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Bai toan 1. Cho s6 thuc a > 2 . Tim gia tri nho nhat cia: A =a + —
a

3 1 f 1 .
Sai 1am thwong gap la: A =a +— > 2,/a-— = 2. Vay gia tri nho nhat cia A 1a 2.
a a

Nguyén nhén sai 1am: gia tri nhé nhatcia Ala2 < a = — < a =1, diéu nay khong xay ra vi theo
a

gia thiét thi a > 2.
Phan tich: Quan sat bat dang thirc trén ta nhan thay gia tri cia a cang tang thi A cang tang, do do ta du
doan A dat gié tri nho nhat khi a = 2. Khi do6 ta n6i A dat gia tri nhd nhat tai “Diém roi a =2”. Ta

2 7 2 . /4 1 J4 2 9
khong the ap dung bat dang thirc Cauchy cho hai s6 a va — vi khong théa man dau dang thirc xay ra. Vi
a

vay ta phai tach a hodac — d¢€ khi ap dung bat dang thirc Cauchy thi théa man dau dang thire xay ra. Gia
a

C fa 1 . comeX a 1 ,
su ta st dung bat dang thuc Cauchy cho cap so (E’ —J sao cho tai “Piém roi a = 2 thi " =—,taco

a a
so d6 sau:
a 1
Tt a 2 1
117k 2
a 2
1 3 1
Khidétaduge A =a+—=>+22 4= vatacoloi gidi nhu trén.
a 4 4 a
Loi giai dung: Ap dung bat dang thirc Cauchy ta dugc
A:a+l=3+l+3—322 i~1+3—21+2:§
a 4 a 4 4 a

2 2 r 5
Dang thtrc xay ra khi va chi khi a = 2. Vay gia tri nhd nhat cua A 1a 7

o (a1 . . 1 k
Chuy: Ngoai cdch chon cap so [E , —) ta co thé chon cac cac cap so sau: (ka, —j hodc [a, —j hodac
a

a a
1
a,— |.

Bai toan 2. Cho so thyc a > 2. Tim gia tri nho nhat cua biéu thirc: A = a + —
a

a
So do diém roi:a =2 = kl
az

Sai 1am thwong gip la:

A:3+i2+7—a22,/3.%+7—a=1/i+7—az4/i+7'—2=9.
8 a8 8 a~ 8 2a 8 22 8 4
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9
Nguyén nhan sai 1dm: Mic du gia tri nhoé nhét cua A bang = 1a dap sb dang nhung cach giai trén méc

s s 1
sai lam trong danh gia mau so: a > 2 = o > 1/2 la sai.

Loi giai dung: A——+ +i+—>33—-—-l2+—a2
8 8 a 8 \l 8 a 8

, . . 9
Dang thue xay ra khi va chi khi a = 2. Vay gié tri nho nhat cua A 1a Z

6.2 9
+——==
4

0¢)
] o

Bai toan 3. Cho hai s6 thuc duong a, b thoa mén a + b < 1. Tim gi tri nhé nhét cia biéu thirc:

A:ab+i
ab

L . 1 L
Phan tich: Dy doan dau dang thirc xay ra tai a =b = 2 Theo bat dang thitc Cauchy ta co

+b
ab < (a j 4 . Khi d6 ta c6 diém roi nhu sau:

2
ab_ 1
ab—l:> k abji:4:>k:i
4 i:4 4k 16
ab
Loi giai

Ap dung bat dang thirc Cauchy ta co

2
ab < a+b Sl:>—abb2—l
2 4 4

Do d6 ta duoc A = 16ab +i —15ab > 21/16ab.i —1bab > 8 —15.l = H
ab ab 4 4

. . 1 . 17
Pang thirc xay ra khi va chikhi a =b = 2 Vay gia tri nhé nhat ciia A 1a e

18
Bai toan 4. Cho s thuc a > 6. Tim gia tri nho nhat cua biéu thic A = a’ + —
a
18 9 9
Phantich:Taco A=a’+—=a’+-=+—
a a a
Dé thay a cang ting thi A cang ting. Ta du doan A dat gid tri nho nhat khi a = 6. Ta c6 so d6 diém roi:
a’> 9
T . 36 3
a=6=k a2 x_o
9.9 Tk 2
a 6
Loi giai

2 2 2 2
Taco A:a—+2+2+23a 2313/21—-2-2+23a zg+ﬁ=39
24 a a 24 24 a a 24 2 24

Pang thirc x4y ra khi va chi khi a = 6. Vay gié tri nhé nhat ciia A 1a 39
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Bai toan 5. Cho 3 s thuc duong a, b, ¢ thoa a +2b + 3¢ > 20. Tim gi tri nhé nhét cia biéu thirc:
A :a+b+c+§+g+é
a 2b c

Phan tich: Dy doan gia tri nho nhat cia A dat duoc khi a+2b+3c=20 va tai diém roi
a=2b=3 c=4.

a 3
A e T A 2 4
So do diém roi: a=2= k a:>—:§:>k:_
§:§ k 2 3
a 2
b_9
b=3= M 2b:>§=§:>m:2
93 T m o
2b 2
c 4
o 4
c=4=<0 C=_=1=n=4
4 n
=1
c
Loi giai

Ap dung bat dang thirc Cauchy ta co

3a 3 b 9 ¢ a b 3c
A=|—+—|+|=+— |+| - +—+—+—
4 a 2 2b 4 4 2 4

L4

C

NEE 2\/9 9 e 4 a+2b+ic
4 a N2 20 V4 ¢

Ping thirc xay ra khi va chi khi a =2, b = 3, ¢ = 4. Vay gi tri nho nhat cua A 14 13.

>3+3+2+5=13

Bai toan 6. Cho a, b, ¢ 1a s6 thuc duong thoa min ab > 12; bc > 8 . Ching minh ring:

(a+b+c)+2 i+i+i +izE
ab bc ca abc 12

Phan tich: Dy doan gia tri nhé nhat cia A dat dugc khi ab = 12; bc = 8 tai diém roi
a =3; b=4; c=2.Khid6 ta dugc ta ap dung bat ding thirc Cauchy cho tirng nhém sau:

a. b 21 fac 2)(b c 2)fac b 8
18'247ab ) 1976 ca) 116" 8 be) 9 6 12 abe )
Loi giai

Ap dung bét dang thirc Cauchy ta co

i+£+1233i£i :1

chSbc23

c b 8 \/a c b 8 4
_+_+_+_Z44 ______ -
9 6 12 abc 9 6 12 abc 3
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@+@22J@.@22 1313, _13
18 24 18 24 18 24 3
13b 13, @.@22\/52.8:5
48 24 48 24 48 24 4

Cong theo vé cac bat diang thirc trén ta dugc

(a+b+c)+2 i+i+i +izl—21
ab bc ca abc 12

Viy bat dang thire duoc chimg minh. Péang thirc x4y ra khi va chikhi a =3; b=4; ¢ = 2.

Bai toan 7. Cho a, b 1a cac sb thuc duong ty y. Tim gia tri nhé nhit cua biéu thic :

a+b \/5

+

@ a+b

A_:

Phan tich: Do A 1a biéu thirc ddi xing v6i a va b nén ta du doan gid tri nho nhat ciia A dattai a =Db.

