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CAC BAI TOAN BAT PANG THUC HAY VA KHO

Phin 1. Cac bai toan sir dung bat ding thirc Cauchy Scwharz.
I. Gi6i thi¢u tong quan vé bat ding thirc Cauchy Schwarz.

Biit ding thirc Cauchy Schwarz. Vi moi sb thuc a,,a,,...,a, va b,,b,,...,b, taco

=

(a,b, +ab, +---+ab, ) <(a +a; +---+a. )b} +b; +---+b’)

Dang thirc xay ra khi va chi khi q, ra;=b,:b;, Vi,j=1n.

II. Cac bai toan ap dung.
Bai 1. (Jack Garfunkel)

Cho cac s6 khong 4m a,b,c, chimg minh bat ding thirc

a b +—S S%\/a+b+c

+
\/a+b \/b+c \/c+a

Giai.
St dung bét ddng thirc Cauchy Schwarz, ta c6

a = Ja(5a c) - a < a(5a c 4
(;«/a+bJ _{Z (Sa+b+3c) \/(a+b)(5a+b+9c)j <[§ (ba+b+9 )J(gc“(a+b)(5a+b+9c)j

cyc

5 a
=5(a+b+c) [Z(a+b)(5a+b+9c)J

cyc

Nhu thé, ta chi can ching minh

a 5
(a+b+c)[z(a+b)(5a+b+9c)JSE

cyc

Nhu diéu nay hién nhién dung vi

D _(a+b+o) D a
16 ~ (a+b)(5a+b+9c)
> ab(a+b)(a+9b)(a—3b)* +243) a’b’c+835) a’bc® +232) a'bc+1230a’b*c’

_ orc cyc cyc cye > O

- 16(a+b)(b+c)c+a)Sa+b+9c)5b+c+9a)(5c+a+9b)

Bét dang thirc dugc ching minh xong. Pang thirc xay ra khi va chikhi a:b:¢=3:1:0.
Bai 2. (V5 Quédc Ba Can)

Cho cac so khong am a,b,c c¢6 tong bang 1, ching minh rang
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\/a+b2 +\/b+c2 +\/c+a2 S%
Gidi.
Str dung bat dang thirc Cauchy Schwarz, ta co

(ZWT = [ZM- ilz < [2(441 L 4b+ c)j[ziJ

e p” da+4b+c v o da+4b+c

5 a+b’ _9zcz(a+b+c)+b2
acda+db+c o7 4da+db+c

Nhu thé, ta chi can chimg minh ring

9za(a+b+c)+b2<g(a+b+c)
oe  da+db+c - 25

Ta co
163> a* +3003) a’b* +1975) ab’ = 725> a’b+10920) a’bc
VP _ VT — cyc cyc cyc cyc cyc
25(4a+4b+c)(4b+4c+a)(4c+4a+b)
16?{2(14 +11> a’b* —6) a’b- 6Za2bc} +4
_ cye e cye cye
© 25(4a+4b+c)(4b+4c+a)(4c+4a+b)
trong do

A=1210) a’b* +1975) ab’ +253> a’b+11898) a’bc>0

cyc cyc cyc cyc
Ta chung minh

dat+11).a’b* 6> a’b—6) a’bc>0

cyc cyc cyc cyc
= [Za“ - Za2b2] + lZ(Z‘lazb2 - Zazbcj - 6(Za3b - Zazch >0
cye cye cye cye cye cyc
Ta co

Za4 _Zazbz =%Z(a2 _bz)z

cyc cyc cyc
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3(Za3b - Zazbcj = 3(219% - Zazbc] =-3> be(a® -b?)

cye cyc cyc cyc cye

=-3>be(a® =b*)+ Y (ab+bc +ca)(a’ —b*)

cyc cye

=Y (a® =b*)(ab + ac - 2bc)

cye
6[2(12192 - Zazbcj = Z(ab +ac—2bc)’
cyc cyc cyc
Do d6 bét déng thirc twong duong

%Z(az —b*)? +2> (ab+ac—2bc)’ -2 (a® —b*)(ab+ac—2bc) >0

cye cye cyc
1
= EZ(az —b* —2ab—2ac+4bc)* >0
cye
Bét dang thtic cubi cung hién nhién dang nén ta c6 dpem. Pang thirc khong xay ra.
Bai 3. (V5 Quéc Ba Can)

