai O nén
1 _ 1 1 i 1 . 1
d2(0,(CAN))  d%(O,(CAP)) 0OA2  0OC?2  Op2?
_ 4416 e
3a2 a2 a2 342
Suy ra d(O, (CAN)) = \/_
Vay d(B'M,CN) =2 - M:&5. 0

4

Bai 24. Cho hinh chép S.ABCD c6 déy ABCD la hinh thang, ABC = BAD = 90°,
AB = BC = a, AD = 2a. Canh bén SA vuoéng géc véi day va SA = a/2. Goi H 1a hinh
chiéu vudng goc ctia A trén SB. Tinh khoang cach tir H dén (SCD).

Loi giai.
Goi M 1a giao diém cta AB v6i CD; K 1a giao
diém ctia AH v6i SM. Dé thay B la trung

diém cua AM.
oo BH _ BH-BS _ BA* a* 1
BS = BS. ~ BS? 342 3

Suy ra H la trong tam cua tam giac SAM.

. ., d(H,(SCD)) KH 1
Khi d = = _.

Y99 4(A,(SCD)) T KA 3
Ta dién ASDM c6 AS, AD, AM do6i mot
vudng goc voi nhau tai A nén

1 1 1 1
d2(A,(SCD))  d2(A,(SDM))  AS? A
1 1 1 1

W w2
Suy ra d(A, (SCD)) = a.
Vay d(H, (D)) = 1d(A, (SCD)) =
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Bai 25. Cho hinh 14p phuong ABCD.A'B'C'D’ ¢6 canh bang a. Goi K 1a trung diém
ctia DD'. Tinh khoang céch gitra hai duong thang CK va A'D.

Loi giai.
Goi M 1a trung diém cuia BB'. D’ C’
Ta c6 A’M || KC nén CK || (A’MD). Do Z
doé

B
d(CK, A’D) = d(CK, (A’MD)) = d(K, (A’]\/Pﬁ) > K .

Goi N la giao diém ctia AK voi A'D; P
la giao diém (:1’1/:;]1\/I Ag) )Vdi 1?\; ]I\</I )
... d(K, (A

Khido 9 (AMD) ~ NA ~ 2
Td dién AA'DP 6 AA'(AD), AP doi
mot vudng goc vdi nhau tai A nén

1 1 1 4 1 B P
d2(A,(A’MD))  d2(A,(A’PD))  A’A? + AD? + AP?

11 19
2 a2 4a2 T 4a?

Suy ra d(A, (A'MD)) = ?“

Vay d(CK, A'D) = %d(A, (A'MD)) = = - 23_”

a
3

N~
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Bai 6. HAI DUGNG THANG CHEO NHAU
A. Toém tit ly thuyét

Dinh nghia 1. Hai duong thang a va b khong cting thudc mot mat phang (khong c6
mit phang nao chita ca 4 va b) thi ta néi hai duong thang a va b chéo nhau.

Pinh nghia 2. Néu c6 duong thang d lan lugt vudng goc véi ca hai duong thang a
va b chéo nhau lan lugt tai M va N thi duong thang d goi la dudong vudng goc ctia hai
duong thang chéo nhau a va b, con do dai doan MN goi 1a khoang cach gitra hai duong
thang chéo nhau.

B. Bai tap ren luyén

Phuong phap chung la ta phai chuyén khoang céach giita hai duong thang chéo nhau
vé khodng céch tir mot diém dén mot dudng thang hodc khoang cach tir mot diém dén
mot mat phang.

1. Néu duong thang a thuoc mot mat phang (P) va duong thang b song song véi
mit phang (P) thi khodng cach gitta a va b bang khoang cach tir duong thang b
dén mat phang (P).

Chon mét diém M thich hgp thudc b sao cho c6 thé tinh khoang cach tir M dén
mét phang (P) mot cach dé dang. Khoang cach tir M dén mat phang (P) 1a khoang
céch gitta hai duong thang a va b.

/N Néu khong tim duoc mot mdt phang chita duomg thang nay va song song vdi duong
théng kia thi ta phdi dung mat phiang (P) chita duong thang nay va song song vdi duong
thang kia.

2. Néu duong thang a thudc mat phang (P), dudng thang b thudc mit phang (Q)
ma hai mat phang (P) va (Q) song song v6i nhau thi khoang cach gitta a va b bang
khoang cach gitra (P) va (Q).

3. Trudng hgp tinh khoang céch gitta hai duong thang chéo nhau a va b véi a 1a
canh bén con b 1a mot canh ddy ctia hinh chép ta lam nhu sau: Goi I 1a giao diém
ctia duong thang a v6i mat day. Tir I dung duong thang A song song véi b. Khi
do b song song v4i mat phéng (P) chita a va A. Chon mot diém M trén b sao cho
c6 thé tinh khoang cach tir M dén mat phang (P) mot cach dé dang. Khoang cach
tr M dén mat phang (P) la khoang cach gitra hai duong thang a va b.

Bai 1. Cho hinh chép S.ABC c6 day ABC la tam giac vuéng can tai B, AB = BC = 24,
hai mat phang (SAB) va (SAC) ciing vuong goc v6i mat phang (ABC). Goi M la trung
diém ctia AB, mit phang qua SM va song song véi BC cat AC tai N. Biét goc giita hai
mat phang (SBC) va (ABC) bang 60°. Tinh khodng cach giita hai duong thang AB va
SN theo a.

Loi giai.
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Ta c6 mp(SAB)N mp(SAC) = SA va hai mat phéng
(SAB) va (SAC) cung vudng goc voi mat phéng (ABC)
nén SA 1 (ABC).

Mait phang qua SM va song song vdi BC cat AC tai N,
suy ra MN || BC va N la trung diém cta AC.

1 1
Trong AABC ¢c6 MN = -BC =a,BM = AB =a.

2 2
Ngoai BCLAB:BCL(SAB):BCLSB
goaira , o, .

(SBC)N(ABC) = BC

Vi { SB 1 BC,AB 1 AB = ((SBC),(ABC)) =
SB C (SBC), AB C (SAB)

SBA = 60°.

Xét ASAB vudng tai A tacd SA = ABtan60° = 2a+/3.

/N Yéu cdu ciia @8 bai la tinh khodng cdch giita AB va SN, day la bai todn tinh khodng cdch giita
canh bén SN va canh ddy AB. Do chua c6 mét phing nao chita mot trong hai dudong trén va song
song vdi duong kia nén ta phdi dung mét phang (P) chita duong thang nay va song song vdi duong
thing kia.

T N (giao diém ctia canh bén SN véi mat day (ABC)) ké Nx || AB, suy ra AB || (SNx) (vi
Nx C (SNx)).

Khi d6 d(AB,SN) = d (AB, (SNx)) = d (A, (SNx)).

Dung AI 1 Nx tai I. Goi H la hinh chiéu vuéng goc ctia A trén SI.

1 {Zi i ?i = Nx L (SAI) = (SNx) L (SAI). Hai mat ph:fmg (SNx) va (SAI) vudng goc
v6i nhau c6 giao tuyén ST ma AH | SI = AH | (SNx). Vay d (A, (SNx)) = AH.
’iaczo' Al = %BZCa;?:. Trong ASAI vudng tai A c6 ALz = A152 + Allz = 121a2 +a12 =
EVE = AH = 3
Vay d(AB, SN) = d (A, (SNx)) = AH = 2”1\23_9. 0

Bai 2. Cho hinh chép S.ABC c6 ddy la tam gidc déu canh a. Hinh chiéu vuéng goc ctia
S trén mat phfmg (ABC)la diém H thudc canh AB sao cho HA = 2HB. Géc gitta duong
thang SC va mat phang (ABC) bang 60°. Tinh khoang cach gitta hai duong thang SA
va BC theo a.

Loi giai.
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Ap dung dinh Iy c6-sin cho tam gidc AHC ta c6

CH? = CA%2+AH?-2.CA-AH-cosCAH
442 2a 7a

= +7+2 a- ? cos 60° = 9

Suyra CH = a\3/_

Ta c¢6 HC la hinh chiéu vuéng géc cta SC trén mat
phang (ABC) nén géc gitta SC va mat phang (ABC) la
goc SCH = 60°.

Trong tam giac SCH vudng tai H c6 SH = CH tan 60° =

/N Yéu chu ciia dé bii 1o tinh khodng cich giita SA vi BC, ddy la bai todn tinh khodng cich giita
canh bén SA va canh day BC. Do chua c6 mét phing nao chita mét trong hai duong trén va song
song vdi duong kia nén ta phdi dung mat phang (P) chita duong thing nay va song song vdi duong
thang kia.

Tir A (giao diém cta canh bén SA v6i mat ddy (ABC)) ké Ax || BC, suy ra BC || (SAx) (vi
Ax C (SAx)).
Khi d6 d(BC,SA) = d(BC, (SAx)) = d (B, (SAx)).

/\ ViBC song song vdi mét phiang (SAx) nén khodng cdch tir moi diém trén duong thing BC dén
mit phang (SAx) déu bang nhau. Vi sao lai chon diém B ma khong chon diém khic (ching han la
diém C)? Vi diém B ndm trén duong thing AB cd chita diém H la hinh chiéu ciia dinh nén viéc tinh
khodng cdch tix H dén mat phing (SAx) la khd dé dang. Thong qua cong thitc tinh ti s6 khodng cdch
thi ta tinh dugc khodng cdch tir B dén mit phang (S Ax).

Dung HI | Ax tai I. Goi K 1a hinh chiéu vuéng géc cta H trén SI.

Ax L HI 7
{ Ai | o = Ax L (SHI) = (SAx) L (SHI). Hai mét phang (SAx) va (SHI) vuong géc

vdi nhau c6 giao tuyén ST ma HK 1 SI = HK L (SAx). Vay d (H, (SAx)) =
2a \/5 a\/§

Trong AAIH vudng tai I tacé HI = HAsin60° = 3 - 3
1_1+1_9+iz4az;s
HK?2 ~ HS?  HI? 2la®  3a? 7
d(B,(SAx) _ BA _3
d(H,(SAx)) HA 2

Vay d(BC, SA) = d (B, (SAx)) = —d(H (SAx)) = §H1< = ”\gﬁ.

Trong ASIH vuong tai H c6

Duong thang BH cat mit phang (SAx) tai A nén

Bai 3. Cho hinh chop S.ABCD c6 day la hinh vuéng canh a4, SA = SB = SC = SD =
av/2. Goi I, K 1an luot 1a trung diém ctia AD, BC. Chiing minh (SIK) L (SBC) va tinh
khoang cach gitta hai dudng thang SB va AD theo a.

Loi giai.
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Goi O 1a giao diém ctua AC va BD.

Taco6 OA = OB = OC = ODva SA = SB = SC =

SD = a+/2nén O 1a hinh chiéu vuéng géc cta S 1én mat

phang (ABCD) hay SO | (ABCD).

Ta 6 b LIK BC L (SIK SBC) L (SIK) (vi
aCO{BCJ_SOi (SIK) = ( ) L (SIK) (vi

BC C (SBQ)).

Ta c6 AD || BC = AD || (SBC) nén

d(AD, SB) = d (AD, (SBC)) = d (I, (SBC)).

Goi H 1a hinh chiéu vuéng géc ctia O trén SK nén ta co

= OH L (SBC) = d (O, (SBC)) = OH.

OH L SK
OH 1L BC

2
Trong ASAQO vudng tai O ta cd SO = v/SA? — AO? = 4/ 2a% — % = %6.

2
L S T
OH? 082 Osz 16%2BC a? IK3
Duong thang OI cat mat phang (SBC) tai K nén 3 ((O,,((SBC)))) =K =
av/ 42

7

Trong ASOK vuéng tai O cé

2.