Khi @6 ta ¢6 so @0 diém roi:

a+b_\/£

a=h=> k\/g a+b:>z:1:>k:4
\/5_1 k 2
a+b 2
Loi giai

Ap dung bt dang thic Cauchy ta duoc

w_[atb  Nab) 3(a+b)  Jasb Nab 32dab 3 5
dfab  a+b 4fab

4Jab  \4yab a+b 2 2
. . . 5
Dang thurc xay ra khi va chi khi a = b. Vay gia tri nho nhat cua A la 5

Bai toan 8. Cho a, b, ¢ 1a cac s6 thuc duong tiy y. Tim gia tri nho nhit cta biéu thirc:

a b C b+c c¢c+a a+b
A = + + + + +
b+c¢c c¢c+a a+b a b C

Phan tich: Do A 1a biéu thirc ddi xtng véi a, b, ¢ nén ta dy doan gia tri nho nhit cua A dat tai

a =b = c. Khi do ta co so do diém roi:

a b ¢ _1
a=b=c=J4b+tc c+a a+b 231:231{:4
b+c c¢c+a a+b 2 2 k
k

ka kb ke
Loi giai
Ap dung bt dang thic Cauchy ta duoc
(a b ¢ b+c c+a a+bj 3(b+c c+a a+bj
A= + + + + + +

+ —
b+c c+a a+b 4a 4b 4c 4

a b+c b c¢c+a C a+b 3(b ¢ ¢ a a b
> 2 . +2 . +2 . +—|—F+—F—F+—+—+—
b+c¢ 4a c+a 4b a+b 4c 4{a a b b ¢ ¢
> 2 l+1+l +§-(2+2+2):3+9:E
2 2 2 4 2 2

a b C
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, . . 15
bang thic xay ra khi va chi khi a = b = ¢. Vay gia tri nho nhat cia A 1a ey

Bai toan 9. Cho a, b 14 cac sb thuc duong théa min a + b < 1. Tim gia tri nho nhat cta biéu thic:

A:1+1

a’+b*> 2ab

Phan tich: Do A 1a biéu thirc ddi xung voi a, b nén ta du doan gié tri nho nhat cua A dat tai

1 ) 3 a2 )
a=b= E.Khldétacé so do diém roi:

1 B k _5
a:b:%: ﬁbe 2ab S 9k=2= k=1
2ab
o Loi giai
Ap dung bat dang thirc Cauchy ta co
4 4
A= 5 1 -+ 1 > 5 > > 5 >4
a~+b 2ab  a®+b” +2ab (a+b)
. \ ) ~la’® +b* =2ab 1
Dang thue xay ra khi va chi khi Sa=b==
a+b=1 2

Vay gié tri nho nhét ctia A 13 4.

Bai toan 10. Cho a, b 1a cac s6 thyc duong thoéa mén a + b < 1. Tim gié tri nho nhat cta biéu thirc:
1 1
= +
1+a®>+b°> 2ab

A s L . . 1 . L gz .
Phan tich: Du doan gia trj nho nhat ctia A dattai a = b = 5 Khi d6 ta c6 so do6 diém roi:

a=b=tm L 1 24 3
2 1+a’+b> 2kab 3
o Loi giai
Ap dung bat dang thirc Cauchy ta co
= ! + ! + L > 2 ! + L
1+a’>+b®> 6ab 3ab (1 +aZ+b’ ) 6ab 3ab
2 1 4 1
2 2 2 + = 2 +
1+a”+b” +6ab 3ab (a+b) +1+4ap 32b
2
4 1 4 4 8
y 2 » %0141 31 3
(a+b)2+1+4 a+h 3 ath ' '
2 2
1+a®+b”> =6ab )
Ding thirc x4y ra khi va chi khi ya = b <:>a:b:§

a+b=1

. 8
Vay gia tri nhé nhat ciia A 1a g .
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Binh lugn: Qua cdc bai todn trén ta thdy, khi gidi cdc bai todn chirg minh bat ddng thire thi cdc danh
gid trung gian phdi dwoc bdo toan dau dang thirc. Cho nén viée xdc dinh ding vi tri diém roi xdy ra sé
tranh cho ta sir dung cdc danh gid trung gian sai lam.

Trong déanh gia tir trung binh céng sang trung binh nhan, viéc xdc dinh diém roi ding sé chi cho
ta cich chon cac danh gid hop li trong chudi cac danh gid ma ta can phdi sir dung. Bdy gio ta di tim hiéu
ki thudt danh gid tir trung binh céng sang trung binh nhan théng qua mot sé vi du sau.

Vi du 1.1: Cho céc s6 thuc a, b, ¢ bat ki. Chtrng minh réng:
(a2 + b2)<b2 + 02)<02 + aQ) > 8a’b’c’

Phan tich: Trudc hét ta du doan dang thirc xay ra tai a = b = c. Trong bat dang thirc trén thi vé trai co
cac dai lwong a’ + b’ b> +¢; ¢® +a® va vé phai chua dai luong S8a’b’c’. Dé ¥ ta nhan thiy
8a’b’c’ = 2ab.2bc.2ca, do d6 rat ty nhién ta nghi dén cac danh gia tir trung binh cong sang trung binh
nhan a® + b® > 2ab; b> +c¢* > 2bc; ¢* +a” > 2ca.
Loi gidi
Str dung bat ding thirc Cauchy dang x* +y° > 2\/@ =2 ‘Xy‘ , ta co:
a’+b’ > Q‘ab‘ >0
b* +c? > Z‘bc‘ >0
c’+a® > 2‘ca‘ >0
Nhan vé theo vé cua ba bat dang thuc trén ta duoc:
(a2 + bQ)(b2 + 02)(02 + aQ) > 8la’b’c?

Bét dang thirc dugc ching minh. Dau déng thic xdy ra khi va chi khia=b=c.
Nhén xét:

- Chi dwoc nhdn cac vé cia bat ddng thirc cing chiéu (két qud dwoe bat dang thire ciing chiéu)
khi va chi khi cdc vé cing khéng am.

- Pé y rang ta sir dung cach danh gia ©° +y* > 2«/m2y2 =2 ‘l’y‘ khi chwa xac dinh dvoc x, y

am hay duong. o
- Noi chung ta it gap bai toan sur dung ngay bat dang thirc Cauchy nhu bai toan noi trén ma phai
qua mot vai phép bién doi den tinh huong thich hop roi moi sw dung bat dang thirc Cauchy.

= 8a’b*c?

Vi du 1.2: Cho a, b 1a cac sé thuc duong khong am tuy y. Chirng minh rang:

(\/g + \/E)S > 64ab(a + b)2

Phan tich: Trudc hét ta du doan dang thirc xdy ra tai a = b. Trong bét dang thic trén, vé trai co dai
8 1 . 2 .

lugng (\/; + \/g) = (a +b+ 2\/ab) va veé phai c6 dai lugng 64ab (a + b) . Bé y ta nhan thay khi

a=Db thia+b=2vab va (a + b) = 4ab, do d6 rat ty nhién ta nghi dén cac danh gia tir trung binh

cong sang trung binh nhan cho hai s a +b va 2vab.
Loi giai
Ap dung bét dang thirc Cauchy dang x* +y* > 2\/}(2}/’2 = 2xy, ta dugc:

(\/g+\/g)8 = (a+b+2\/£)4 > [2\/2(a+b)\/£}4 = 64ab(a+b)2

Bét dang thirc dugc chimg minh. Dau déng thirc xay ra khi va chi khi a =b.

| Vi du 1.3: Cho a, b 14 cac s thuc duong théa min a + b < 1. Chirng minh rang:
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1 +i+4ab27
a’+b> ab

Phan tich: Do biéu thirc vé trai c6 tinh ddi ximg v6i a, b nén ta du doan dau dang thirc xay ra tai

1 N 1 2 . N ~ N
a=b= E.Khidétacc’) a’ +b? = 2abva 4ab = H.Béydalluqng a® + b? nim & miu nén ta cin
a

, 2 , ,
tim cich thém vao 2abdé teo thanh (a+b), do d6 rit ty nhién ta nghi dén danh gid