Cho cac so khong am a,b,c, chirng minh rang

azx/b2 +4c? +b\/02 +4a° +C\/a2 +4b° S%(a+b+c)2
Giai.
Str dung bat dang thirc Cauchy Schwarz, ta co
2
b* +4c?) a(b® +4c?)
avb® +4c* | < a(Ba+b+5c a(— =3(a+b+c)’ _
[; J [; ( )j[%; 3a+b+5¢c ( ) §3a+b+50

Nhu thé, ta chi can ching minh rang

2 2
ZMSE(QJFZ,JFC)Z
3a+b+5¢ 16

cyc

<45 a’ +165) a*b+69> ab* +536> a’bc—306 a’h* —18> a’b’ —410) a’b’c>0

cyc cyc cyc cyc cyc cyc cyc
Khong mat tinh tong quat, gia st ¢ = min {a,b, c} , bat dang thirc twong duong véi
(45a° +45b° +165a°b + 69ab* —306a°h*> —18a’b> )+ Ac >0

& 3(a+5b)(15a> +10ab +3b*)(a —b)* + Ac > 0

Trong do
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A=69a* +(536b—18c)a’ — (410b” + 410bc +306¢>)a’ + (536b° —410b°c + 436hc” +165¢° )a
+165b* —306b°c —18b°c* + 69bc> + 45¢*
Str dung gia thiét ¢ = min {a,b,c}, ta dé dang chung minh dugc 4 > 0 nén ta c6 dpcm. Déng thirc xay ra khi va
chikhia:b:c=1:1:0.
Bai 4.

Cho cac s duong a,b,c, ching minh

at b* ¢t a+b+c
3 3+ 3 3+ 3 3 Z
a +b b’ +c ¢ +a 2
Giai.
Bé de.

ab’ +bc’ +ca’ S%(a2 +b* +c%)?
St dung bét ddng thirc Cauchy Schwarz,
a' 2,3 3 3 3 332
—_ a (@ +b’)|=(a +b” +c
Ta phai chung minh
20’ +b°+c*) 2(a+b+c)a’ +b° +c’ +a’b’ +b7c’ +cPa’)
Ta co

a’b’ +b*c’ +c*a’ = (ab+bc +ca)(ab® +bc* +ca’)—abe(a® +b* + ¢ +ab +bc + ca)
_ab+bc+ca

"~ a+b+e
—abc(a® +b* +c* +ab+bc + ca)

(ab® +bc® +ca’ +a’b®> +b*c® +c*a’ +abc(a+b +c))

:—ab+bc+ca (ab3 +bc’ +ca’ +a’*b* +b*c? +02c12)—czbc(a2 +b? +c2)
a+b+c

Sw(l(cxz +b° —i—cz)2 +a’*b* +b*c? +czazj—abc(a2 +b? +cz)
a+b+c \3

Nhu thé, ta chi can ching minh rang
2@’ +b> +c’) 2 (a+b+c)a’ +b° Jrc5)+(ab+bc+ca)(%(a2 +b>+c’) +a’b’ +b’c’ +cza2j

—abc(a+b+c)a® +b* +c?)
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Z 9 N 1 2
Khong mat tinh tong quat, chuan hoéa cho a+b+c=1, dat ab+bc+ ca 3q ,y=abc (0<g<1) thi ta co

(1-9)°1+2q)  _ (1+q)°(1-29)

. Bit ding thire twong duon
27 27 S S S

(54r° +(28¢° —4)}/)—3(1—(]2)r+%(7q6 +108g* —394> +5)>0

R rang f(r) = 54r* +(28¢* —4)r 1a ham dong bién theo 7 nén ta c6

VT>[54((1+Q)2(12q)J +(28¢° 4)((”61)2(12Q)H3(lqz)((lq)z(l+2q)J

27

27 27

q’(q°(15¢° —26q +24) + (1-3¢)") >0
27 B

+2i7(7q6 +108¢* —39g% +5) =

Bét ding thirc dugc ching minh xong. Pang thirc xay ra khi va chikhi a =b=c.