Vay d(AD, SB) = d (I, (SBC)) = 2d (O, (SBC)) = 20H =

Bai 4. Cho lang try tam gidc ABC.A’B'C’ ¢6 tht ca cac canh bang 4, gbc tao bdi canh
bén va mat phang ddy bang 30°. Hinh chiéu H ctia diém A trén mat phang (A’B'C’)
thuoc duong thang B'C’. Tinh khoang cach gitta hai duong thang AA’ va B'C’ theo a.

Loi giai.
Do AH L (A'B'C’) nén géc gitta AA’ va (A’B'C’) 1a goc A B
AA'H = 30°.

Xét tam giac vuong AHA’ ¢6

AA = a A'H = AA’ cos30° = %?AH — AA'sin30° = g

R Al
Do AA'B'C’ 1a tam gidc deu canh a4, H thudc B'C’ va

V3

A'H = QT nén A'H vudng goc véi B'C'.
Mat khdac AH L B'C'nén B'C’ 1. (AA’H).
Ké dudng cao HK cua tam gidc AA’H thi HK chinh la C’
khoang cach gitta AA’ va B'C’.
A'H-AH

Tac6 AA'-HK = A'/H- AH = HK = YV
a\/3

1

Ta c6 cac truong hop sau day:

1. Gié str a va b 1a hai duong thang chéo nhau vaa L b.
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| b

e Ta dung mit phang («) chira a va vudng goc véi b
tai B. B

e Trong mit phang (x) dung BA L a tai A, ta dugc i A
do dai doan AB la khoang cach gitta a va b. :

2. Gid st a va b 1a hai dudng thang chéo nhau va khéng vuong géc v6i nhau,

Cach 1:
e Ta dung mat phang () chia a va song song b B M
vOi b. -
e Liy diém M tuy y trén b, dung MM’ L () a b’
tai M'. X
A M’
e T M’ dung b’ || b cat a tai A. Tir A dung
AB || MM’ cat b tai B, d6 dai doan AB la
khoang cach gitta hai duong thang a va b.
Cach 2:
e Ta dung mat ph:fmg (@) L ataiO, («)catb tai X Bb

L.

e Dung hinh chiéu vuéng géc ctia b la b’ trén o / v
().

e Trong mat phang (¢), vé OH L b/, H € b'.

e Tir H dung dudng thang song song vdi a cat
b tai B.

o Tir B dung dudng thang song song véi OH
cat a tai A.

e D6 dai AB la khoang céch gitta hai duong
thang a va b.

Bai 5. Cho hinh chép S.ABCD c6 ddy la hinh vuéng canh a, SA = h va vuéng goc véi
day. Dung va tinh d6 dai doan vudng goc chung cua:

a) SBva CD. b) AD va SB. ¢) ABvaSD.
d) SC va BD. e) SCva AB. f) SCva AD

Loi giai.
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1. Tacé{ = BC L (SAB) = BC L

. Trong ASAB ké AK L SB tai K.

CHUONG 3. QUAN HE VUONG GOC TRONG KHONG GIAN

BC L AB

BC L SA
SB.
Ma BC L CD. Do d6 BC la duong vudng goc
chung ctia SB va CD. Vay d(SB,CD) = BC =
a.

AD 1 AB

AD 1 SA
Do d6 AK la duong vudng goc chung ctia SB
va AD.

= AD 1 AK.

Trong ASAB vudng tai A co
1 1 1 1 1 a®+h
— + - 4+ ="
AK2 AS}? ABZ K2 g2 a2h?
a
AK = ———.
Va? + h? 3
a
Vay d(SB, AD) = AK = —.
e ) VaZ 4 h?
. Trong tam gidc SAD ké AH 1 SD tai H. Ta c6
AB L AD = AB 1 (SAD)= AB 1 AH
AB 1 SA '
Do dé AH la duong vudng goc chung ctia SD va AB.
5 .1 1 1 1 1 a+n
Troni ASAD vuong tai A co 1R~ A2 + D2 ﬁ+a_2 = = AH =
a
Va2 +h? 3
a
Vay d(SD, AB) = AH = ——.
Goi O = ACN BD. Trong ASAC ké OG L SC tai G.
T BD L AC = BD 1 (SAC) = BD 1L OG
T BD 1 54 '
Do do6 OG la duong vuong goc chung ctia SC va BD.
1
Trong ASAC ¢6 AC = a\/2;CO = —AC = a\/— ;SC = /SA?2 + AC2 = VK2 + 242,
co OG cO ah\/2
Ta ¢c6 ACGO ~ ACAS = 0G=—5SA= :
aco &8)= 5 = 5a S N LI
ah\/2
Vay d(SC,BD) = 0G = ————.
 dl ) 2v/2a? + h?

(AH L SD
. Taco{ = AH L (SCD) = AH 1 SC.

AH 1 CD
Tir H ké HI || CD. Suy ra HI va AB cling thudc mot mit phang vi cling song song véi
CD.
Trong mat phang (AB, HI), ké I] || AH cat AB tai J.
IJ || AH ~ {I]J_SC
AH 1 SC,AH 1 AB I] L AB
Do d6 I] la duong vudng goc chung cta SC va AB.

ah
Vay d(SC,AB) = I] = AH = ——.

Ta co
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. K
6. Ta co {

AK 1 (SB AK 1 SC.
AKLBC:> (SBC) = sC

Tir K ké KL || BC. Suy ra KL va AD cung thudc mot mat phang vi ciing song song v6i
BC.

Trong mat phang (AD,KL), ké LM || AK, LM cat AD tai M.

(LM || AK {LM 1SC

T .
T AK L SC,AK L AD ~ \LM L AD
Do d6 LM la duong vuong goc chung ctia SC va AD.

ah
Vay d(SC,AD) = LM = AK = ——.

]

Bai 6. Cho hinh chép S.ABCD c6 day ABCD la hinh thoi canh a, géc BAD = 120°,
SA =hvaSA L (ABCD). Dung va tinh d¢ dai doan vudng goc chung cua:

a) SBvaCD. b) BD va SC. c) SCva AB.

Loi giai.

1.

Trong mit phang (ABCD), ké CL 1 ABtai L
(1).

ViSA L (ABCD), SA C (SAB) nén (SAB) L
(ABCD) = CL L (SAB)=CL L SB (2).
Trong mat phang (ABCD), tit B ké BN || LC
v6iN € CD (3).

Tir (1), (2) va (3) thi BN la duong vudng goc
chung ctia SBva CD va BN = CL.

Vi ABCD la hinh thoi ¢6 BAD = 120° nén
AABC déu. Ma CL la dudng cao nén CL =

2
Vay d(SB,CD) = BN = CL = #

. Goi O = ACN BD. Trong ASAC ké OM L SC

tai M (4).

Taco 1PPHAC L Bp 1 (sA0) = BD L
4 NBD 1 54

OM(OM C (SAC)) (5).
Tix (4) va (5) thi OM la duong vudng goc chung

cta SC va BD.
Trong tam giac SAC co
1 a
A — — —A — — —
C a,CO 5 C 5 SC

VSA? + AC? = Vh? + a2,
Ta c6 ACMO ~ ACAS(g.8)

CO OM CcO
TS T Sa T OM = 54 =
ah
2vVa2 + 2 ;
a

Vay d(SC,BD) = OG = ———.
2y d(SC, BD) NN
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3. Ké AE L CD tai E. Ta ¢ CDLAE:>CDL(SAE):>(SCD)L(SAE)
. Ke al &. la co CD L SA .

, __ ((SAE)N(SCD) = SE
Ke AH 1 SE tai H = AH 1 (SCD) = AH L SC.

€ alHvaco {(SAE) L (SCD) (5CD)
Tit H ké HI || CD. Suy ra HI va AB cting thudc mot mat phang vi cting song song v6i
CD.
Trong mat phang (AB, HI), ké IK || AJ, IK cat AB tai K.
C(IK || AH IK L SC
Ta co = .

AH 1 SC,AH 1 AB IK 1 AB

Do dé IK la duong vudng goc chung cta SC va AB.

1 1 1 3a® 44k ahv/3
Trong ASAE vudng tai A co A~ A% + A2 - 3212 = AH = N
ah\/3
Vay d(SC,AB) = IK = AH = ——.
 d ) V' 3a% + 4h?
O
Bai 7. Cho hinh hop ding ABCD.A'B'C’'D’ ¢6 day 1a hinh thoi canh 4, géc A bf!mg 60°,
goc gitta AC' va (ABCD) bang 60°.
1. Tinh duong cao ctia hinh hop do.
2. Tim dudng vudng goc chung ctia A’C va BB'. Tinh khoang cach gitra hai duong
thang do.
Loi giai. ,
Vi ABCD.A’B'C'D’ la hinh hop ding nén B _
AA" 1 (ABCD). N - /c
Ta c6 AC la hinh chiéu vudng goéc ctia A'C trén i /,:ﬁf\’
(ABCD) nén goéc gitta AC' va (ABCD) bang N,
A'CA = 60°. N AT KO D'
Vi ABCD la hinh thoi ¢c6 A = 60° nén ABAD déu RN
— AC = 240 = a/3. - F R
Trong AA’AC vudbng tai A c6 AA = mmm e F2=s c
ACtan A'CA = 3a.
Goi O = AC N BD. I 1a trung diém ctia A'C. Ta c6 O
OI 1a dudng trung binh cia AA’AC. /,’/\V' o
Dodo6 OI || AA” || BB'  (1). A D
. [BO L AC , BO 1L AA’
Ta co , = BO L (A'AC) = ,
BC L AA BO L CA
(2). ]
Trong mat phang (BDD'B’) ké IK || BO  (3).
T (1), (2) va (3) ta suy ra IK la duong vudng goc
chung cta A'C va BB'.
. , , BD a
Vay d(A'C,BB’) = IK = BO = - =5
O

Bai 8. Cho chép tam giac déu S.ABC c6 canh day bang 3a, canh bén bang 2a. Goi G la
trong tam gidc ABC. Dung va tinh doan vuong géc chung ctia hai duong thang SA va
BC.

Loi giai.
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Trong tam giac ABC déu, kéo dai AG cat BC tai M = AG | BC.
Chép S.ABC déu, ma G latam AABCnén: SG L (ABC) = SG L
BC.

ViBC L SGvaBC L AMnén BC L (SAM).

Trong ASAM ké MN 1 SA (Ne€SA) = MN L1 BC (vi
MN C (SAM)). Do vay, MN la doan vuong goc chung ctia BC
va SA.

Trong ASAG vuong tai G ta ¢6: SG = VSA?2—AG? =
V4a? — 342 = a.

, Sa\/§
Trong ASAM c6: MN -SA =SG-AM < MN-2a=a- > =
MN — 302/?

Bai 9. Cho hinh chép tam gidc S.ABC c6 SA vudng géc véi (ABC) va SA = av/2. Day
ABC 1a tam giac vuong tai B vdi BA = a. Goi M la trung diém cta AB. Tim d¢ dai
doan vuong géc chung ctia hai duong thang SM va BC.

Loi giai.

Ta ¢6 SAJ_BC:>BCJ_(SAB)t'B
49N AB 1 BC A

Dung BH 1. SM (H € SM).
Ta thdy BC | BH (BH C (SAB))
Vay BH chinh la doan vudng goc chung ctia SM va BC.

) HB MB
Taco AMHB ~ AMAS = 25 = MS
H
- B _ MB :leB:AS:a\/E.
AS A2+ AM2 3 3 3

av/3

2 2z 2 3 .
Trén duong thang vuéng goc voi (ABCD) tai O, lay diém S sao cho SB = a. Dung va
tinh doan vudng géc chung ctia hai duong thang

Bai 10. Trong mét phang (P) cho hinh thoi ABCD c6 tdm 1a O, canh a va OB =

1. BD va SC.
2. ABvaSD.

Loi giai.
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1. Dé dang ching minh dugc BD L (SAC)

CHUONG 3. QUAN HE VUONG GOC TRONG KHONG GIAN

(viBD L AC,BD 1L SO).
Trong mat phang (SAC), k¢ OM 1 SC,
(M € SC), suy ra OM la doan vuong goc

chung ctia SC va BD.
Trong ASOB vuodng tai O co:
2
SO = VSB2—BO? = /a2~ % = #
Trong ABOC vuong tai O co:

2 B
OC = /BC2 — BO? = at%:%g. av3

Trong ASOC vuong tai O c6: SC =

2
VSOZ £ OC2 = ”f.

2a\/§_a 6‘51\/5:> a\/§

OM-SC=0S§-0C & OM- 3 3 3 OM:T.