1 1 4

. 1 .
— + > > 4 . Nhu vay luc nay bén vé trai con lai —— + 4ab, dén
a“+b” 2ab

a’ +b?+2ab (a+D) 2ab

1 s
day ta sir dung cach ghép hai dai lvong nghich dao 4ab + b > 2. Nhu vay lac nay ta thay vé trai con
a

. . 1 R . ~
lai H va ta can chi ra dugc E > 1. biéu nay khong thé lam khé ta dugc vi dé nhan ra dugc
a a

2 .
4ab < (a + b) < 1. bén day ta trinh bay lai 161 giai nhu sau

Loi giai
Ta viét lai biéu thirc vé trai thanh

a’+b> ab a’ + b’ 4ab ) 4ab
Ap dung bat dang thirc Cauchy cho hai s khong 4m ta ¢ cac danh gia sau:
1 1 4 4
2 2 + 2 2 2 - 2
a“+b° 2ab a”+b” +2ab (a+b)

L +i+4ab: L + L + élaLbJrL +L
2ab

>4

1 2 1
4ab + —— >2: 4ab£(a+b) <l=>—>1
4ab 4ab

Cong theo vé cac bat dang thirc trén ta dugc
L + ! +(4ab+ ! j+ L > 4 +24/4ab. L + L > 7
aZ+b? 2ab 4ab ) 4ab  (a+ b)? 4ab (a + b)2

1 +i+4ab27
a’+b> ab

4

Hay

(s ¢ e . 1
Bat dang thirc dugce chimg minh. Dau dang thirc xay ra khi va chikhi a = b = 2"

Ta tiép tuc van dung danh gia tr trung binh cong sang trung binh nhan cho cic vi du sau day.

2
. . . a” +2
Vi du 1.4: Cho s0 thyc a bat ki. Chirng minh rang: ——— > 2

\/a2+1

Phan tich: Ta viét lai bat dang thirc cAn chiung minh 1a a’+2>2Va’+1. Dé ¥ ta nhan thiy

a’+2=a’+1+ 1; 2\/&2 +1= 2\/&2 + 1.1, do d6 ta sir dung danh gia tir trung binh cong sang trung
binh nhan dé chimg minh bat dang thic.

2 2
. . .., a +2 a"+1+1 1 .
Ngoai ra, D€ y ta cling c6 thé viét = = a2+1+—,dén day ghép
\/a2+1 \/a2+1 \/a2+1

cap nghich dao dé chimg minh bt dang thirc.
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Loi giai
Ap dung bét dang thirc Cauchy dang x +y > 24/xy ,taco
a®+2=a*+1+1>2Va’ +1.1=2Va’ +1
a® +2
Va? +1

Déng thirc xAy rakhi va chikhi a’ +1=1<a =0.
Ta cling c6 the trinh bay 101 gidi nhu sau: Bién doi ve trai va ap dung bat dang thirc Cosi cho hai s ta co

a’+2  a’+1+1 \/T 1
= =vVa ' +1+—2>2
\/a2+1 \/a2+1 \/a2+1

Bét dédng thirc dwgc ching minh. Dau dang thirc xay ra khi va chi khi

\/a2+1+L@a2+1=1@a=0
\/a2+1

Hay > 2. Bt dang thirc dugc ching minh.

Vi du 1.5: Cho a, b 1a cac s6 thyc duong théa min diéu kién a > b. Chirg minh rang:
1
a+——=>3
b(a-b)

Phan tich: Quan sat bat dang thirc ta nhan thay vé phai khong chira bién, nén khi ap dung ap dung bat
dang thirc Cauchy cho vé trai ta can phai khir hét cac bién, nhu vy ta can phai ¢6 cac dai lugng a —b; b

, ngoai ra chiéu bat dang thtrc goi y cho ta sir dung danh gia tir trung binh cong sang trung binh nhan. Dé

- . . . 1
y la a = b+ a — bkhi do6 ta ap dung danh gia cho 3 s6 duong a — b; by ——.
b(a-b)
o ’ Loi giai
Ap dung bat dang thirc Cauchy cho ba s6 duong ta dugc

a+b<a;_b):b+a—b+®23.i/b.(a—b).ﬁ =3

Bét dang thirc dugc chimg minh. Dau dang thirc xay ra khi va chi khi

1 a=2
a-b=b=—<<
b(a-b) ~ |b=1
, . % , . N a b C 3
Vi du 1.6: Cho céc s0 thuc duong a, b, c. Chung minh rang: + + > —
b+c c+a a+b 2

Phan tich: Day la bat dang thirc Neibizt di dugc ching minh bang phép bién d6i trong dwong. Tuy nhién
& day ta thir dung bat dang thirc Cauchy dé chirmg minh xem sao.

. . a b c 1
+ Hudng 1: Bé y dang thirc xay ra khi a = b = ¢ nén khi d6 co = = =—. Su
b+c c¢c+a a+b 2
C . a b+c a b+c
dung bat dang thirc Cauchy cho hai s6 ; khi do ta duogc + > 1, ap dung tuong
b+c 4a b+c 4a
tu ta dugc bat dang thuec:

a b C b+c¢c c¢c+a a+b
+ + >3- + +
b+c c¢c+a a+b 4a 4b 4c

Nhu véy ta can chimg minh duoc
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b+c c+a a+b 3 b+c c¢c+a a+b

+ - + + <6.
4a 4b 4c 2 a b c
Danh gia cudi cing 1a mot danh gia sai. Do d6 ta khong thé thyc hién ching minh theo hudng thir nhét
duoc.
. +b+ .
+ Hudéng 2: bée y la @ 41=2 ¢ , khi d6 é&p dung tuong ty dugc bat dang thirc
b+c b+c

+b+ +b+ +b+ 1 1 1 N
a S °,2 ¢ ghay2(a+b+c) + + > 9. Dé dang chi

b+c c+a a+b 2 b+c c+a a+b

1 1 1 1 .
ra dugc + + > 3., va cha y ta lai thay
b+c c+a a+b (a+b)(b+c)(c+a)
2(a+b+c)=(a+b)+(b+c) >3\/ (c+a) Dén day ta co6 10 giai nhu
sau
Loi giai

Bét ding thirc can chiing minh twong duong véi
a+b+c a+b+c a+b+c _9
+ + > 2

b+c c+a a+b
Hay 2(a+b+c) ! + 1 + 1 >9
b+c c¢c+a a+b

Ap dung bt dang thic Cauchy ta duoc
2(a+b+c):(a+b)+(b+c)+(c+a)23.‘\5/(a+b)(b+c)(c+a)
! + L + ! > 3. L
b+c c+a a+b 3(a+b)(b+c)(c+a)

. C 1 1 1
Nhan theo v¢ hai bat dang thtrc trén ta dugc 2 (a +b+ C) [b + + b} >9
+c c+a a+

Vay bét dang thirc dugc chimg minh. Pang thirc xdy rakhivachikhi a=b =c

Vi du 1.7: Cho a, b, ¢ 14 cac s6 thuc khong am. Ching minh rang :
‘\3/(1+a)(1+b)(1+c) > 1+ {/abc

Phan tich: Dy doan dang thirc x4y ra khi va chi khi a = b = ¢, dé don gian hoa bét dang thic ta c6 thé
liy thia bic 3 hai vé khi d6 ta dugc (l+a)(l+b)(1+c)> (1 + 4 abc) hay

(1 + a) (1 + b) (1 + c) > 1+ 3.4/abc + 3.4/a’bic? + abe. Quan sat bit ddng thirc ta chu y dén dang thirc
(1+a)(1+b)(1+c) = 1+(a+b+c)+(ab+bc+ca)+abc.