Bai 5. (Phan Thanh Nam)

. ; \ 3 . .
Cho cac so khong am a,b,c co tong bang 1. bat k=1- B ching minh rang

Ja+kb—c)? +\b+k(c—a)* ++c+k(a—b)* <3
Gidi.
Str dung bat dang thirc Cauchy Schwarz,

cyc

1 2
cye a+ — cye a+ —
V3 V3
Nhu thé, ta chi can chimg minh ring
a 23« (b-0)’
<
(\/5 +1) Y. T > =<3
Ya+-——= Y a+—=

V3 V3
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q

1
bat g=ab+bc+ca< 3 r =abc thitacod 0<r << Batding thic twong duong véi

(2+\/_} (6q+ﬁ)so

Ta co
902++3 ) —ql6g+3)<32+3)g* —ql6g +3)= g3g -3 <0
Bét dang thirc duoc chimg minh xong. Pang thirc xay ra khi va chi khi a=b=c =% hoac a=1,b=c=0 va

cac hoan vi.
Bai 6. (V3 Qudc Ba Can)

Cho cac so duong a,b,c, ching minh rang

1 1 1 ( 1 1 1 j
+ + <2 + +
\/a2+bc \/bz—i-ca \/cz+ab a+tb b+c c+a
Giai.

St dung bét ddng thirc Cauchy Schwarz, ta c6

s L | [y (a+b)a+c) 1 2<(z(a+b)(a+c)](z 1 ]
Cyc‘/a + be SV +be Ja+ba+e)) \& at+be NG (a+b)a+c)

B 2(a+b+c) za(b+c)
C(a+b)b+o)ct+a)\ S a’ +be

cyc

Nhu thé, ta chi can chimg minh ring

2

a+b+c (Za(zb+c)+3jg(z 1 j
(a+b)b+c)c+a)‘5e a” +bc e b+c

za(b+c) 3)<(az+bz—i-02+3ab—i—3bc—i—3ca)2
5 a” +bc ~ (a+b)b+c)c+a)a+b+c)

<:>Z:a(b+c)_3< at +b* +c* —a’b’ -b’c* —c’a’
' a’ +bc (a+b)b+c)c+a)a+b+c)

1
@ch(a b)a~ c)( +bc+(b+c)(a+b+c)]20

4 2 .y 0 . , , a 7
Khong mat tinh tong quat, gia sit a 2 b > ¢, khidotacd a—c > Z(b —c)2>0. Do do
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1 1
Z:(a—b)(a—C)(a2 e + (b+c)(a+b+c)J

Z(a—b)(b—c)(a[ L, 1 J_b( L, I D
b a’+bc (b+c)a+b+c) b*+ca (c+a)a+b+c)

B c(a—b)*(a+b)b-c)a®+b*>—ab+ac+bc) 50
- b(a® +be)(b* +ca)a+c)b+c)a+b+c)

Bét dang thirc dugc chimg minh xong. Dang thirc xay ra khi va chikhi a = b =c.

I11. Bai tap tw giai.

Bai 1. (Nguyén Viét Anh)

Cho cac s6 duong a,b,c, chimg minh riang

a’ b’ c’ a+b+c
2 2 + 2 2 + 2 2 2

2a —ab+2b"  2b° —bc+2c” 2c¢” —ca+2a 3

Huéng dan.
Str dung bat dang thirc Cauchy Schwarz,

(Z 2a* —Z;+2b2 IZ“(Z"Z _ab+2b2)(0+a)2J 2 (Zcf +Zab2]

cyc cyc cye cyc

Cubi cung ta chirng minh
2
3(2&3 + Zasz > (z a](z a(a® —ab +2b*)(c + a)zJ
cyc cyc cyc cyc
Bai 2. (V3 Quédc Ba Can)

Cho cac so duong a,b,c, ching minh rang

aN8b* + ¢ +hV8e? +a’ +cV8a® +b* <(a+b+c)’
Huréng dan.
Str dung bat dang thirc Cauchy Schwarz, ta co

— 2 a(8b? +¢?) _ ’ a(8h* +c?)
(Z‘ng +e ] g(Za(51a+1oob+2c)j(z51a+100b+20]—SI(Za] (251a+100b+2c]

cyc cyc cyc cyc cyc

Ta chi can chimg minh

2 2
512 a@b” +c7)

<(a+b+c)
51a+100b +2¢

cyc
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Phén 2. Cac bai toan sir dung bét ding thirc Holder.
I. Tong quan vé bat ding thirc Holder.