. Goi G, H lan lugt 1a trung diém ctia AB va CD. Ta c6

= CD L (SGH) = (SCD) L (SGH).

CD 1L GH
CD 1 SO

Tir O dung OI L SH la giao tuyén ctia hai mat phang vuéng géc (SCD) va (SGH), suy
ra Ol 1 (SCD).

Trong mat phang (SGH), ké GJ || OI (J € SH) = GJ L (SCD).

Tir | dung duong thang song song véi CD cat SD tai K. Suy ra AB va JK cung thudc
mot mat phang. Trong mat phang (AB, JK) dung KL || GJ (L € AB). Suy ra KL la doan
vuong goc chung cua AB va SD.

Thatvay: Vi GJ | (sCDy = JGJ L SD _, [G] LSD _ [KLLsD
wra G/ LCD ~ \GJ L AB(AB| CD) ~ \KL L AB.
1 1 1 3 4 11 av/22
Trong A5OH: 51 = og2 oz “ 22 T T2 7 1= Tar
— GJ =201 = zaﬁﬁ.
Két luan: d(AB, SD) = 2”1\45.

OJ

Bai 11. Cho tu dién ABCD v6i AB = CD =a, AC = BD =b, BC = AD = ¢. Goi I va
J 1an lugt 1a trung diém cta AB va CD. Hay tinh d¢ dai doan vudng goc chung ctia AB
va CD.

Loi giai.
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Ta c6: ACAB = ABDA (c.c.c) nén hai duong trung
tuyén CI va DI tuong tng bang nhau, nén tam gidc
ICD cantai I. Suyra: I] 1L CD.

Ching minh tuong tu ta co: I] L AB.

Két luan: I] 1a doan vudng géc chung ciia AB va CD.
BJ 1a duong trung tuyén ctia ABCD nén

BIZ_BC2+BD2_CD2_c2+b2_£ D
B 2 4 2 4"
Trong ABIJ vuong tai I co:
212 2 2 2., 2_ 2
I2=B2—B2="¢ tv & & _bVicl-a
2 4 4 2
]

Bai 12. Cho hinh chép S.ABCD c6 day ABCD la hinh vuong canh a; mat phéng (SAB)
vuong goéc véi mat phang (ABCD); goc gitta mat phang (SAD) va (ABCD) bang 45°.
Tinh khoéng cach tir C t6i mat phang (SAD).

Loi giai.

Goi H la hinh chiéu ctia S trén AB. Vi (SAB) L

(ABCD) theo giao tuyén ABnén: SH 1 (ABCD).

AD 1 AB

"1AD L sH

phang (SAD) va mat phang (ABCD) la géc gitra hai

duong thang SA va AB va bang 45°.

Vi BC || (SAD) = d(C;(SAD)) = d(B; (SAD)).

Goi K 1a hinh chiéu vudng goc ctia B 1én SA, ta c6

= AD 1 SA. Suy ra goc gitta mat

BK L SA
{ = BK L (SAD) = d(B; (SAD)) = BK.

BK 1 AD

Trong AABK vuéng tai K c6 BAK = 45°, suy ra

AABK vuéng can tai K nén BK — AK — 4D _
V2

av/2

o=

Két luan d(C; (SAD)) = %E

Bai 13. Cho hinh lap phuong ABCD.A’B'C'D’ c6 do dai canh bang a. Trén cac canh
AB va CD lay lan lugt cac diém M, N sao cho BM = CN = x. Xac dinh vi tri diém M

sao cho khoang cach gitra hai duong thang A’C va MN bang g.

Loi giai.
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Ta ¢6: MN || BC = MN | (A'BC) = d(MN,A'C) =

d(MN, (A’ BC)). At D
Goi H= A'BN AB' va MK || HA, K € A'B. g c’
BM —
Ta c6: ABMK vudng can tai K, suy ra MK = BK = ﬁ = . l/ :
2 . /l \\;_{4 ___________
Vi A'B L AB' = MK L A'B;vaCB L (ABB'A’) = CB L I D
MK. g M N
Tir d6 suy ra C
MK L (A'BC) = MK = d(MN, (A’BC)) = d(MN, A'C).
. a a x\/i a a\/i
DeMK=-=_-= —=-=>x=——.
EMK=3=35 75 =37¥= 3
2
Vay M thdéa man BM = %—.
O

Bai 14. Cho hinh hép ABCD.A’B'C'D’ ¢ day ABCD 1a hinh thoi canh a, DAB = 60°,
BB’ = a+/2. Hinh chiéu vuéng géc ctia diém D trén BB’ la diém K nam trén BB’ va

1 ) . : o
BK = ZBB/ ; hinh chiéu vuéng goc cta diém B’ trén mat phang (ABCD) la diém H
nam trén doan thang BD. Tinh khoang céch gitra hai dudng thang B'C va DC'.

Loi giai.
1 a\/§

Ta c6: BK = ZBB, = T
Trong tam giac vuong BKD co:

DK = /BD?2—BK2 = 2 V414.

Ta c6: B'K = ZBB’ — ?sz\@_
Trong AB'KD: DB’ =  +KB?+4+KD? =
184>  14a°
—+ — =av2.
16 e V2
Suy ra tam gidc B'BD can tai B’ do d6 H chinh la
giao diém cua AC va BD.
DC' || AB’
— d(DC’;B'C) = d(DC';(AB'C)) = d(B,(A’AC)) =
BH — #

[

Bai 15. Cho hinh ling tru diing ABC.A'B'C’ ¢6 AC = a, BC = 2a, ACB = 120° va
duong thang A’C tao v6i mat phang (ABB’'A’) géc 30°. Goi M la trung diém cta BB’
Tinh khoang cach giita hai duong thang AM, CC’ theo a.

Loi giai.
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Ké CH | AB.Vi AA" 1 (ABC)nén AA" 1 CH = A’

CH L (ABB'A'). o
Vay (A’C, (ABB’A')) = CA’H = 30°. QO\\
Str dung dinh ly cosin va cong thitc dién tich cho tam K
giac ABC RN
2S N

Ta ¢ AB = a7, CH = j’;BC =
a-2a-sin120°  av21

a\ﬁ 7 A
Mat phang (ABB’A’) chita AM va song song vdi CC’
nén:

d(AM,CC") =d (C,(ABB'A")) =

av/21
7
O

Bai 16. Cho hinh chép S.ABCD c6 ddy la hinh thoi canh a, goc BAD = 60°. O la giao

diém ctia AC va BD, H 1a trung diém ctia BO, SH L (ABCD) va SH = “¥~. Tinh

3
, - 2
khoang cach gitta AB va SC.

Loi giai.

Ta c6: AABD déunén BD =a = Zu.

Ké OE vuéng goc véi CD, (E € CD).

Ké HF vuéng goc véi CD, (F € CD).

Ké HI vuong goc voi SF, (I € SF)= HI L (SCD).
= d(H,(SCD)) = HI.

Ta c6: HS = # va HF = HD - sin60 = 3‘2@
1 1 1 4 64 100

=

HIZ T/_HFZ T T3z Tl T a2 T
3av3

HI = o
d(AB; SC) = d(AB;(SCD)) = %d(HN;(SCD))
4 4 2a+/3

Bai 17. Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh vuéng canh a, SA vudng goc voi
day ABCD va SA = a. Tinh :

1. Khoang cach tir diém S dén mat phang (MCD) v6i M la trung diém ctia SA.
2. Khoang cach gitra AC va SD.

Loi giai.
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Tacs P4 L op | (sap
A9NcDp 154 )

Ma CD C (MCD).
Vay (SAD) L (MCD).
K& SH | MD tai H.
© s | (SAD) L (MCD)

4 (sAD) N (MCD) = MD
— SH L (MCD) = d (S,(MCD)) = SH.
Vi M la trung diém ctia SA nén

1 1
SASAD:ESASAD<:>SH'MD:ESA'AD@SH'_:_:>SH:_-

2
C6 MD = VMAZ + AD? = V(g) N - @

Két luan d (S, (MCD)) = SH = %5

. Khoang cach gitta AC va SD.

Trong mat phang (ABCD), tit D ké Dx || AC.
Goi («) 1a mat phang chita duong thang SD va Dx.

AC || Dx .
= AC || () nén d (AC,SD) = d (AC, (a)) = d (A, (a)).
Dx C (w)
Tir diém A ké AK L Dx tai K. Ké AI L SK tai I. Suy ra Al la khoang céch tir diém A
dén mat phang ().
Thatvay tacé + 0%~ 2K & by 1 (s4K)
atvaytaco o | o4 X .

Ma Dx C (¢) = (SAK) L ().
(SAK)N(x) = SK

(SAK) L (a) = Al L (1) = d(A, () = AL

Al L SK
. A A g . AD a
Tacé6 AADK vuong can tai Knén KA = KD = — = —.
V2 V2
Trong ASAK vuodng tai K
1 1 1 1 2 3 a ay3
= =S+s=5=2>Al=—=—.
AR - SA AR T2 T2 T2 V3 3

Két luan d(MN, AC) = %.

Bai 18. PE THI TUYEN SINH DAI HOC KHOI B NAM 2007

Cho hinh chép ti gidc déu S.ABCD c6 déy la hinh vudéng canh 4. Goi E la diém dbi
xtiing ctia D qua trung diém cta SA, M la trung diém ctia AE, N la trung diém cta
BC. Chung minh MN vudng goc v6i BD va tinh (theo a) khoang cach gitra hai duong
thang MN va AC.

Loi giai.
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Trong mp(ABCD), goi O = ACNBD. E
Goi P la trung diém ctia SA.
Trong tam gidc EAD c6 MP la duong
trung binh ctia tam giac nén

MP || AD, MP = %AD (1)

Vi N la trung diém ctia BC nén NC ||
1

AD,NC = EAD (2)

Tix (1) va (2) suy ra ta gidc CPMN la
hinh binh hanh nén MN || PC.

Ta ¢6 BD 1L (SAC) = BD L
CP (CP C (SAQ)).

Két luan BD L MN.

Vi MN || (SAC) nén

d (MN, AC) = d (MN, (SAC)) = d (N, (SAC)).

Hai diém B va N ndm trén duong
thang c6 giao diém vdi mp(SAC) tai
diém C nén

d(N,(SAC) _NC 1

d(B,(SAC)) BC 2

1 1 1 a2
= d(N,(SAC) = 5d (B,(SAC)) = 5 - BO = 7 - =,
Vay d (MN, AC) = %ﬁ. 0]

Bai 19. Cho hinh lang tru ABC.A’B’C’ ¢6 cadc mat bén 1a hinh vudéng canh bang a. Goi
E, F 1an luot 1a trung diém ctia cac canh BC, A’C’, B'C’. Tinh khoang cach gitta DE va
A'F.

Loi giai.

Vi cdc mat bén ABB'A’, ACC'A’, BCC'B' 1a céc hinh vudng c6
AA" L ABvaAA’ L AC= AA' L (ABC).

Vay ABC.A’B'C’ 1a hinh lang tru dung va déy la tam giac déu.
Trong mp(A’B’'C’) dung EI || A’FI € B'C') = A'F |
mp(ADIE).

Ta c6 DE chua trong mp(ADIE).

Vay d (A'F, DE) = d (A'F, (ADIE)) = d (F, (ADIE)).

Tac6 AD 1 (BCC'B') = (ADIE) L (BCC'B’) : Hai mat phang
nay vudng goc véi nhau theo giao tuyén DI.

Dung B'H L DI (H € DI) = B'H 1 (ADIE).