Nhu vdy bat ding thic s& dugc ching minh néu ta chi ra duoc a+b+c>3:/abc va

ab+bc+ca > 3:/a’b’c’ , 1o rang hai danh gia trén dung theo bat ding thirc Cauchy.
Loi gidi

Bét dang thirc can chimg minh twong duong véi (1 + a) (1 + b) (1 + c) (1 + i/abc )3

Hay 1+(a+b+c)+(ab+bc+ca)+abc > 1+ 3.8abc + 3.4/a’b’c’ +abc
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Hay (a+b+c)+(ab+bc+ca) > 3.&3/abc +Z’).‘\‘)’/aszc2
Ap dung bt dang thirc Cauchy ta co
a+b+c>3iabc va ab+bc+ca > 3a’b’c’

Cong theo vé hai bat dang thuc trén ta duoc djéu phai chimg minh.
Vay bat dang thirc dugc chirng minh xong. Pang thirc xay ra khi va chikhi a=b =c.

Vidu 1.8: Cho a, b, ¢, d l1a cac s6 thuc duong. Chirng minh réng:
(a+b)(a+b+c)(a+b+c+d
abced

)264

Phan tich: Bt dang thitc dugc viét lai thanh (a +b) (a +b+ c) (a +b+c+ d)2 > 64abed . D3 thiy

dang thirc khong xdy ratai a =b = ¢ = d, do d6 dé du doan dugc dau dang thic xdy ra tai du ta can
quan sat that k¥ vai tro cac bién trong bat dang thirc. Nhan thay trong bat dang thirc a va b, a + bvac,
a+b+cva d c6 vai tro nhu nhau, do d6 ta dy doan ding thic xdy ra khi
a=b;a+b=c a+b+c=d hay 4a =4b =2c = d, kiém tra lai ta thiy két qua ding vay. Nhu

vay khi ap dung bét dang thirc Cauchy ta cin cht ¥ bao toan diu dang thirc. Trudc hét ta c6 cac danh gia
nhu sau:

a+b>2yab;a+b+c>2 (a+b)c; (a+b+c+d)2 24(a+b+c)d
Nhén theo vé cac bat dang thic ta duge

(a+b)(a+b+c)(a+b+c+d)2 216\/%.4/(a+b)c.(a+b+c)d

Tiép tuc ap dung cic danh gia nhu trén ta duoc

\/5.4 /(a + b)c.(a +b+ c)d > \/5.\/20\/5.2 [(a + b)c.d
> \/%.\/2C\/£.2\/2C\/£.d = 4abcd

Pén day ta thu duoc (a + b) (a +b+ c) (a +b+c+ d)2 > 64abcd chinh 1a bat dang thirc can

chimg minh.
Ngoai ra, dé don gian hon ta c6 thé thuc hién cac danh gid nhu

(a+b)2 > 4ab; (a+b+c)2 24C(a+b); (a+b+c+d)2 24(a+b+c)d
Pén déy ta nhan theo vé va thu gon thi dugc
(a+b)(a+b+c)(a+b+c+d)2 > 64abcd

Bay gio ta trinh bay lai 161 gidi nhu sau

Loi giai
Bét ding thirc can chimg minh twong duong véi
(a+b)(a+b+c)(a+b+c+d)2 > 64abcd
Str dung lién tiép bat dang thirc Cauchy dang (X + y)2 > 4xy, ta cod
(a+b+c+d)2 24d(a+b+c)2 0
(a+b+c)2 > 4c(a+b) > 0; (a+b)2 > 4ab >0
Nhén ba bit dang thirc trén lai theo vé, ta suy ra
(aer)2 (a+b+c)2 (a+b+c+d)2 > 64abcd(a+b)(a+b+c)

Hay (a+b)(a+b+c)(a+b+c+d)2264abcd
Bét dang thirc duoc ching minh. Dang thirc xay ra khi va chi khi d = 2c =4b =4a >0
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Ngoai ra, ta cing c6 thé trinh bay 15i giai nhu sau:
Ap dung bat dang thirc Cauchy ta co

a+b>2yab;a+b+c>2 (a+b)c; (a+b+c+d)2 24(a+b+c)d

Nhdn theo vé cdc bdt ding thire ta dwoc

(a+b)(a+b+c)(a+b+c+d)2 216\/5.4/(a+b)c.(a+b+c)d

Tiép tuc dp dung cdc danh gid nhu trén ta dwoc

\/5.4 /(a + b)c.(a +b+ c)d > \/5.\/20\/5.2 [(a + b)c.d
> &.\/20\/5.2\/20\/£d = 4abcd

Pén day ta thu dwoc (a + b) (a +b+ C)(a +b+c+ d)2 > 64abced
Hay bdt dang thirc dwoc chitng minh.

Vidu 1.9: Cho a, b, ¢ 13 cac sb thuc dwong. Chimg minh rang;

1 1 1 1
<

: : + — : + — : <
a’+b’+abc b’+c’+abc c¢’+a’+abc abc

Phan tich: Bat dang thuc trén da dugc chimg minh bang cach danh gia mau, ¢ d6 ta chirng minh bat
dang thic phu a” + b > ab (a + b) bang phép bién ddi twong duwong. Trong vi du ndy ta s& ching
minh bat dang thirc phu trén bang danh gia tir trung binh cong sang trung binh nhan.

Ta viét lai bat dang thic phu trén thanh a’ + b’ > a’b +ab’, khi d6 ta c¢6 cac danh gia 1a
a®+a’ +b® > 3a’b; a’ + b’ + b’ > 3ab’. Dén day cong theo vé ta thu dugc bat dang thirc trén. Dén
day ta trinh bay 101 gidi nhu sau
’ o Loi giai
Ap dung bat dang thuc Cauchy ta co

a’+a’+b’ >3a’b;a’ +b’ +b’ > 3ab’
Cong theo vé hai bat dang thirc trén ta duoc a’ + b® > a’b +ab’
Suy ra a’ +b’ +abc> ab(a+b+c)

1 1
Tu do6 ta duoc < = ¢

a’+b’ +abc ab(a+b+c) _abc(a+b+c)

Chtrng minh tuong tu ta cé

1 < 1 _ a
b3+03+abc_bc(a+b+c) abc(a+b+c)
1 < 1 B b

¢’ +a’ +abc _ac(a+b+c) _abc(a+b+c)

Cong theo vé cac bat dangthirc trén ta duoc
1 1 1 1
3 3 s s T <
a’+b”+abc b’ +c’+abc ¢’ +a’+abc abc
Nhan xét: Khi di tim loi giai cho bat dang thirc trén, cadi lam kho ta chinh la phai phat hién ra bat dang

thirc phu a® +b° > ab (a + b). Trong quda trinh do doi hoi ta phai co6 sy phdn tich ki cang va cé nhitng

dinh hwdng ré rang, con trinh bay chitng minh bat dang thire thi cdch nao ciing dwoe mién la cang gon

cang tot.
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Vi du 1.10: Cho a, b, ¢ 1a cac s6 thyc dwong. Chimg minh ring:

2a 2b 2c 1 1 1
<—4+—4+—=

a’+b'" b'+c¢' c"+a' a' b ¢

Phan tich: Vi vai tro cac bién nhu nhau trong bat déng thirc nén ta duoc du doan déng thirc xéy ra tai

1 . . .
——=—<2a=2a"+1,dododang thucséxdyrataia=b=c=1
a +a a
. Quan sat bat dang thirc ta nhan thay vé trai ctia bat dang thirc phitrc tap hon nén ta chon danh gid bén vé
trai trudc. T chi€u bat dang thirc ta can phai thay cac mau boi cac dai lugng bé hon, tirc 1a ta can c6 danh
gia a’+b"' >7?, cho nén mot cach ty nhién ta nghi dén bat dang thirc Cauchy, khi d6 ta c6

a’+b' >2a°®’, danh gia ndy van duoc bao toan diu dang thuc. Lic nay ta duoc

a = b = ¢, khi d6 ta duoc

2 2 1

- a 7= ?2 =—= va ap dung tuong ty  thi ta sé thu  duoc
a +a 2ab ab

2a 2b 2c 1 1

- T+ — - < —— +—— +—— . Viéc ching minh s€ hoan tat néu ta chi ra dugc
a +b" b’+c c¢"+a’ ab’ bc ca

1 1 1 1 1

21.2 + 2 2 + 2_.2 S _4+_-1
ab bc¢ ca a b
do bai toadn dugc chung minh.