I1. Cac bai toan ap dung.
Bai 1. (Phan Thanh Viét)

Cho cac s6 khong 4m x, y,z c6 téng bang 3, chimg minh ring
& +\/ S
I+y+yz l+z+zx I+x+xy

Str dung bat dang thirc Holder, ta co

(Z _r j[2x2(1+y+yz)(2x+y+32)3J2[2x(2x+y+32)j =8(x+y+2)°

cyc 1 + Yy + yz cyc cyc

Giai.

Do d6 ta chi can ching minh

8(x+y+2)°> 3Zx2(l+y +y2)(2x + y+3z2)°

cyc

S 8(x+y+2) ZZXZ((x+y+Z)2 +3p(x+y+2)+9y2)2x + y +3z)°

cyc
Ta co

yr-ve = 4Z:xy()c4 +y4)+26Z:xzy4 +39Z:x4y2 +54Zx3y3 +261x%y*z?

X+ Yy +z cyc cyc cye cyc

— 24Zx4yz —93Zx3y22 —97Zx2y3z

cyc cyc cyc

Mit khac tir bit dang thie AM-GM va Schur, ta c6 thé dé dang chimg minh dugc

421xy(x4 +y4)+262x2y4 +39Z:x4y2 +54Z:x3y3 +261x°y°z" > 24Zx4yz+93Zx3y22+972x2y3z

cyc cyc cyc cyc cyc cyc cyc
Viy ta c6 dpcm. Pang thirc xay ra khi va chi khi x=y=2z=1 hodc x=3,y=z=0 va cac hoan vi.
Bai 2. (Lé Hitu Bién Khué)

Cho céc sb duong a,b,c, chimg minh bat dang thic

\/ a’ +\/ b’ +\/ ¢’ >1
a*+7ab+b* b* +Thc + c? ¢ +7ca+a’

Giai.
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b . o
bat x=—,y Z%,Z -2 thita c6 x,y,z>0,xyz=1. Khi do, bat dang thirc trd thanh
a c
1 1 1
+ + >1
Vx? +7x+1 \/y2+7y+1 N2+ 7z+1
. , n2p2 p2m2 m2n2
Do x,y,z>0,xyz=1 nén ton tai cac s6 duwong m,n, p sao cho x=—"_—,y=+——,z=——, ta phdi chung
m n p
minh
m4
>1
cye \/m8 +7m*n’p* +n'p*
Str dung bat dang thirc Holder, ta ¢
A 2
m 8 4 2 2 4 4 3 3 333
\/8 — 44}(Zm(m +7Tm*n"p +np)}2(m +n +p’)
ae M- +Tm™n p +np cye

Nhu thé, ta chi can chimg minh

(m*+n*+p’) > Z:m(m8 +7m*n’p* +n'p*)
cyc

< Z:(Smén3 +2m’n’p’ —Tm’n’ p*) + Z:(mﬁn3 —m*n*p)>0

sym sym

Bat dang thuc cuoi cung hién nhién ding nén ta c6 dpcm. Pang thic xdy ra khi va chi khi « = b = ¢ hodc cac so

. a b . L
a,b,c théa — — +00,— — +00 va cdc hoan vi.
c

Bai 3. (Phan Thanh Viét)

Cho cac s6 duong a,b,c c6 tong bang 3, chimg minh rang

\/ a’ \/ b’ \/ ¢’ 3
+ + > =
a’ +3b* b* +3c? c?+3a°> 2

Gidi.
B deé.
a® +b° +c° =3a’b’c? 2 4(a’ )b - )P —a’)=4) a’bt -4 a'D’

cyc cyc

Str dung bat dang thirc Holder, ta co

[Z azf—W] [Z(az +3b2)(a+c)3] > (Zaz +Zabj

cyc cyc cye cye

10
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Nhu thé, ta chi can chimg minh ring