C/
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Suy ra khoang cach tir B’ dén mit phang (ADIE) 1a B'H. B’ Pl ¢
Hinh vuéng BCC’'B’ dugc vé ¢ hinh 2. .
Ta c6 EI 1a duong trung binh ctia tam giac C’AF nén I la trung
diém cta C'F.
> aV/17
Tacé DI = VDF2 + FI2 = a2+;1—6 =4 ;
17 V17
B’H-DI:DP-B’I(:B’H-HLL =a%a:B’H=3al7 . ‘ ‘
Vi hai diém B’, F trén duong thang c6 giao diém véi mp(ADIE) B Hir?h 5 ¢
tai I nén co
d (F,(ADIE)) FI 1 1 / av/'17
= _— =—-=d(F,(ADIE)) = -d (B, (ADIE)) = .

4B (ADIE) — 1~ 3~ 4(F(ADIE) = 2d (B, (ADIE)) = =

) V17
Kétluan d (A'F, DE) = “1-.

Bai 20. Cho hinh lang tru ABCD.A'B'C'D’ ¢6 day (ABCD) 1a hinh vuéng canh a,
goi M, N lan lugt 1a trung diém ctia CD va AD. Hinh chiéu vuong géc ctia A’ trén
mit phang ABCD tring véi giao diém ctia AM va BN. Biét goc gitrta hai mit phang
(ADD'A’) va (ABCD) bang 60°. Tinh khoang cach gitra hai duong thang B'C va BN.

Loi giai.
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Goi H = AM N BN. Vi ABCD Ia hinh vuéng
nén AM 1 BN tai H.
Theo dé bai c6 A’H L (ABCD).

Ké HI L AD = AD 1 A'I (dinh ly ba duong
vuong goc).

Vay [(ADD'A’),(ABCD)] = (HLA'I) =
HIA" = 60°

Tit B’ dung duong thang song song vdi A'H;
Tua H dung dudng thang song song voi AB.

Hai duong thang vira dung cat nhau tai P.
Thi P 1a hinh chiéu vuéng goc cua B’ trén

mp(ABCD).
Dung Cx || BN thi BN || (Cx, BC')
= d(BN,B'C) = d(BN,(Cx,BC)) =

d (B,(Cx, B'C)).

Goi E = BPN Cx, vi BP | AH = BP L Ax.
Goi ] = AHNCx.

Dé dang chitng minh BHJE 14 hinh vuodng.
Day (ABCD) dugc vé nhu hinh 2:

2
No VAR T ANE= (|24 © =5

4 2

AB?2 = BH-BN < a2 = BH - M Bszag/g.

a\/§_2a\/—_a\/5
2 5 10

AH-AN = AB- AN < AH - —f_a

a

27
aV5 av5
5 10

HN = BN — BH =

= AH =

HI-ANzHA-HN(:)HI-—:

< HI =
2

5

u1|m<J1

227
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Ta co A IN D
]
BP:AH:%E
PE:BE—BP:Z”S\/E—‘Zf:“?HA’:HI-tamooz /
a a\/§ J
t/3=2VvY
5 V3="3 A
;L , a 3
= PB/ = HA' = =, ! .
Cx L PE Hinh x
i = Cx L (PEB) = (Cx,B'C) L (PEB):hai "% P
Cx L PB E

mit phang nay vuong géc véi nhau theo giao tuyén (B'E).
Dung PE L B'E (F € B'E) = PF 1 (Cx,B'C) =
d (P,(Cx,B'C)) = PF.

1 1 1 2 4
Trong AB'PE ¢6 > 5 0

PEZ ~ PBZ T PEZ T 32 T2 T 32

PF = ”\2/5’_0.

Vi P la trung diém cta BE nén d(B,(Cx,B'C)) =
2d (P, (Cx, B'C)) = ”‘1/(?_0.

Vay d (B'C,BN) = ”\1/03_0.

TONG HOP CHUONG VUONG GOC

Bai 21. Cho hinh chop S.ABCD c¢6 day ABCD la hinh vudéng canh a, SA vuong goc voi
day, SA = av/2.

1. Ching minh rang cdc mat bén hinh chép 1a nhitng tam gidc vuong.

. Chiing minh rang (SAC) L (SBD).

2

3. Tinh géc gitta SC va mit phang (SAB).

4. Tinh goc gitra hai mat ph:f\ng (SBD) va (ABCD).
5

. Tinh d (4, (SCD)).

Loi giai.
1. Chung minh rﬁng cac mat bén hinh chép la nhitng tam gidc vudng.

Tacéo SA L (ABCD) = SA L AD,SA L
AB = ASAD, ASAB vudng tai A.
Chung minh ASBC vuéng;:
Ta ¢c6 BC 1 AB (Hai canh ké ctia hinh
vuong); BC L SA (viSA L (ABCD))
= BC L (SAB), ma SB C (SAB) = BC L
SB = ASBC vuong tai B.
Chung minh ASCD: vuéng
Ta c6 CD L AD (Hai canh ké hinh vuéng
ABCD);CD L SA (viSA 1 (ABCD))
CD 1 (SAD), ma SD C (SAD) = CD L
SD = ASCD vuéng tai D.
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2. Chiing minh rang (SAC) L (SBD):
BD 1 AC (Hai duong chéo ctia hinh vudng);
BD 1 SA(ViSA L (ABCD))
= BD 1 (SAC), ma BD C (SBD) = (SAC) L (SBD).

3. Tinh goc gitta SC va mp(SAB):
Do BC L (SAB) tai B nén hinh chiéu ctia C lén (SAB) la B
= Hinh chiéu ctia SC 1én (SAB) 1a SB = (SC,(SAB)) = (SC,SB) = CSB.
Trong ASAB vuong tai A, tacé SB = V/SAZ + AB2 = 4/ (a\/_)2 + a2 = a/3.
Trong ASBC vuodng tai B, ta c6 tan CSB = Bc_ o _ 1 = CSB = 30°.

SB a4/3 \/§
Vay (SC, (SAB)) = 30°.

4. Tinh goc gitta hai mat phéng (SBD) va (ABCD):
Ta c6 (SBD) N (ABCD) = BD.
Goi O la tdm cta hinh vuéng (ABCD),O € BD.
Theo chung minh & cau 2 BD L (SAC), ma SO C (SAC) = SO L BD.
Mat khac, AO L BD.

Vay ((SBD), (ABCD)) = (SO, AO) = AOS (do AOS la géc nhon).

AC =av/2 = AO = “f
Trong ASAO vudng tai A, ta c6 tan AOS = SA _ av2 —2 = AOS = arctan2.
AO — a2
- 2
= ((SBD), (ABCD)) = AOS = arctan 2.
5. Tinh d (A, (SCD)):

Goi H 1a hinh chiéu cta A 1én SD.

Taco AH L SD (1)
€D L AD = CD 1 (SAD) = CD 1L AH (2)
CD 1L SA

T (1) va(2) = AH L (SCD) tai H = d(A,(SCD)) = AH. Xét ASAD vudng tai A c6

AH la duong cao.

1 1 1 1 1 3 av/'6

Ta 6 — = —=-—=AH=—.
AR T A TADE T oap 2 2 3

Vay d (4, (SCD)) = AH = af

]

Bai 22. Cho hinh chép S.ABC c6 day ABC la tam giac vudng tai C va SB L (ABC), biét
AC =aV/2,BC =4, SB = 3a.

1. Ching minh AC L (SBC).
2. Goi BH 1a duong cao cta tam giac SBC. Ching minh SA | BH.

3. Tinh goc gitta duong thang SA va mat phang (ABC).

Loi giai.
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AC L BC (gt)
1. Ta ¢o = AC L
4% 1 AC L SB (vi SB L (ABC))
(ABC).
2. Tacod BH L SC (gt) (1)
Theo ching minh trén, AC L (ABC).
Ma BH C (SBC) = BH 1L AC. (2)

Tir (1) va (2) = BH L (SAC).
Ma SA C (SAC) = BH L SA.

3. Do SB L (ABC) tai B nén hinh chiéu ctia S 1én
(ABC)la B.
= Hinh chiéu ctia SA 1én (AB% BA.
= (SA,(ABC)) = (SA,BA) = SAB.
Trong AABC vuong tai C, ta co

AB = \/BC2 + AC2 = \/a2 + 242 = a\/3.

Trong ASBA vudng tai B, ta c6 tanSAB =

SB 3a
AB a\/— = V3.

= SBA = 60°. Vay (SA, (ABC)) = SBA = 60°.

Bai 23. Cho hinh chép S.ABCD c¢6 day ABCD la hinh chit nhat tam O canh AB =
2BC = 24, hai mat phang (SAB) va (SAD) cuing vudng géc véi day (ABCD). Goc gitta
SO va mat day bang 45°. M la trung diém ctia AB, H la hinh chiéu vuéng goc ctia A
trén SB.

1. Chung minh tam giac ACH vuong.
2. Tinh d (H, (SCD)), d (M, (ACH)), d(S5O, MC).

Loi giai.

1 Taco 1P 4B . Be | (sAB) = BC L AH, BC 1 SB
+ 8 Bc 1 sA ’ '
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Ta ¢ AH 1 (SB AH 1 CH (CH BQ)).
aco AHJ_BC:> (SBC) = CH (CH C (SBQ))

Vay tam gidc ACH vudng tai H.

2. Tacé AC = VAB? + AD? = a\/5 = AO = “Zﬁ
AO 1a hinh chiéu vuéng géc ctia SO trén mat phang (ABCD), goc gitta SO va (ABCD)
la goc SOA = 45°.

= SA = AO -tan45° = #.
Vi b LAD . CD 1L (SAD) = (SCD) L (SAD) (CD C (SCD)
1 CD L SA nén ( )-

Dung AJ L SD (J € SD) = AJ L (SCD).
Vay khoang cach tir A dén mat phang (SCD) 1a AJ.

av/5 .
TrongASADcéA]-SD:AS.AD:>A]:AS.AD: AS-AD _ 5
SD ADZ+AS2  [5,2

e
av/5
=3
Vi AB || CD = d(B,(SCD)) =d (A, (SCD)) = %ﬁ.
SH-SB SA? SH SA?
. : . QR — c A2 _ ittt
Trong ASABvudngtai Aco SH-SB = SA” = B2 e = SB ~ SAL+ AR
5a?
4 5
— =
5 a\/ﬁ 5a\/ﬁ 8a\/ﬁ
= SH = —SB 21 = ,BH =SB —SH = T

Vi hai dlem B va H nam trén dudng thang c6 giao diém véi mat phang (SCD) tai S nén
co

d(H,(SCD)) SH 5 5 5 av5 515
d(B,(5cD)) ~ 5B ~ a1~ AHCD) = 7d(B(SCD) = o7 - 5= = =~
Vay d (H, (SCD)) = 5”6\3/5.

Vi AH L (SBC) = (ACH) L (SBC). Dung BN L CH (N € CH) thi BN L (ACH).
Vay d (B, (ACH)) = BN. Trong AHBC vudng tai B c6

11 +1 _21+1_85:>BN_8¢1
BN2 BH2?2 BC2 6442 a2 6442 /85

Vi hai diém B va M nam trén dudong thang c6 giao diém v6i mat phang (ACH) tai A,
theo cong thuc ti 1é khoang cach c6

d(M,(ACH)) MA 1 B 1 81 4a
SBACH) = B =2~ dM(ACH) = —d(B (ACH) = 5+ = = =
Vay d (M, (ACH)) = \%.

Qua O dung dudng thang song song v6i CM cat doan AB tai E.
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Dung AK vuéng goc OE tai K.

Tac6 OF | AK,OE | SA = OE 1 (SAK) = (SOE) L (SAK) theo giao tuyén SK.
Dung AT vudng géc véi SK tai K. Suy ra Al vudng goc v6i mat phang (SOE).