1 A \ A . s , A 2 )
+ e nhung diy la mdt danh gia ding theo bat dang thirc Cauchy. Do

’ o _ Loigiai
Ap dung bat dang thurc Cauchy cho cédc mau so ta dugc
2a 2b 2c 2a 2b 2c 1 1 1

6 4 + 6 4 + 6 4 S 31.2 + 3 2 + 3 .2 - 21.2 + 2 2 + 2 2
a’+b" b'+c¢ " +a 2a’b®  2b’c® 2c’a a’b> b'¢c® ca
1 1 1 1 1 1

21.2 + 2 2 + 2 2 S 4 + 4 4

a’b° b'¢c ca a b" ¢

That vay, cling theo bat dang thue Cauchy ta co

Ta can ching minh duoc

1 1 2 1 1 2 1 1 2
—t+t—2—F STt 2 ot 2
a' b' a’b b' ¢ b’ ¢ a' ca’
. C 1 1 1 1 1 1
Cong theo v€ ba bat dang thirc trén ta thu dwgc —— + ——+—— < —+ —+—.
ab” bc¢ ca  a' b ¢
Vay bat dang thirc dugc ching minh. Pang thirc xay rakhivachikhi a=b=c=1

Vi du 1.11: Cho a, b, ¢ 1a cac s6 thyc dwong. Ching minh ring:

a 1 b 1 c 1 9
al—+— |+b|=—+—|+c|=-+— |2 —
2 bc 2 ca 2 ab 2

Phan tich: Vi vai tro cac bién nhu nhau trong bat dang thirc nén ta duoc dy doan dang thirc xay ra tai

2

. a 1 3 , . )
a:b:c,khld(')tadu’qca(§+—j:§<:>a:1,d0d6déngtht’rcséxéyratala:b:c:l.Ta
a

viét lai bat dang thiic can ching minh thanh

a2+b2+c2+a2+b2+02

2 abc

Dé y dén danh gia a® + b’ +¢” > ab + be + ca khi d6 ta dugc

a’+b’+c¢ a’+b’+c’ _a’+b'+ct 1 1 1

+ > +—+—+—

2 abc 2 a b c

59
2
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Ta can ching minh dugc — + + +

b
2

O |

> 3. >3,
2’ 2

c, !
"2 ¢

3 . )
2§.Chﬁydéna:b=c=1,taco

o~

a
2
1 1 1 3
a_+_:a_+_+_>_ do vay dén day bai toan duoc chimg minh.
2 a 2 2 2 2

Loi giai
Bat dang thuc can ching minh tuong duong voi
a’+b*+c¢> a’+b*+c _ 9
+ > =
2 abc 2
a’+b°+c*_ ab+bc+ca 1 1 1
Mat khac ta co > =4+ 4=
abc abc a C
, a’+b’+c a’+b'+c _at+b’+c 1 1 1
Do dé ta dugc + > + o4
2 abc 2 a C
3 a’+b’+c’ 1 1 1 9
Ta can chung minh dugc —_—t =t =+ -2
2 a b c 2

(s * 1 1 1 3

That vay, ap dung bat dang thirc Cauchy ta c6 a—+—:a—+—+—2—

2 a 2 2a 2 2
. b 1.3 ¢ 1_3
Apdungtuongtu:taduqc—+—2—;C—+—2—.
2 2 2 ¢ 2

. e ‘+b'+c¢ 1 1 1_9

Cong theo vé ba bat dang thurc trén ta dugce u+—+—+—2—

Vay bét ding thic dugc chimg minh. Pang thirc xdy rakhivachikhia=b=c=1.

Vi du 1.12: Cho a, b, ¢ 13 c4c s6 thyc dwong thoa man diéu kién abc = 1. Chiing minh rang:
‘+b'+1 b+’ +1 ‘ta’+1l
\/a + \/ ¢ + \/C a > 3\/5
ab bc ca

Phan tich: Truéc hét ta du doan dang thirc xdy ra tai a = b = ¢ = 1. Quan sat bt dang thic ta ¢ cac
y tudng ti€p can nhu sau: i
+ Hudng thtr nhat: Chu y dén chiéu bat dang thurc ta lién tudng dén danh gid tuong ty nhu trong vi du 1.9

la a3+b3+1=a3+b3+ab(:2ab(a+b+c), khi d6 ta dugc bat dang thuc la

m> \/ab(a+b+c) ~ Ja+b+c
ab - -

va ap dung hoan toan twong tu ta dugc bat dang thirc
ab Ja

Ja' +1° +1 b +ct+1 A +a’ +1 ,—( 111
+ + >+va+b+c. + +
ab bc ca \/5 \/E \/a

) > 3\/_ Tuy nhién bat dang thtrc d6 1a diing

J. Phép chirng minh s&

hoan tit néu ta chi ra duge va + b + c. [

nho hai danh gia sau:
Ja+b+c>y3R abc-x/gva i/ 1 ) 1 . 1 =3
N J_ J_ Jab be ea

+ Hudng thir hai: Ap dung try tiép bit ding thirc Cauchy ta c6 a’ + b® +1 > 3%/a’h® = 3ab nénta
va’+b’ +1 3 g
duoc > \/\/; , ap dung tuong tu ta dugc bat dang thuic
ab

Fra e




Giasutienbo.com - Trung tim Gia sw Tién B - 0973361591

\/a +b’ +1 \/b“+c +1 \/c +a’+1 >\/—

ab be ca (J_ Jbe \/_}

. 1 1 1
Phép chung minh s€ hoan tat néu ta chi ra dugc \/_ + \/_ + \/_ > 3, tuy nhién danh gia nay
bc

da duoc khang dinh trong hudng thir nhat. Bay gio ta trinh bay lai 101 giai nhu sau
Loi giai
Cach 1: D& dang chimg minh dugc a® +b* > ab (a + b), khi d6 ta c6

m> \/ab(a+b+c) ~ Ja+b+e
ab -

ab Vab
Ap dung tuong tu ta dugc

\/a'+b +1+\/b +cC +1+\/c'+a'+12m( 1 N 1 N 1}

ab bc ca

Mit khac, ap dung bét ding thie Cauchy ta co

1 1 1 1 1 1
Va+b+c >+/3abc ~J3 v \/ : =3
ab \/ *\/ \/ab bc +ca
. (e 1 1 1
Nhan theo vé hai bat dang thirc trén ta dugc va + b + c. ( j > 3\/5
Vvab  +be
"+b'+1 b’ +c¢’ +1 Tra’+1
Suy ra \/a + \/ ¢ + \/C a > 3\/5
o ab ‘b q ca
Vay bat dang thirc dugc chimg minh. Bang thirc xay ra khi va chi khi a = b=c=1.
Céch 2: Ap dung bat dang thirc Cauchy cho ba s6 duong ta dugc
a’+b’+1>3a’»® =3ab
va'+b’ + _
Suy ra a \/_ , ap dung tuong tu ta dugc bat dang thirc
ab /
Jal+b' 41 b4+l Vo' +a’ sl opf L1
ab bc ca Jab 1/ Jea
Mit khac ciing theo bat dang thirc Cauchy ta lai c6 L L L ! =3
: ’ ab / ’ / azbe?
"+b'+1 b+’ +1 +a’+1
Do d6 ta duoc \/a + \/ ¢ \/c 2 > 3\/_

ab bc
Vay bét dang thirc dugc chimg minh. Pang thirc xay ra khi va ch1 khia=b=c=1.