[Zaz +ZabJ Z%Z(az +3b*)a+c)’

cye cye cye

= 4(2# +Zab] >3(a+b+c)Y (a* +3b*)a+c)’

cye cye cyc
= Zaﬁ + 9Za5b + 122‘/14[)2 - 3Z:azb4 - 22‘/13[93 + 27Za4bc - lZZazbSC - 6Za3bzc —78a*b*c* >0
cyc cyc cyc cyc cyc cyc cyc cyc
Str dung bo dé trén, ta chi can ching minh rang
9Za5b + 8Z:a4b2 + Za2b4 - 2Z:cz3b3 + 27Za4bc - 12Za2b3c - 6Za3bzc —75a*b*c* >0
cye cyc cyc cye cye cyc cyc
Mat khac, str dung bat déng thirc AM-GM, ta co

Z:a“b2 +Za2b4 —2Z:a3b3 >0

cyc cyc cyc

9Za5b + 7Z:a4b2 + 27Za4bc —122a2b3c —6Za3bzc —75a*b*c* >0

cyc cyc cyc cyc cyc

Bét dang thirc dugc chimg minh xong. Pang thic xay ra khi va chikhi a =b=c=1.

11
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Phin 3. Cac bai toan vé k¥ thuat binh phwong.
I. C4c bai toin miu.
Bai 1. (Vasile Cirtoaje)
Vi moi s thue a,b,c thi
(a>+b*> +c*) 23(a’b+b’c+c’a)
Giai.
Viét lai bat dang thic nhu sau
(Z:a4 - Za2b2]+ 3(Za2b2 — Zazbc] - ?{Za% - Zazbcj >0
cye cye cye cye cye cye

Chu ¥ rang

Za4 _Zazbz Z%Z(az _bz)z

cyc cyc cye
3(2 a’b— Z azbcj = 3[2[)30 - z azch = —32 be(a® —b?)
cye cye cye cye cye

=-3>be(a® =b*)+ Y (ab+bc +ca)(a® —b*)

cyc cyc

- Z:(a2 —b*)(ab + ac — 2bc)

cyc
3(Za2b2 - Zazbc} = %Z(ab +ac —2bc)?
cyc cyc cyc

Nén bét dang thirc twong duong

%Z(ﬁ —b?)? +%Z(ab+ac—2bc)2 =Y (a* =b*)(ab+ac—2bc)>0

cyc cye cyc
1
=4 —Z:(a2 —b* —ab—ac+2bc)* >0
cyc
Bét ding thirc cubi cung hién nhién diing nén ta c6 dpem.
Bai 2. (V5 Quéc Ba Can)
Véi moi s6 thuc a,b,c thi
a* +b* +c* + (V3 - lbc(a+b+0) 2 \3(@’b+bc+c'a)
Gidi.

Viét lai bat dang thirc nhu sau

12
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(Za“ —Za2b2]+(2a2b2 —Zazch —ﬁ(zcﬁb —Zazbc] >0

cyc cyc cyc cyc cyc cyc
Chu y rang

Za4 —Za2b2 :%Z(az _bz)z

cyc cyc cyc

Za3b—2a2bc = Zb3c—2a2bc = —Z:bc(a2 -b%)

cyc cye cyc cyc cyc

=-> bc(a® —b?) +%Z(ab+bc+ca)(a2 —b?)

cyc cyc

_ %Z(cﬁ —b*)(ab + ac - 2bc)

cyc
Z:a!zb2 - Zazbc = %Z(db +ac—2bc)’
cyc cyc cyc

Nén bat dang thic twong duong

1 1 1
—>(a*-b*) +=) (ab+ac—-2bc)’ == (a’> —b*)ab+ac—2bc)>0
2 o2 2

2
@lZ(az - b? —%(ab+ac—2bc)] >0

NG

Bat dang thuc cudi cung hién nhién dung nén ta c6 dpcm.