Vay khoang cach tir A dén mat phang (SOE) 1a Al

Goi P = CM N AK. Vi BM = BC = a nén tam giac CBM vuodng can tai B.

Tam giac APM vudng can tai P va tam gidc AKE vudng can tai E.

AE
Tam gidc AKE vudng can tai Enén c6 AK = KE = — = 4

V2 2v2
. . 1 1 1 8 4 44 av/55
Trong ASAK vuodng tai A c6 AIQZAK2+A52:Q_2+W:§:>AI: VIR

Vi MC || OE = d(MC, OE) = d (MC, (SOE)) = d (M, (SOE)).
Vi E 1a trung diém ctia AM va E ciing 1a giao diém ctia AM v6i mit phang (SOE) nén
theo cong thic tinh ti 1¢ khoang cach ta c6

d(M,(SOE)) _ ME _ ) s
d(A (SOF) — AE — = d(M,(SOE) = d(4,(SOE) = ==

Vay d(MC, OE) =

a+/55
22

Bai 24. Cho hinh lang tru ABC.A’B/C’ ¢6 day ABC la tam gidc déu tam O canh 4. Hinh
chiéu vudng goc ctia A’ 1én (ABC) 1a trung diém H cta OB. Biét goc gitta (A’BC) va
(ABC) bang 60°.

1. Tinh géc gitra hai duong thang AA’ va BC.
2. Tinh khoang cach giita hai duong thang AA’ va BC.

3. Tinh khoang cach tir G dén mat phang (AA’C), v6i G la trong tam ctia tam giac
B'C'C.

Loi giai.

B/

1. Goi E, M, I lan lugt 1a trung diém ctia CB, AC, EB.

Vi tam gidc ABC déu c6 AE L BC, BM L AC. HI la dudng trung binh cta tam giac
BOEnén HI || OE
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éHILBCVéHI:%OE:EAE:

1
6 6
(BC L HI
ac = BC L (HIA") = BC L IA".
BC L HA
Tir d6 suy ra goc gitta (A’BC) va ABC la géc HIA’ = 60°.
Trong tam giac HIA' c6 HA' = HItan60° = Z
Trong (ABC), ké Ax || BC. Khi d6 goc gitta AA’ va BC chinh la goc gitta AA’ va Ax.
Dung HK | Ax, (K € Ax) = HK || AE.

Ax 1 HK
Ta ¢co , = Ax 1L (HKA') = Ax 1L A'K.
Ax 1L HA
a\/§

Tam giac OHJ déu JH = O] = -
Ta c6 AKIE 12 hinh chi nhat c6 HK = EI = Z

W3 a3
S5 0Es

12

KI_AE_M;»HK K- pp— Y3 _av3 53
2 12 12 ,
2
Trong tam giac HKA’ vuong tai H ¢6 KA’ = VHA?2 + HK? = <Z) + (5”1\2/5) -

av/'21
c

—— AK  2V21  ——
Trong tam gidac A’ AK vuong tai K ¢6 tan A’AK = —>— = A’AK = arctan

AK ~— 3
221
T

221
3

Két luan (AA’, BC) = A’AK = arctan

2. Vi Ax || BC = d(BC, AA") = d(BC, (A’ Ax)) = d(I, (A’ Ax)), vi (I € BC).

Vi Ax | (HKA') = (A’Ax) L (HKA’) theo giao tuyén A’K.

Dung HF L A'’K (F € A’K) = HF 1 (A’Ax) = d (H,(A'Ax)) =
a\/ﬁ a 511\/— Sa\/7

6 4 12 56
Vi hai diém H, I ciing nam trén duong thang c6 giao diém véi mat phéng (A’ Ax) tai K
nén

Trong AA’HK ¢6 HF - KA’ = HA' - HK = HF -

L (AAn) _ 1K _6 : 6 : 3av/7

3a/7
28

Vay d(BC, AA") =

AC 1L HM .
a o { = AC L (HMA') = (ACC'A’) L (HMA') theo giao tuyen A’ M.

AC L HA'
Dung HN L A’M (N € A’M) = HN 1 (ACC'A’) = d (H,(ACC'A’)) = HN.
1 1 1 3,16 19 a
T AHMA' c6 = = =+ = = HN = .
rons CHNTHM THAZ 22T 2 V19
Hai diém H va B cung nidm trén duong thang c6 giao diém vdi mit phang (ACC'A’)
tai M nén co

3a
2419

Hai diém B va G cung nam trén dudng thang c6 giao diém véi mit phang (ACC’'A’)

d(5,(ACCA)) _BM 3 _ 4 (B, (ACC'A")) =

d(H,(ACC'A’) ~ HM 2 54 (H,(ACC'A)) =

3
2
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tai C’ nén co

d(G,(ACC’A/))_GC/_l o .
d(B,(ACC'AY) ~ BC' 39 (G, (ACC'A) = 2d (B,(ACC'AY)) =

a

219

a

OJ

Cong thuc tinh ti 1€ khoang cach 1a mot cong thic dep. Cac ban nén ren luyén nhiéu
bai tap dé st dung cong thirc nay thanh thao.

Bai 25. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh ¢6 AB = a, BC = 24,
ABC = 60°, SA vudng gbc v6i day (ABCD), goc gitta (SCD) va (ABCD) bang 60°.

1. Tinh khoang cach tir A dén (SCD).
2. Tinh khoang cach gitta hai dudong thang AB va SC, AC va SD.
Loi giai.
Ap dung dinh li ¢6-sin cho AABC ta c6

AC? = BA?+ BC?—2BA - BC - cos60°
1
= a2—|—4a2—2a-2a-—:3a2$AC=a\/§.

2
Ta c6 BC? = AB? + AC? = 44® nén A ABC vudng tai A.
CD 1L AC
Ta c6 CD 1 (SAC),dodo CD L SC.
aCO{CDJ_SAi ( ), do do

Vay ((SCD), (ABCD)) = SCA = 60°.
Tac6 SA = AC -tanSCA = 3a.

1. Tinh khoadng cach tir A dén (SCD).
Taco CD L (SAC) = (SCD) L (SAC),(do CD C (SCD)) va hai mat phéng nay vudng
gbc voi nhau theo giao tuyén SC.
Trong (SAC), dung AH L SC = AH L (SCD). Vay d (A, (SCD)) = AH.

Trong ASAC, ta c6
1 1 1 1 1 4 3a
= = — _— = — AH = —.
A2 - A2 TACE 32 o2 T o2 2
. 3a
Vay d (A, (SCD)) = AH = .

2. Tinh khoang cach giita hai dudong thang AB va SC.
Tac6 AB || CD = AB || (SCD). Do d6

d(AB,CD) = d(AB, (SCD)) = d(A, (SCD)) = 37” (vi SC C (SCD)).

Tinh khoang cach gitta hai duong thang AC va SD.
Ké Dx || AC.Goi E =DxNAB = AB L DxtaiE.



6. HAI PUONG THANG CHEO NHAU 235

Dx 1 AB .
Ta co {Dx 1 SA = Dx 1 (SAB) = (SD,Dx) L (SAB): Hai mat phang nay vudng

gbc vdi nhau theo giao tuyén SE.

Dung AF | SE = AF 1 (SD, Dx). a A
Vay d(A, (SD, Dx)) = AF. 60°
bay ABCD dugc vé lai ¢ hinh 2.

Ta c6 ACDE la hinh chtt nhat, c6 AE = CD = a.

Trong ASAE ta ¢ 2 a X

1 1 1 1 1 4 a\/§
= - 4 = AF = .
AR T AS AR T2 2T TN T S

Vi AC || Dx = AC || (SD, Dx). Do d6 Hinh 2
av/3
—

d(AC,SD) = d(AC,(SD, Dx)) = d(A, (SD, Dx)) =

Bai 26. Cho hinh chép S.ABCD c6 day ABCD la hinh chit nhat va AB = 2a, BC = g,
cac canh bén ctia hinh chép bang nhau va bang a+v/2.

1. Tinh khoang céch tir S dén mat phang (ABCD);

2. Goi E va F lan luot la trung diém cta cac canh AB va CD, K la diém bat ki thudc
doan thang AD. Chung minh khoang cach gitta hai duong thang EF va SK khong
phu thudc vao vi tri cia K. Hay tinh khoang cach nay theo a.

Loi giai.

1. Tinh khoang cach tir S dén mat phéng (ABCD).
Goi O la tam ctaa day ABCD thita c6 OA = OB = OC = OD.
Theo dé bai SA = SB = SC = SD. Do d6, O la hinh chiéu vuéng goc ctia S trén mat
phang (ABCD), ta c6 SO L (ABCD).
Trong ASAO vuoéng tai O, ta c6

2 2
SO = \/SAZ — OA2 = \/SA2—£:\/2a2—5i:ﬂ.

4 2

2. Chiing minh khoang céch gitta hai duong thang EF va SK khong phu thudc vao vi tri
caa K.
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Ta c6 SK C (SAD).

Ma EF | AD = EF || (SAD) = d(EF, SK) = d(EF, (SAD)) = d(O, SAD).

Vi khoang cach tir O dén mat phang (SAD) khong d6i nén khoang céch gitra hai duong
thang EF va SK ciing khong déi, nghia 1a khoang cach nay khong phu thudc vao diém
K.

Dung OI 1. AD(I € AD),tacé AD L SO va AD L OI = AD 1 (SOI) = (SAD) L
(SOI): Hai mat phang nay vuong goc véi nhau theo giao tuyén SI.

Dung OH L SI(H € SI) = OH L (SAD). Vay d(O, (SAD)) = OH.

Trong ASOI vuong tai O, ta c6

1 1 1 4 1 7 V21
- 4= = o=
OH2 08?2 OI? 342 4?2 342 7
21
Vay d(EF, SK) =~ —.

O

Bai 27. Cho hinh lang tru tam gidc ABC.A’B'C’ c6 tAt cd cac canh ddy déu bang a,
gc gitta canh bén va mat day bang 60°. Hinh chiéu vuong géc ctia A trén mat phang
(A'B'C’) 1a trung diém H ctia canh B'C’.

1. Tinh khoang cach hai day.
2. Tinh goc gitra BC va AC'.

3. Tinh goc gitta (ABB’A’) va mat day.

Loi giai.

1. Tinh khoang cach hai day.

A’H 1a hinh chiéu vudng goc cia AA’ trén (A’B'C’) nén géc gitta AA’ va (A’B'C’) 1a
goc AA’H = 60°.
Trong AAA'H vudng tai H, ta c6

AH:A’H-tan6oo:%§-\/§:3?a.

Vi AH L (A’B'C'Yma (ABC) || (A'B'C') = AH L (ABC).

3
Suy ra khoang cach gitra hai mat day la AH = ?a.
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2. Tinh goc gitra BC va AC'.
Vi B'C' || BC nén goc gitta BC va AC' bang géc gitra B'C’' va AC' 1a goc AC'H.
Trong AAC'H vudng tai H, ta c6

—— AH 3a
/ I .
tan AC'H = Ho — 3¢

:3>O:>A/CT-I:arctan3.

NI

3. Tinh goc gitta (ABB’A’) va mat day.
Dung C’'D va HE cung vudng goc véi A'B’ lan lugot tai D va E.

A'B' 1 AH
Hai mét phang (ABB'A’) va (A'B'C’) c6 giao tuyén A’B’ ciing vudng géc véi hai duong
thang AE va HE tai diém E nén

" (A'B' L HE
Ta c6 — A'B' | (AHE) = A’B' L AE.

((ABB'A"),(A'B'C')) = (AE, HE) = AEH.

a\/_
4

= 2\/5 = AEH = arctan2\/_.

1
Vi HE la duong trung binh cta tam gidc C'DB’ nén HE = ECID =

-— AH
Trong AAEH, tacé tan AEH = TH 32[1. aZ/—

Bai 28. Cho hinh 1ap phuong ABCD.A'B'C'D’ ¢6 canh bang a.