Vi du 1.13: Cho a, b, ¢ 1 cac s6 thyuc bat ki. Chimg minh rang:
1 _ (a + b)(b+c)(c +a)(1—ab)(1—bc)(1—ca) 1

8 (1+aﬁ)2(1+b2)2(1+c2)2 -8

Phan tich: Voi bat dang thire trén viée du doan dau ding thire xdy ra hoi kho. DPé dé quan sat hon ta co
thé viét lai bat dang thuc nhu sau:

(a+b)(b+c)(c+a)(1-ab)(1-be)(1-ca) 1

(1+af)2(1+b2)2(1+c?)2 8

Hay ta can chirng minh
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8‘(& + b)(b+ c)(c + a)(l—ab)(l —bc)(l—ca)‘ < (1 - af)2 (1+b2)2 (1+c2)2
Quan sat that ki bat ddng thirc trén ta thdy can phai ching minh duogc
(1) (1+b?) 2 2|(a + b) (1-ab)

Vi bat dang thire trén, ta sit dung phép bién 601 turong duong hoac bét ding thie Cauchy. O day
ta st dung bit ding thic Cauchy, chii y bén vé phai cua bat ding thirc c6 chira dai luong

‘(a + b) (1 ab)‘, nhu vy ta can bién ddi vé trai thanh (a + b) (1 ab) . Dé kiém tra nhan dinh

trén ta chi can nhan tung hai biéu thirc r6i so sanh 1a dugc va rat may 1a nhan dinh trén 1a dung. Bay gio
ta trinh bay lai 161 gidi nhu sau

Loi gidi
Bét dang thic can ching minh duoc viét lai nhu sau:

‘(a+b)(b+c)(c+a)(1—ab)(l—bc)(l—ca)‘ 1

(1+a2)2(1+b2)2(1+c2)2 8

Hay ta can chirng minh
8‘(& +b)(b+ c)(c + a)(l—ab)(l —bc)(l—ca)‘ < (1 + a2)2 (1+b2)2 (1+c2)2
Ap dung bat dang thic Cauchy ta co
(1+a2)(1+b2) =1+a’+b*+a’h’ = (a +b)2 +(1—ab)2 > 2‘(a +b)(1 —ab)‘
Ap dung twong tu

(1+b2)(1+c ) ‘(b+c)(1—bc)‘; (1+(32)(1+a2) > 2‘(c+a)(1—ca)‘

Nhan theo vé cac bat dang thirc trén ta duoc

8‘(&+b)(b+c)(c+a)(1—ab)(1—bc)(1—ca)‘ < (1+a2)2 (1+b2)2 (1+c2)2

Vay bét dang thirc dugc chimg minh.

Vi du 1.14: Cho a, b, ¢ 1a cac s6 thyc duong thoa mén diéu kién a + b + ¢ = 3. Chimg minh rang:

(a+1)2(]i+b)2 +(1+b>2(1:+c)2 +(1+c) (1+a) -y
1+c¢ 1+a 1+b’

Phan tich: Pau tién ta dy doan dang thirc xay ra tai a = b = ¢ = 1. Quan sat bat dang thic thi y tudng
dau tién do 1a sur dung bat dang thirc Bunhiacopxki dang phan thure, tirc 1a ta can phai chirng minh dugc

[(1+a)(l+b)+(1+b)(l+c)+(1+c)(1+a)]2

a’+b*+c*+3
Tuy nhién bat dang thurc trén khong ding, muon kiém tra ta chi can chon mot mot bo so, chang han

> 24

1 ., o a L
a=2%xb=c= 2 de thwr thi thay bat dang thac trén khong dung. Do d6 danh theo bat dang thirc

Bunhiacopxki khong thuc hién duoc. Trong tinh hudng nay ta nghi dén danh gia bang bat dang thiic
Cauchy. ’ o o
Trudc hét ta thir danh gia tryc ti€p bang bat dang thuc Cauchy xem sao, ta co

(1+a)2(1+b)2 (1+b)2(1+c)2 +(1+C)2(1+a)2 >3i/(a+1)4(1+b)3(1+c)4

1+¢ 1+a’ 1+b’ Y (1+a2)<1+b2)<1+c2)
Bét dang thic s& dugc chimg minh néu ta chi ra duogc
(a+1) (14Db) (1+¢c) 28 (1+a°)(1+b*)(1+¢)
Tuy nhién danh gia trén lai khong ding.

_|_
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Nhu vy dé danh gia dugc theo bat déng thirc Cauchy hay Bunhiacopxki ta cin bién d6i cac biéu
z » r \ / 5 2 2
thirc trude. Quan sat bat dang thirc ta nhan thay can bién doi (1 + a) (1 + b) thanh dai lugng c6 chira
(1 +a’ ); (1 + b2) va ta ¢6 thé bién d6i nhu sau:

(1+af(1+kﬂ2:(ab+4:+a+kﬂ224{ab+1)@p+b):4a(1+kf)+4b(1+a?)

2 2
, l+a) (1+b 1+a’ 1+b
bén day ta dugc ( ) ( - ) > 4b. aQ + 4a. —~, 4p dung tuong tu ta thu dugc
1+c 1+c 1+c
2 2 2 2
1+b 1+c 1+ 2 1+b2 1+c 1+a 1+ 2 1+ 2
( )( )24b. © +ic, ( )( )24a. © pde 2
I+a ’ 1+a l+a 1+b 1+b 1+b
bé y ta thay trong cac danh gia trén xuat hién cac cap nghich ddo nén ta ghép chung lai
2 2 2 2 2 2
4b.1+a +4b.1+C > 8b; 4a.1+b +4a.1+C > 8a; 4c.1+b +4C.1+a > 8¢
1+¢ 1+a’ 1+¢ 1+b’ 1+a’ 1+b’

Chu y dén gia thiét a + b+ ¢ = 3 ta c6 dugc didu can chimg minh va liic nay ta trinh bay lai 10
gidi nhu sau
Loi gidi
Ap dung bét dang Cauchy ta c6

(1+af(1+kﬂ2:(ab+ﬂs+a+kﬂ224{ab+1)&p+b):4a(1+kf)+4b(1+a?)
_liﬁi 1+ b’

(e (en) |yt
1+¢ 1+¢ 1+¢

Ap dung tu’O‘ng:tu ta thq duoc 1 {
(1+Db) (1+¢) o L g LD (1+c) (1+a) e 1+

l+a’ 1+a’ 1+a®’ 1+Db? 1+Db° 1+ Db
Khi d6 ta dugc bat dang thirc

1+a21+b2 1+b21+c2 1+c:21+a2
(ea) (155 (Len) (1ve) (1) (1+2)
1+¢° 1+a’ 1+ b? ‘
24b1+at+4&1+b9+b}ﬁw1+401+b:+4&1+c:+401+a
o 1+c 1+¢° 1+a’ 1+a’ 1+ b 1+ b?
Mait khac cling theo bat dang thirc Cauchy ta co
4b.1+a +4b.1+c > 8b; 4a.1+b +4a.1+C > 8a; 4c.1+b +4C.1+a
1+¢ 1+a’ 1+¢ 1+ b 1+a’ 1+ b

Suy ra

> 8¢

Suy ra

l+a +4b.1+C +4&1+b +4a.1+C +4c.1+b +4c.1+a
1+¢ 1+a’ 1+¢ 1+b? 1+a’ 1+b?

(a+1f(1+bf (1+bf(1+cf (1+cf(1+af
1+¢ " 1+a’ " 1+b’
Vay bét ding thirc duoc ching minh. Pang thirc xdy rakhivachikhia=b=c =1.

4b.