Bai 3. (Pham Van Thuén)

cyc

Cho cac s6 thuc a,b,c, ching minh rang

T(a* +b* +c*)+10(a’b+b’c+c’a) >0
Giai.
Ta chimg minh két qua manh hon

T(a* +b* +c*)+10(a’b+b’c+c’a) 2%(a+b+c)4

That véy, bat dang thic twong dwong
86) a* +101> a’b—34> ab’ —51) a’h* —102) a’bc>0

cyc cyc cye cyc cyc
= 86(2614 - Zazbz}r 101(2(1319 - Zazbc] - 34(2611)3 - Zazch + 35(26121)2 - Zazbcj >0
cyc cyc cyc cyc cyc cyc cyc cyc

Chu y rang

13


http://www.vietmaths.com/

Vé Quéc Ba Cin www.VIETMATHS.com Pham Thi Hing

Za4 —Za2b2 :%Z(az —b2)>

cyc cyc cyc

Za3b—2a2bc = Zb3c—2a2bc = —Z:bc(a2 -b?)

cyc cyc cyc cyc cye
=-> be(a’ —b2)+%2(ab+bc+ca)(a2 —b?)
cye cyc

_ %Z(cﬁ —b*)(ab + ac - 2bc)

cyc

Z:ab3 —Zazbc = Z:bc3 —Zazbc = Z:bc(c2 -a’) = Z:ca(a2 -b?)

cye cye cye cye cye cye
= ca(a’ —bz)—§2(ab+bc+ca)(a2 -b?)
cyc cye

_ _éz(az —b*)(ab + be - 2ca)

cyc

= 101(Za3b —Zazch —34[2(1[)3 —Zazbcj = Z:(a2 —b*)(45ab +11ca — 56bc)

cyc cyc cyc cyc cyc
1
Z:azb2 - Zazbc = —Z(45ab +11ca —56bc)*
cyc cyc 5282 cyc
Do d6, bat dang thirc twong duong véi

43 (a* =b*)* +> (a’ —bz)(45ab+11ca—56bc)+%2(45ab+11ca—56bc)2 >0

cyc cyc cye
& 2(43@2 —b*)’ +(a® —=b*)(45ab +11ca — 56bc) +$(45ab +1lca— 56bc)2j +
cyc

L D (45ab +11ca—56bc)* 20
454252~

<:>17L22(86(a2 —b*)+45ab +11ca - 56bc)’ +f7i§Z:cz(a—b)2 >0

cyc cyc
Bét dang thirc cubi cung hién nhién diing nén ta c6 dpcm. Pang thirc xay ra khi va chi khi a =b=¢ =0.
I1. Bai tap tu giai.
Bai 1. (Vasile Cirtoaje)

V6i moi s6 thue a,b,c

14
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at +b* +ct+ab’ +bc’ +ca’ 22(a’b+bc+c’a)
Bai 2. (Pham Van Thuan)

Ching minh rang bat dang thirc sau dung véi moi a,b,c thuc

a(a+b)’ +b(b+c)’ +c(c+a)’ 22;87((Jt+b+c)4

15
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Phén 4. Cac bai toan sir dung bat ding thirc AM-GM.
I. Tong quan vé bit ding thirc trung binh céng va trung binh nhin AM-GM.

I1. Cac bai toan ap dung.
Bai 1. (Phan Thanh Nam)

Cho cac so khong am a,b,c c¢6 tong bang 1, chung minh rang

Va+b* +b+c® +c+a® 22
Giai.
St dung bét ddng thirc AM-GM, ta ¢
ZW:Z a+b’ =Z(a+b)(a+b2)222(a+b)(a+b2)
Sa+b S (a+bpa+b S(a+b)’+a+h’

:Z 2(a+b)a(a+b+c)+b*) _Z:2(a+b)(a2 +b* +ab+ac)

v (a+b)* +a(a+b+c)+b* " 2a* +2b* +3ab+ac

Nhu thé, ta chi can chimg minh ring

Z:(aer)(a2 +b* +ab+ac)
e 2a* +2b* +3ab +ac

= Z:aSb2 +Za4b2c+ 2Za5bc > 2Z:a3b3c+221a3bzc2

cyc cyc cyc cyc cyc

>a+b+c

= Z(%asbz +%bsc2 +%csa2 —a3bzczj+abc(2a3b—2a2bcj+2abc(2a4 —ZazbZ] >0

cyc cyc cyc cyc cyc
A N a A \ < R A ; A I3 < /. 5 . \ 2 . 1 -
Bat dang thirc cuoi cung hién nhién ding nén ta c6 dpcm. Dang thirc xay ra khi va chi khi a =b=c = 3 hoac

a=1,b=c=0 vacac hoan vi.
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