1. Chang minh ré“mg khoang cach tir cac diém B, C, D, A’, B/, D’ dén duong chéo
AC' bang nhau. Tinh khoang cach do.

Chting minh rang B'D vuéng géc véi mat phang (BA'C).
Chiing minh BC’ vudng géc v6i m?t phang (A’B'CD).
Tinh khoang cach giita hai mat phang (BA'C’) va (ACD’).

Tinh khoéng cach gitta hai duong thang BC' va CD'.

AR CIE A

Xéc dinh va tinh d6 dai doan vudng géc chung cua AB’ va BC'.

Loi giai.
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D/

C/

O/

/
A "

>>( B’

1. Chiing minh rang khodng cach tur cac diém B, C, D, A’, B/, D' dén duong chéo AC’

bang nhau. Tinh khodng cach dé.

Vi ABCD.A’B'C’'D’ 1a hinh 14p phuong nén céc tam giac sau la cdc tam giac vuong

béng nhau va déu nhan AC’ lam canh huyén: AABC’, AAA'C', AACC', AAD'C/,

ANADC', NAB'C'. i
Tir d6 suy ra khoang cach tir cac diém B, C, D, A’, B/, D’ dén dudng chéo AC’ bang

nhau.

Goi khoang cach tir B dén AC’ 1a h. Trong AABC' ¢

1

h2

“Baz B2 T 2T o

11 1 1
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3

2. Chung minh rang B'D vudng goc véi mat phang (BA'C').

. B'B=BA =B'C =a
a Cco
AB' = A/C' = C'B = aV?2

=h=

Suy ra B'H 1 (BA'C’), v6i H la tam cta tam giac déu BA'C’.

Tuong tu ta c6 D.BA’C’ 1a hinh chép déunén DH L (BA'C').

Tir (1) va (2) tasuy ra B'D L (BA'C').

3. Chiing minh BC’ vudng géc v6i m?t phang (A’B'CD).
Vi BCC'B’ 1a hinh vuéng nén ta ¢6 BC' L B'C.
Ta c6 DC L (BCC'B’)nén DC L BC'.

Vay BC' L (A'B'CD).

4. Tinh khoang cach giita hai mit phang (BA'C’) va (ACD’).

av/6
=

nén hinh chép B'.BA’C’ 1a hinh chép déu.

(1)
(2)
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Goi O va O’ lan lugt 1a tam ctia hai ddy ABCD va D’ o B’
A'B'C'D’. Trong mat phang (BDD'B'), goi G; = DB’ N
BO',do BO' € (BA'C’")nén G; = DB’ N (BA'C'). G
Vay B'G, L (BA'C') = d(B,(BA'C')) = B'G.
Hoan toan tuong tu, d(D, (ACD’)) = DG,. Go
Dé dang ching minh duge (ACD’) || (BA'C’). Tir d6 suy
ra GG, la khoang cach gitta hai mat phang (ACD’) va D O B

(BA'C').
Dé théy G1G, = B'Gy = DG, = %DB’ — #
Vay khoang cach gitta hai mat phang (ACD') va (BA'C’)
1 2Y3
3
5. Tinh khoang cach gitta hai duong thang BC' va CD'.
Ta c6 BC' va CD' 1an lugt thudc hai mat phang (BA'C’) va (ACD').
Theo cau 4 ta c6 (BAC') || (ACD’).
Vay khoang cach gitta hai dudng thang BC' va CD’ bang khoang cach gitra hai mat

phing (ACD’) va (BA'C') va bing %5

6. Xac dinh va tinh d6 dai doan vuéng goc chung ctia AB’ va BC'.

Goi I va J 1an luot la tdm ctia hai hinh vuéng BCC'B’ va ADD'A’.

Trong mat phang (A’B'CD), dung IK | JB/,K € JB'.

Trong mat phang (AB'D’), dung KP | AD', P € AB/, suy ra KP || BC'.

Trong mat phang (KP, BC'), dung PQ || IK, Q € BC'. Ta chiing minh PQ la doan

vuong goc chung ctia BC' va AB'.

Tac6 BC' L (A’B'CD), IK C (A'B'CD) nén IK 1 BC'.

Ma BC' || AD" = IK L AD'.Ngoairatacd IK L JB' nén IK L (AB'D’) = IK L AB'.
IK 1 BC’

Tom lai ta co /s
IK | AB

ma PQ || IK nén PQ vuoéng goc véi ca hai duong thang BC/

va AB'.

Vay PQ 1a doan vuong goc chung cia AB’ va BC'.

Taco 1] || A'B',ma A’B' L (BCC'B'y = I] L (BCC'B') = IJ L IB'.
Xét tam gidc vuong B'I] c6 duong cao IK nén

1 1 1 2 1 3 a3
womtpTete 275

Theo cdch dung thi IKPQ 1a hinh chit nhat nén PQ = IK = %

]

Bai 29. Cho hinh chép S.ABCD c6 day ABCD la hinh vudéng canh a, mat bén (SAD) la
tam giac déu va vuong goc véi mat phang day (ABCD). Goi I, M, F lan lugt la trung
diém cua AD, AB, SB va K la giao diém ctia BI va CM.

1. Ching minh (CMF) vudng goc vdi (SIB).
2. Tinh BK va KF.
3. Dung va tinh d¢ dai doan vuéng goéc chung ctia AB va SD.

4. Tinh khoang cach gitta hai duong thang CM va SA.
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Loi giai.
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N

A M B

1. Chiang minh (CMF) vuéng goc voi (SIB).
Ta c6 AIAB = AMBC (c-g-c) = B, = C;.
Tir C; + My = 90° = By + My = 90° = MKB = 90° = CM L IB.
TacoCM L IB;CM L SI, (SI L (ABCD))vaCM C (CMF) nén (CMF) L (SIB).

2. Tinh BK va KF.
.. . o 5 ,  a* a5
Tam gidac CBM vuong tai Bnén CM = v BC* + BM? = ¢/ a* + 1= 5

a
BM-BC 5% a\/—

Tacd BK-CM = BM - BC & BK =
a co & CM a5

2
Tam giac SIB vuong tai I nén
a\/g
5a BI > V10
= V/SI2+BI* = = SBI = _v
+ T = av/2 va cos S G 1

Trong tam giéc BKF, ta c6 FK? = BK? + BF? — 2 BK - B - cos FBK

2_|_a2_2 av'b a\/§ \/1_0
2 5 2 4

a
5
2

-5

av5

5
3. Dung va tinh d6 dai doan vudéng goc chung cta AB va SD.
Tac6 AB L ADva AB L SInén AB L (SAD).
Trong mat phang (SAD), ké AE L SD. Khi d6, AE la doan vudng goc chung cua AB

va SD.
Vay d(AB,SD) = AE = M (vi AE 1a dudng cao ctia tam gidc déu SAD).

Vay FK = ——

4. Tinh khoang cach gitta hai duong thang CM va SA.
Goi N la trung diém ctia CD.
Tacéd AN || CM = CM || (SAN).
Suy rad(CM, SA) = d(CM, (SAN)) = d(K,(SAN)) (do K € CM).
Goi P = ANNBI.Tacé BI L AN (vi AN || CM).
Do d6, AN L (SIP). Twu I ké IQ 1 SP, Q € SP. Két hgp véi IQ L AN thi IQ =
d(I, (SAN)).
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BM? 2 a5 aVh

Tac6 AIAP = AMBK = IP = MK =

a
MC 4 2 10 /3
iy A o1 1 1 4 20 64 av'3
Tamg1acSIPvuongta1InenI—Qz21—52+WZW—|—Q—2=3?$1Q:—.
Taco IKN(SAN) = P nén

d(K,(SAN)) KP /3
AL GAN) — 1p — 2= d(K(SAN)) = 2d(I, (SAN)) = =~

Vay d(CM, SA) = “\f

O]

Bai 30. Cho hinh chép S.ABCD c6 day la hinh thoi ABCD tam O canh a, géc BAD =
60°. Duong thang SO vuong géc véi ddy va SO = %a. Goi E, F lan lugt 1a trung diém
cua BC va BE.

1. Chung minh (SOF) vuong goc (SBC).
2. Tinh khoang cach tir O va A dén mit phang (SBC).

3. Goi (@) la mat phang qua AD va vuéng goéc v6i mit phang (SBC). Xac dinh thiét
dién ctia hinh chép véi mét phang («). Tinh dién tich ctia thiét dién nay.

4. Tinh géc gitta mat phang («) va mat phang (ABCD).

Loi giai.

1. Ching minh (SOF) vuong goc (SBC).

. Tinh khoang cach tir O va A dén mat

Vi ABDC déu nén DE 1L BC =
OF 1 BC (OF la duong trung binh ctia
ABDE).

BC 1 SO
T . BC L (SOF).
aco {BCLOF (SOF)

Ma BC C (SBC) nén (SBC) L (SOF).

phang (SBC).

Trong mit phang (SOF), dung OH L
SF,H € SF thi OH L (SBC). Do do,
d(O, (SBC)) = OH.

Trong ASOF vuéng tai O ta c6

11 N 1 _16+16 64:>OH_3a
OH2 OS2 OF2 942 342 942 8
3a

Vay d(O, (SBC)) = OH = — =

Goi I = FON AD. Trong mat phéng (SIF) dung IK L SF tai K thi IK L (SBC) (vi
IK || OH).
Tacé AD || BC nén AD || (SBC).

Do d6, d(4, (SBC)) = d(I, (SBC)) = IK = 20H = %‘Z (vil € AD).
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3. Xac dinh thiét dién cta hinh chép véi mat phéng ().
Ta c6 IK L (SBC) nén mat phang («) chinh la mat phang (ADK).
Ta c6 K€ (SBON(ADK) SBC ADK K Kx || AD || BC
Goi M = KxNSB, N =KxNSD.
Vay thiét dién 1a hinh thang ADNM.
*) Tinh dién tich hinh thang ADNM.

1
Ta cé Sapnm = E(AD + NM) - IK.

922 342
Tam gidc SOF vuong tai O nén SF = vOS? + OF? 1— + 31— = %5.
2 922
Tam gidc SIK vuong tai K nén SK = /SI2 — IK2 ‘/T 91—6 = %g.
SK 1 e
Do do, SF= 7o Suy ra K la trung diém cua SF.
. BC
Nhu thé, MN la duing trung binh ctia ASBC. Tir d6, MN = —= = g
) 1 1 a\ 3a 942
4. Tinh gbc gitta mat phang (x) va mit phang (ABCD).
(x) N(ABCD) =
Taco { FI L AD,KI 1L AD = ((«), (ABCD)) = FIK.
FI C (ABCD),KI C (w)
IK
Tam giac FIK vudng tai K ¢6 cos FIK = _ o, : M = £ = FIK = 30°.

IF 4 2
Vay (&), (ABCD)) = 30°.

Bai 31. Cho tam gidc déu SAB va hinh vuéng ABCD canh a nam trong hai mét phang
vuong goc voi nhau. Goi H, K lan luot 1a trung diém ctia AB, CD va E, F lan luot la
trung diém cua SA va SB.

1. Tinh khoang céch tir A dén mat phang (SCD). Tinh tan géc gitrta hai méat phang
(SAB) va (SCD).

2. Goi G la giao diém ctia CE va DF. Chiing minh CE L SA, DF 1 SB. Tinh tan cta
goc gitra hai mat phéng (GEF) va (SAB).

3. Chiing minh G la trong tdm ctia tam gidac SHK. Tinh khoang cach tir G dén mat
phang (SCD).

4. Goi M la diém di dong trén doan SA. Tim tap hop nhiing diém la hinh chiéu
vuong goc ctia S trén mat phang (CDM).

Loi giai.
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mét phang (SCD).

Tac6o DC 1. HK, DC 1 SH
nén DC 1 (SHK). Suy ra
(SCD) L (SHK).

Trong mat phéng (SHK),
dung HQ L SK,(Q € SK).
Khi d6, HQ L (SCD).

Nhu thé, d(H,(SCD)) =
HQ.