28(a+b+c)=24D0

> 24

do ta duoc

a b C

+ + =
a+l b+1 c+1
Chung minh rang: ab+bc +ca > 12

Vidu 1.15: Cho a, b, ¢ 1a cac s6 thuc duong thoa man

o ) Loi giai
Ap dung bat dang thic Cauchy gia thiét ta cé
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a_lblc_l 1> 2

=1- +1-— = + >
a+1 b+1 c+1 b+1 c+1 \/(b+1)(c+1)
Tuong ty ta co b > 2 : ¢ > 2
b+1 \/(c+1)(a+1) c+1 \/(a+1)(b+1)
Khi d6 ta duogc ab 4 N dyf(a+1)(b+1)

(a+1)(b+1) (c+1)\/(a+1)(b+1) c+1
4.\/(b+1)(c+ 1) 4.\/((: +1)(a + 1)

a+1 b+1
Cong theo vé cac bat dang thirc trén ta duoc

a+1 b+1 4\/b+1 c+1 4\/c+1 a+1)

c+ 1 a+1 b+1
Mit khac theo bat dang thirc Cauchy ta lai c¢6

\/(a+1)(b+1) +\/(b+1)(c+1) +\/(c+1)(a+1) -

c+1 a+1 b+1
Suy ra ab+bc +ca > 12. Vay bét dang thie duoc chirng minh.
Dang thirc xdy rakhivachikhi a =b =c = 2.

Ap dung tuong ty ta dugc be > ; ca >

4
ab+bc+ca >

Vi du 1.16: Cho a, b, ¢ 1a cac s6 thyc duong bat ki. Chirmg minh rang:
S(a2 +b’ + CQ) 27(a + b)(b + c)(c +a)
+

>16
ab + bc + ca (a+b+c)3
Loi giai
2 2 2
Pang thirc xay ra tai a = b = c, khi d6 8(a thre ) = 27(a+b)(b+c)(c+a) =8
ab + bc +ca (a+b+c)3

Do d6 ta ap dung truc tiép bat ding thirc Cauchy cho ba sé duwong
S(a2 + b’ +C2) N 27(a+b)(b+c)3(c+a) . 8(a2 + b’ +c2).27(a+b)(b+cz(c+a) -
ab +bc +ca (a+b+c) (ab+bc+ca)(a+b+c)

can chung minh dugc

27(&2 +b’ +02)(a+b)<b+c)(c+a) > 8(ab+bc+ca)(a+b+c)
D@ thay (a+b)(b+c)(c+a) = (a+b+c)(ab+bc+ca)—abc

3

Ma theo bt ding thirc Cauchy ta c6 a + b + ¢ > 33abc; ab + be + ca > 33a’b’c?

(a+b+c)(cb+bc+ca)
9

> abc

Suy ra

Do d6 ta duoc (a+b)(b+c)(c+a) > S(a+b+c)(cb+bc+ca)

Suy ra 27(&2 +b? +02)(a+b)(b+c)(c+a) > 24(&2 +b’ +C2)<a +b+c)(cb+bc+ca)

Phép chimg minh s& hoan tt néu ta chi ra dugc
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24(&2 +b? +c2)(a+b+c)(ab+bc+ca) 8(ab+bc+ca)(a+b+c)3

Hay 3(a2+b2+02)2(a+b+c)2

RS rang danh gid cudi cing 1a mot danh gia dung. Vay bét ddng thirc duoc chimg minh.

Vidu 1.17: Cho a, b, c 1a cac sb thuc duong thoa man

Ja + b7 +4b7 4+ +4c +a” =342

2 2 2
Chtng minh rang: 2 + b + ¢ > §
8 8 b+c c¢c+a a+b 2

Loi giai
Pit x =+va’ +b’; y=+b’ +c*; z=+/c* +a’, khi d6 ta dugc x; y; z > 0 va tir gia thiét ta duoc
X+y+z= 3\/5
Tedotacd x> +y° +27° :2(a2 +b’ +02).Dod()taduqc
2 x’ —y* +7° b = x* +y —zQ; o X +y° + 7
2 2
Ap dung bat dang thirc Cauchy ta co (b + C)2 < 2(b2 + (32) =2y’

2 2 2, 2
a X -y +z
> Y

Do d6 ta duoc

b+c Qy\/§
‘ ‘ ’ 2 X2+y2—z2 2 —X2+y2+22
Hoan toan tuong ty ta co > , >
c+a QZ\/E a+b QX\/§
Suy ra

a’ b’ c’
+ +
b+c c+a a+b
X+y +72° y X+y +7° X2+y2+z X

B R R S - S
1 1 1 X+V+z
2\/_(x +yi 4z )(;+;+;)—#
ey eaf (Lol 1) 22
"ok x y z) 2
1 1)_329.36 3

6\/_(X+y+z)(x+y+z)(§+—+; -3==

y 632 2

Vay bét dang thirc dugc chimg minh. Pang thirc xdy rakhivachikhia=b=c=1.

Vi du 1.18: Cho a, b, ¢ 1a cac s6 thuc duong thoéa mén abc = 1. Chimg minh rang:
a' (b2 + Cz) b* (02 + a2) c' (a2 +b2)

A A ‘ >2
b +2¢* c¢® +2a° a’ +2b*

’ o , Loi giai
Ap dung bat dang thuc Cauchy va két hgp voi gia thict ta co

a' (b2 + (:2) =a’ (zafb2 + CQaQ) > a’.2va’b’c® =2a’

Hoan toan twong ty ta dugc b’ (02 + a2) > 2b%; ¢ (a2 + b2) > 2c
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Khi d@6 ta duoc
a’ (b2+c2)+b4 ((:2+ag)+c4 (a2+b2) N 94 . 9? . 96
b* +2¢* ¢’ +2a° a’+2b®> b +2¢° < +2a° a’+2b’

2a° N 2b* N 2¢”
+2¢° ¢ +2a® at+2b°
That vay, dit x = b’ + 2¢’; y = c’+2a% z=a’+2b°

Ta can chirng minh duoc
bS

X—2y+4z Cg_y—2Z+4X.a3_Z—2X+4y
o ‘ 9 9 9

Bat dang thuc can chirng minh tré thanh

2(2—2X+4y) 2(X—2y+4z) 2(y—22+4X)

Khi d6 ta duge b* =

+ + >2
9x 9y 9z
Hay ta can chirng minh gKE+§+ZJ+4(X+E+EJ—6} > 2
9i1\x vy =z X y z

Ap dung bét dang thirc Cauchy véi 3 s6 duong ta c6

_+ +y>33———:3,z ZiE>3;
\}Xyz X y z

Khi d6 ta duoc EKE+— j+4[—+ +—j—6}>2
9i1\x vy =z X yV oz

Viy bét ding thic duoc chirg minh. Pang thic xdy rakhivachikhia=b=c=1

=3

><I‘<

X
Z

z
y

Vi du 1.19: Cho a, b, ¢ 13 cac s6 thuc duong. Chirng minh rang:

ab+bc+ca_'_(E’LJF]OﬂLC)3

> 28
a’+b’ +c abc
, o Loi giai
Goi ve trai cua bat dang thirc trén 1a P, khi do ta c6
+ + 9 a+b+c
P:—al; b;: Cjb+(a+b+c) —( )
a“~+b +c abc
+ + a+b+c
=alzb%+(a2+b2+c2+2ab+2bc+2(:a)u
a“+b” +c abc
+bc + 1 1 1 1 1 1
=M+(a2+b2+62) —t—+— +2(ab+bc+ca) —t—+—
al+bi+c? ab bc ca ab bc ca
Ap dung bt dang thic Cauchy ta duoc
1 1 1 9 1 1 1
—+—+—Z—;(ab+bc+ca) — 4+ —+—1|>9
ab bc ca ab+bc+ca ab bc ca
Péylaa®+b’ +c® >ab+cb+ca. Khido ta duoc
+be +
P2m+(a2+b2+cz)L+2.9
a? + b’ +c? ab + bc + ca