Tam giac SHK vuong tai K
nén

11 N 1 _i+_ 7
HQ? HS? HK? 3a2 B

6121{a
Y
7

Suy ra, HQ =

av/21
7

Vi AH || CD nén
AH || (SCD).
Vay  d(4,(SCD))

d(H, (SCD)) = Z 721.

d(H, (SCD)) =

*) Tinh tan géc gitta hai mat phang (SAB) va (SCD).
Ta c6 (SAB)N(SCD) = Sx, (Sx || AB || CD) va

SH 1 AB,SK 1 CD SH LS
X J—
SH C (SAB),SK C (SCD) = { = ((SAB),(SCD)) = KSH.
SK 1 Sx
Sx || AB || CD

HK a  2V3

HS  4/3 3
2

Tam giac SHK vudng tai H nén tan KSH =

. Chung minh CE L SA, DF L SB.

2
Tam gidc HBC vuéng tai B nén HC = vHBZ + BC2 = ‘/QZ +a2 = %g
iy A R 5 5 342> 54
Tam giac SHC vudng tai H nén SC = vV HS* + HC* = e + o= av/2.

Xét ASAC ¢6 CA = CS = av/2 nén tam gidc SAC can tai C va c6 CE la duong trung

tuyén, suy ra CE cing la duong cao. Vay CE L SA.
Chung minh tuong tu thi DF | SB.

x) Tinh tan géc gitta hai mat phang (GEF) va (SAB).
Goi I = SH N EF.Khi d¢, I 1a trung diém ctia EF.

Ta c6 CDEF la hinh thang can va I, F lan luot la trung diém ctia hai day EF va CD nén

IK L EF.
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(SAB) N (CDEF) = EF
Nhu thé, { SH L EF,KI L EF — ((SAB),(CDEF)) = HIK.
SH C (SAB),KI C (CDEF)
HK a 43
HI  4/3 3
4

Tam giac HIK vudng tai H nén tan HIK =

3. Chung minh G la trong tam ctia tam giac SHK.
Vi CDEF la hinh thang can nén G € KI.
Trong hinh thang can CDEF ta c6 i 1¢ dong dang

GF GE GI EF 1 . 1

CD-CC-GK-DC= 7% (ViEF = EAB,AB = CD,).
2

Suyra, GK = 2GI & KG = §KI.

Ma KI la dudng trung tuyén ctia tam giac SHK. Vay G la trong tdm ctia tam gidc SHK.
Trong mat phang (SHK), goi L = HG N SK. Ta ¢,

d(G,(SCD) _ GL _1 o v
d(H.(5cD) ~ HL — 3~ UG/ (5CD)) = 3d(H,(SCD)) = =~
Vay d(G, (SCD)) = ”2 fl,

4. Tim tap hop nhitng diém la hinh chiéu vuéng géc ctia S trén mat phang (CDM).

Tac6 CD L (SHK) = (CDM) L (SHK).

Dung MN || CD,N € SH. Ta dugc, (CDM) N (SHK) = KN.
Dung SP L KN = SP L (CDM).

Do d6, P 1a hinh chiéu ctia S trén mat phang (CDM). 2
Ta c6 SPK = 90° nén P thudc duong tron duong kinh SK

trong mat phang (SHK). H U
Mat khac, M di dong trén doan SA nén N di dong trén doan
SH.

Ta suy ra diém P chay trén cung SH ctia duong tron duong
kinh SK.

O]

Bai 32. Hinh ch6p S.ABCD c6 day 1a hinh vuéng ABCD canh 4, cac canh bén déu bang

av/3.
1. Tinh khoang céch tir S dén mat phang (ABCD).

2. Goi («) 1a mat phang qua A va vudng géc v6i SC. Hay xac dinh thiét dién cta
hinh chép véi mit phang («). Tinh dién tich cta thiét dién nay.

3. Goi ¢ la goc gitta AB va mat phang («). Tinh sin g.

Loi giai.
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1. Goi O la tdm ctia hinh vuéng ABCD thi SO 1a khoang céach tir S dén (ABCD).

2a%>  10a? 10
Tacc’):SOZ:SCZ—OC2:3a2—%:Ta:SO:a2 .

2. ViBD 1 (SAC)nén BD L SC.
Trong (SAC) dung AC’ L SC. Goi H la giao diém ctua AC’ va SO.
Trong (SBD), duding thang qua H va song song vdi BD cat SB va SD 1an luot tai B’ va
D'
Ta c6: B'D" L SC.
Vay SC | mp(AB/C'D’) va («) 1a mat phang (AB'C'D’).
BD 1 (SAC)= BD 1L AC' = B'D' L AC".

1
Do dé SAB'C'D’ = EAC/ . B/D/.

Ta co:
av/10
4o _SOAC T3 V2 a5 aVi
SC av/3 V3 3 7
2 2
2
SC2 = A2 — ACR —3g2 2" T g 20
3 3 V3
2a
o - , scsc v Y3
Tir hai tam giac vudng dong dang SOC va SC'H, ta c6: SH = = =
SO av/10
2
4q
V10

B'D’ SH 4q 2 8 4 4

— e :—:—:B/D,:— 2.
BD SO /10 ay10 10 5 5af
1 a5 4 \/—_2a2\/30

VaySAB’C’D/ = iwga 2= T

Vi B'D’ || BD nén

3. Goi ¢ 1a goc (AB, (1)). Ta c6: CC' = SC — SC' = /3 — % - %5
Dung OK || CC' véi K € AC', thi OK L (x) va OK = %cc' - %5.
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Dung BE = OK thi BF L («) va BF = #
av/3
Ta co: (AB, (v)) = BAF = qo;sinB/fﬁ—": % = 2 = \/?§ = sing = é

O

Bai 33. Cho hinh chép S.ABCD c6 day ABCD la hinh vudéng canh a, mat bén (SAB) la
tam gidc déu. Goi E, F la trung diém ctia AB va CD.

1. Cho biét tam gidc SCD vudng can tai S. Ching minh: SE | (SCD) va SF L
(SAB).

2. Goi H 1a hinh chiéu vuéng géc ctia S trén EF. Ching minh: SH | AC.
3. Tinh géc gitta dudng thang BD va mat phang (SAD).

Loi giai.

1. Ching minh: SE L (SCD) va SF L (SAB).

- Chung minh SE L (SCD):

Do ASCD can tai S ¢6 F la trung diém cua CD = CD L SF.

Ma CD L EF (theo tinh chat ctia hinh vuéng) = CD L (SEF).

Laico SE C (SEF)= SE L. CD (1)

Ta chiing minh ASEF vuéng tai S béng cach st dung dinh ly Pytago nhu sau:

) 1
ASCD vuong tai S ¢6 SF la duong trung tuyen nén SF = -CD = 2

2 2
X ~ N A ~ LZ\/§
ASAB déu canh a c6 SE la trung tuyén nén SE = — EF =a.

2
) 2 a\/3 a L S
C6 SE2 + ST _(—2 ) +(2) — 22— EF2.
Vay ASEF vuéng tai S = SE L SF (2)
Tir (1) va (2) = SE L (SCD).

- Chung minh SF | (SAB):
Tac6 CD 1 (SEF), ma AB || CD = AB L (SEF) = SF 1 AB(3)
T (2) va (3) = SF L (SAB).
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2. Chung minh SH L AC

Ta c6 CD L (SEF) (theo ching minh trén), ma SH C (SEF) = SH L CD.
Honnta, SH L EF (gt) = SH L (ABCD).
Ma AC C (ABCD) = SH 1 AC.

. Tinh géc gitta duwdng thang BD va mat phang (SAD).

Goi O 1a tdm cutia hinh vuéng ABCD.

Theo tinh chét ctia hinh vudéng ABCD, ta ¢c6 AC, BD, EF dong quy tai O.

Vi SE > SF nén H thudc doan OF.

Trong mét phang (ABCD), qua H vé dudng thang song song véi CD cat AD, OD lan
luot tai M va K.

Vay goc gitta BD va mit phang (SAD) la goc gitta KD va (SAD).

Ta c6: AD 1L MH, AD 1 SH (do SH L (ABCD)) = AD 1 (SHM) = (SAD) L
(SHM).

Ma (SAD) N (SHM) = SM. Ve KP L SM(P € SM) = KP L (SAD,) tai P.

Nhan xét: Néu hai mit phang vudng goc voi nhau thi duong thang nao nam trong mdt phing
nay va vudng goc voi giao tuyén thi vudng goc vdi mdt phang kia.

= Hinh chiéu cta K 1én (SAD) la P = Hinh chiéu ctia KD 1én (SAD) la PD.

= (BD,(SAD)) = (KD, (SAD)) = (KD, PD) = KDP.
Dé tim goc KDP, ta di tim KD va KP.
ASEF vuong tai S ¢6 SH la duong cao nén ta co:

1 1 1 1 1 1 1 16 av/3
SH?> SE?2  SF? av3\? (g)Z 3¢ a® 3 4
2 2 4 4
A . N 3a> 3a
ASEH vudng tai H nén ta c6: EH = v/SE? — SH? = | — — %=1
30 a a a a
OH_EH_OE_Z_E Z = HF = OF — OH_E_ZL_ZL'
= H la trung diém ctia OF, ma HK || DF nén HK la duong trung binh caa AFOD.
1
:>K1atrungd1emcuaOD:>KD——OD—E %—ai_ (Do BD = av/2).
1 1 a a a a a
HK—EDP—E-E—Z,MK—MH—HK—E—Z—Z.

= K 1a trung diém ctia MH.
Trong (SHM), vé HQ L SM (Q € SM), ma KP L SM = KP || HQ.

. . 1
Ma K la trung diém cua MH nén KP la duong trung binh cia AMHQ = KP = EH Q.
ASHM vuodng tai H c6 HQ la dudng cao, ta co:

1_1+1_ 1 +1—1+1—28$HQ—Q\/21
HQ?  HS*  HM? /. /3\? (g)2 322 3a? 14
<—4 ) 2 16 4
:KP:%HQ:””H.
Trong AKPD vuéng tai P, ta c6:
av/3
. /\_KP_4\/_ V42 B V42
sin KDP = KD~ a3 14 — KDP = arcsmT

4
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Vay (BD, (SAD)) = KDP = arcsin %

OJ
Bai 34. Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng canh a, SA L (ABCD) va
SA = 2a.
1. Chung minh (SAC) L (SBD); (SCD) L (SAD).
2. Tinh goc gitta SD va (ABCD), SB va (SAD), SB va (SAC).
3. Tinh d(A, (SCD)), d(B, (SAC)).
Loi giai.
1. - Chung minh (SAC) L (SBD).
Ta c6: BD L AC (hai duong chéo ctia hinh vudéng ABCD);
BD 1 SA (do SA L (ABCD)).
= BD 1 (SAC), ma BD C (SBD).
= (SAC) L (SBD).
- Chung minh (SCD) L (SAD).
Ta c6: CD L AD (hai canh ké ctia hinh vuéng ABCD).
CD 1 SA(do SA L (ABCD)).
= CD 1L (SAD)ma CD C (SCD).
= (SCD) L (SAD).
2. - Tinh goc gitta SD va (ABCD).
Ta c6: SA L (ABCD) tai A nén hinh chiéu ctia S 1én mp (ABCD) la A.
= Hinh chiéu ctia SD 1én mét phang (ABCD) la AD.
= (SD,(ABCD)) = (SD, AD) = SDA.
Trong ASAD vuéng tai A, tan SDA = % = %ﬂ =2 = SDA = arctan2.
Vay (SD, (ABCD)) = SDA = arctan2.
- Tinh goc gitta SB va (SAD).
Ta cé: BA L SA,BA 1 AD = BA 1 (SAD) tai A nén hinh chiéu cta B lén (SAD) la
A

= Hinh chiéu ctia SB 1én mat phang (SAD) 1a SA.
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= (SB,(SAD)) = (SB,SA) = BSA.
AB a

— 1
Trong ASAB vudng tai A, c6 tan BSA = A= "7

—

= BSA = arctan %

Vay (SB, (SAD)) = BSA = arctan%.

- Tinh goc gitta SB va (SAC).

Goi O la tdm cua hinh vuéng ABCD.

Theo chitng minh trén: BD | (SAC) tai O nén hinh chiéu cta B 1én (SAC) 1a O.
= Hinh chiéu ctia SB 1én (SAC) 1a SO = (SB, (SAC)) = (SB, SO) = BSO.

BD_a\/_:>BO_§BD_a\2/§.
ASAB vuéng tai Anén SB = /SA2+ AD? = /(2a)? + a2 = aV/5.
av/2
Trong ASOB vudng tai O, ta co: smli@b BO 2_ _ L = B/ST) = arcsinL
8 & SB a5 V10 V10’

—_— 1
Vay (SB, (SAC)) = BSO = arctan ——.
iy (5B, (SAQ)) 710

. - Tinh d(4, (SCD)).

Goi H 1a hinh chiéu vuong géc ctia A trén SD.

Taco: AH L SD.

Theo chung minh & cau a, CD L (SAD).

Ma AH C (SAD) = AH L CD = AH 1 (S5CD) = d(A,(SCD)) = AH.

ASAD vuong tai A ¢c6 AH la duong cao.
Tacs ==L LA 2
"AHZ  AD?  AS? 42 4q2 V5
2a
NG
Nhan xét: Néu hai mat phang vuodng goc voi nhau thi duong thang nao nam trong mat
phang nay va vuong goc voi giao tuyen thi vuong goc voi mat phang kia.
Trong y trén, do (SAD) L (SCD) va c6 giao tuyén la SD nén khi ké AH L SD thi
AH 1 (SCD).

Vay d(A, (SCD)) = AH =

- Tinh d(B, (SAQ)).
Theo chitng minh trén BD | (SAC) tai O nén hinh chiéu ctia B 1én (SAC) 1a O.

— d(B,(SAC)) = BO = ”f

]

Bai 35. Cho hinh chép S.ABC c6 tam giac ABC vudng tai A, goc B = 60°, AB = a, hai
mat bén (SAB) va (SBC) vudng goc viday; SB = 2a.HaBH 1 SA(H € SA); BK L SC
(K € SC).

1. Chung minh SB | (ABC).

2. Chung minh SC L (BHK).

3. Chung minh tam giac BHK vudng.

4. Tinh c6-sin cta goc tao boi SA va (BHK).

Loi giai.
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Nhan xét. Hai mgt phing ciing vudng goc vdi mot mét phing thi giao tuyén ciia chiing (néu co)
vubng goc voi mdt phang do, titc la

()N (B) =d

{(au(v);w)i(v):‘“”)'
| o [(SAB)N(SBC) = SB .
+ 12 €9 Y (SAB) L (ABC);(SBC) L (ABC)

(ABC).

2. Taco AC L AB (do AABC vuéng tai A)
va AC 1 SB (do SB L (ABC))
= AC 1 (SAB) = BH 1 AC (do BH C (SAB)).
mat khac BH | SA (gia thiét)
= BH 1 (SAC) = SC L BH (do SC C (SACQ)).
Talai c6 SC L BK (gia thiét)
Suyra SC L (BHK).

3. Tacé BH 1 (SAC), ma HK C (SAC) nén suy ra BH | HK. Vay tam gidc BHK vuéng
tai H.

4. Tac6 SC L (BHK) tai K nén HK la hinh chiéu vuéng goc ctia SH trén (BHK). Do d6

(SA,(BHK)) = (SH, (BHK)) = (SH, HK) = SHK.

e s A
Vi SHK = SCA nén cos SHK = cos SCA = S—g
Tam gidc ABC vuong tai A, c6 AC = AB - tan60° = a+/3, BC = v/a? + 342 = 2a.
Tam giac SBC vuong tai B nén SC = v/SB2 + BC? = 2+/2a.

AC av/3 V6
Suyracos(SA,(BHK)) = — = =

O

Bai 36. Cho hinh chép ti gidc déu S.ABCD, canh ddy bang a, canh bén bang #. Goi
O 1a tdm ctia hinh vudng ABCD, va M la trung diém ctia SC.

1. Chung minh (MBD) L (SAC).

2. Tinh géc gitta SA va mat phang (ABCD).

3. Tinh goc gitta gitta hai mat phéng (MBD) va (ABCD).

4. Tinh géc gitra gitra hai mat phang (SAB) va (ABCD).
Loi giai.

/\ Hinh chép déu Ia hinh chdp c6 cic canh bén bing nhau vi c6 diy la da gide déu. Do d6, trong
hinh chdp déu, tim ciia da gidc ddy triing vdi hinh chiéu cia dinh S lén mdt ddy.
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1. Vihinh chép S.ABCD déunén SO | (ABCD).
ma BD C (ABCD) nén BD L SO.
Talaic6 BD L AC = BD L (SAC).
ma BD C (MBD), suy ra (MBD) L (SAC).

2. Vi SO L (ABCD) nén OA la hinh chiéu
vuéng goc cua SA 1én (ABCD). Suy ra
(SA,(ABCD)) = (SA, AO) = SAO.

TacoSA_Mg Ac_aﬁ:AO:@.
Tam giac SAO2 vuong tai O co 2
cosS/AB = ?1(4) \/5— SAO = arccos @

3. Taco (MBD) N (ABCD) = BD (1)
ma BD 1 (SAC),OM C (SAC)= OM L BD (2)
vaOC 1L BD (3)

Tir (1), 2), (3) = ((MBD), (ABCD)) = (OM, OC) = MOC (do MOC la géc nhon).

. 1
Tam giac SOC vuodng tai O ¢c6 OM la duong trung tuyen nén OM = CM = -SC =

2
1 a5 _ o
2 2 4
Ap dung dinh ly c6-sin trong tam gidc COM, ta co:

() () (%)
OM? +0C*—CcM? \ 4 2 4 ) V10

20M - OC B a5 a2 5
42

cosm =

— 1
Vay ((MBD),(ABCD)) = COM = arccos @
4. Ta c6 (SAB) N (ABCD) = AB. Goi E la trung diém ctia AB.
Khid6 OF L AB,ma SO L AB= SE L AB.
Suy ra, ((SAB),(ABCD)) = (SE,OE) = SEO (vi SEO nhon).

2 2
Tam gidc SCO vudng tai O nén SO = v/SC2 — OC2 = \/ ”2£> — (ﬂ) — ﬁ,

2 2

— SO
Tam giac SEO vuong tai O, ta co tan SEO = OF %_ g =

Vay ((SAB), (ABCD)) = 60°.

V3 = SEO = 60°.

O]

Bai 37. Cho hinh lang tru ABC.A’B’'C’ ¢c6 AA" L (ABC) va AA" = a, day ABC la tam
gidc vuong tai A c6 BC = 2a, AB = a+/3.

1. Tinh khoang cach tir AA” dén mat phang (BCC'B’).
2. Tinh khoang cach tir A dén (A’BC).

3. Ching minh rang AB 1 (ACC’'A’) va tinh khoang cach tir A’ dén mat phang
(ABC)).
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Loi giai.

C/ B/

1. ViAA' | BB' = AA’ || (BCC'B)
nén d(AA’, (BB'C'C)) = d(A, (BB'C'C)). /
Vi AA” 1L (ABC) nén (ABC) L (BCC'B’) theo giao
tuyén BC. \
Ké AH | BCtai H,suyra AH L (BCC'B’). \
Do d6, d(A, (BB'C'C)) = AH.
Ta c6 AC = vVBCZ — AB2 = /44?2 — 342 = a. \
Tam giac ABC vuong tai A c6 AH la duong cao nén Ck----- bsH-o- N B

AB- AC _a-a\/§_a\/§ 1
VAB2 + AC? 2a 2 A

AH =

Vay d(AA/,(BB'C'C)) = %

2. K6EAK | A’Htai K. Tac6 AA’ | BCva AH 1 BC= (A’AH) L BC = AK 1 BC.
Suy ra AK L (A’BC). Do d6 d(4, (A'BC)) = AK.
Tam giac A’ AH vudng tai A c6 AK la dudng cao nén

av'3
_ AACAH YT av21
\/AA’Z—f—AHZ \/2 342 7
a2+
4
V21
Vay d(A, (A’BC)) = 2 —.

Cach 2. Vi AA/, AB, AC ddi mét vudng goc nén goi d 1a khodng cach tir A dén mat
phéng (A’BC), ta c6

1 1 1 17 _aV21
2t ap T ae T 7T T

3. Taco AB | AC, AB | AA’ (do AA' | (ABC)) = AB L (ACC'A').
Goi O giao diém cua A’C va AC'.
Tac6 A'O L AC' (do ACC'A’ la hinh vudng)
mit khac A'O L AB (do A’O C (ACC'A)va AB | (ACC'A)
— A'O L (ABC') tai O.

Do d6, d(A’, (ABC)) = A’O =

A’C_a\/i
2 27

Nhan xét. D¢ tinh khodng cdch tir diém M dén (x), néu dé bai cho khong xdc dinh duogc truc tiép
hinh chiéu vudng goc ciia M Ién («) thi ta lam nhu sau:

e Tim mat phang (B) di qua M va (8) L (a).

e Tim giao tuyén A = (a) N ().
Ké MH 1 AtaiH= MH 1 («) = d(M, (x)) = MH.
OJ

Bai 38. Cho hinh thang ABCD vudng tai A va B, c6 AD = 2a, AB = BC = a. Trén
duong thang Ax vudng goc v6i mat phang (ABCD) lay diém S. Goi C’ va D’ lan luot



254 CHUONG 3. QUAN HE VUONG GOC TRONG KHONG GIAN

1a hinh chiéu vudng goc ctia dinh A trén SC va SD.
1. Chiing minh SBC = SCD = 90°.

2. Ching minh ba dudng thang AD’, AC/, AB cing nam trén mat phang. Tir d6
ching minh C'D’ luén di qua mot diém c6 dinh khi S chay trén Ax.

3. Xac dinh va tinh d9 dai doan vudng géc chung ctia AB va SC khi SA = av/2.

Loi giai.

1. Ta ¢c6 BC L BA, BC 1 SA (do
SA 1 (ABCD))
= BC 1 SB.
Goi I 1a trung diém AD = ABCI la
hinh vuéng
= IA =ID = IC = AACD vuodng
tai C.
Ta c6 CD 1 AC,CD 1 SA (do
SA 1 (ABCD))
= CD 1 SC.__
Vay SBC = SCD = 90°.

2. ¢ AB L AD, AB L SA (do SA L

(ABCD))
= AB 1 SD. (1)
AC' 1 sC
{AC’ 1 CD(doCD L (SAC), AC' C (SAC))
= AC' 1 SD. ()
e AD' 1 SD (gia thiét). (3)

Tir (1), 2), (3) = AB, AC, AD' cing
nam trong mat phéng (P) di qua A
va vuong goc voi SD.

Do dé6 C'D’ di qua mét diém cb dinh
la giao diém I ctia AB va CD khi
diém S di dong trén duong thing
Ax.
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3. TacoCI || AB = AB || (SCI).
Ké AH L SI tai H.
Taco AH 1 SI, AH L CI(doCI L (SAD))
= AH 1 (SCI).
Ké HK || CI (K € SC) va lay diém E trén
canh AB sao cho AE = HK. Khi d6 AHKE
la hinh binh hanh = AH || KE.
Suy ra, KE L AB (do AB L (SAD) =
AB 1 AH)
va KE 1L SC (do AH L (SCI) = AH L
SC).
Do do, KE la doan vudéng goc chung cua
ABva SC.
Tam gidc SAI vudng tai A c6 AH la duong
cao nén

Ag_  SAAL _ av2-a _aV/6
VSAZ 4 A2 222442 3
av/6

Vay d(AB,SC) = KE = AH = =~
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