+18

al+b’+c? ab+bc+ca ab + bc + ca
>2+8+18 =28

Vay bat dang thirc duge chimg minh. Dang thirc x4y ra khi va chikhi a =b =c

_(ab+bc+ca a2+b2+c2j+8(32+b2+02)
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. b b
Vi du 1.20: Cho a, b, ¢ 1a cac so thuc duong thoa man 2 (E + —j +cC (% + —QJ = 0.
a a
Chimg minh rang: be + ca + dab > §
a(2b+ c) b(2a + c) c(a +b) 3
’ Loi giai
Tur gia thict
b b cla+b)(a®—ab+b*) 2(a’+Db’
2| 242 |4 %+—2 =6=6= ( )(“ )+ ( )
b a a a’b ab
Ap dung bét dang thire Cachy ta co
c(a + b)(a2 —ab + b2) 2(&2 + b2) c(a +b)
a’+b’ >2ab=6= — + > +4
a’b ab ab
=0< M <2
’ 4 2 ab
Ap dung bat dang thuc Bunhiacopxki dang phan thirc ta dugc
2 2
be N ac ~ (bc) (ac)

a(2b+c) b(2a+c) - abc(2b+c) ! abc(2a+c)

(bc + ac:)2 ~ [C (a + b)]2

B 2abc(a+b+c) - 2abc(a+b+c)

N (ab+bc+ca)2
Va abc(a+b+c)=ab.bc+bc.ca+ab.caS 3
2
) c(a+b)
Suy ra ta co be 4 ac Z§M _3|___ab
a(2b+c) b(2a+c) 2| ab+bc+ca 2 c(a+b)
1+7ab
Goi P 1a vé trai ctia bat dang thuc
Datt:M:P2i2+é(véiO<t$2).Tacé
ab 2(1+1)
3t? 4 3t 4 8| 8 -7tP-8t7+32t+24 8
— o= |t |+ = 5 + =
2(1+t) b [2(1+t) v 3] 3 6t(1+t) 3
:(t—2)(—7t2—22t—12)+§2§
3 3

2
6t(1+t)
Vay bat dang thirc duge chimg minh. Pang thirc x4y ra khi va chikhi a=b =c.

2. K§ thuit chon diém roi trong danh gia tir trung binh nhan sang trung binh cdng.

Danh gia tir trung binh nhéan sang trung binh cdng chinh 1a d4nh gia bt dang thirc Cauchy theo
chiéu tir phia phai sang phia trai. Trong chudi dénh gia do ta ciing can phai bao toan dau ding thic xay
ra. Dudi ddy 1a mot sb vi du st dung k¥ thuat danh gia tir trung binh nhan sang trung binh cong.
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Vi du 2.1: Cho a, b, ¢ 1a cac sd thuc duwong thoa man dién kién a+b+c =1. Ching minh rang;

Ja+b+vb+c+yc+a S\/é

Sai 1am thwong gip:

mzz a2+b.1sa+;)+1
b+C:2.\/b+c.1<b+c+1
2 B 2
\/EZQ.\/c2+a.1gc+;+1
2 b 3
:>\/a+b+\/b+c+\/c+as (a+ 2+C)+ =g£\/g

Céch chimg minh trén hoan toan sai. Vay nguyén nhén sai lam & day 1a gi?
Nguyén nhin sai lAm: Diu dang thirc xdy ra khi va chi khi a+b=b+c=c+a=1
= a+b+c=2. Diéunay trai voi gia thiét.
Phén tich tim 161 gidi: Dé tim 10i giai cho bét dang thirc trén, ta can tra 1i cac cau hoi sau
- Ping thic xdy ra tai dau?
- Ap dung bt dang thtrc Cauchy cho may s6, d6 13 nhitng s6 nao?
Do vai tro cua a, b, ¢ trong céc biéu thirc 12 nhu nhau nén ta du doan diém roi cta bt dfmg thire

1 2 L ,
sélaa=b=c= g,tﬁ:détacé a+b=b+c=c+a= g.Vibﬁtdéngthl'rccht’racéccénbéchalnén
A ;< 5 A 2 , s AN \ 2 A A Fo1N: to 3
de pha can ta su dung bat dang thirc Cauchy cho hai so la a va g ,.... Dén day ta c6 101 giai dung nhu sau:

Loi giai

X + . X ~ A /
Y cho hai s0 khong am ta co:

2

e e
2

b+c+ -

3 L i

P o o O e
2

3 9 3 C+a+§

P o e e

2(a+b+c)+3.2

s s

Ap dung bt dang thirc Cauchy dang wfxy <

IN

:>\/a+b+\/b+c+\/c+a s\/g.

2

.. L . 1
Bat dang thirc dugc chirng minh. Dau dang thirc xay rakhi vachikhi a =b =c¢ = g .

Vi du 2.2: Cho a, b, ¢ 1a cac sd thuc duwong théa man dién kién a+b+c =1. Ching minh rang;

§/a+b+i”/b+c+5’/c+a si”/ﬁ

Sai 1Am thwdng gip
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3a+b:3(a+b).1.1£w
3
3b+c:3(b+c).1.1£w
3
3c+a:3(c+a).1.1gc+a—+1+1
3
2 b 6
%/a+b+§/b+c+§/c+a£ (a+ +C)+ =§>318
3 3

Céch chimg minh trén hoan toan sai. VAy nguyén nhén sai lam & day 1a gi?
Nguyén nhan sai ldim: Diu dang thic x4y ra khi va chi khi a+b=b+c=c+a=1
= a+b+c =2. Piéu nay trai voi gia thiét.
Phén tich tim 101 gidi: Dé tim 10i giai cho bét dang thirc trén, ta can tra 1i cac cau hoi sau
- Dang thic xdy ra tai dau?
- Ap dung bat dang thirc Cauchy cho may sd, d6 1a nhiing s6?
Do vai trd cta a, b, ¢ trong cac biéu thirc 1a nhu nhau nén ta du doan diém roi cua bat dang thirc

1 2 .
s€laa=b=c=—,trddtacoa+b=b+c=c+a :g.Vibétdéngthl’rcchfracéccﬁnbécbanén

. (e . 2 2 . D
de pha can ta st dung bat dang thirc Cauchy cho ba so 12 a, g va g ,.... Dén day ta c6 101 gidi dung nhu

Sau.
Loi giai
{ £, 42 , 3 X+y+1z .z
Ap dung bat dang thirc Cauchy dang i/xyz < ———— cho cac so0 thyc duong ta dugc
a+b+2+2
2 2 3 3
\/3a+b=i/§.13’(a+b).—.—gi/§. 33
4 3 3 4 3

IN

b+c+g+2
iﬁA
4 3

oc= i/%.;)/(b ; c)%

w | N

IA

%/m = #%.?’((ﬂra).%.%

2(a+b+c)+4

2 2

cta+-—+-

iﬁ,#
4 3

Suy ra

Va+b+yb+c+yc+a£#g.

)

3

¢ e . 1
Bat dang thirc dugce chimg minh. Dau dang thirc xay ra khi va chikhi a =b =c¢ = g .

Vi du 2.3: Cho a, b, ¢ 1a cac sb thuc duong thoa min a + b + ¢ = 3. Chtng minh ring:

g/a(b+2c) + 3b(c+2a) +§/c(a+2b) < 3%/5

Phan tich: Do vai trd ctia cac bién a, b, ¢ trong cac biéu thirc 1a nhu nhau nén ta dy doan diém roi cua
bat ding thicséla a=b=c=1,trdétaco a+2b=b+2c=c+2a =3 va 3a =3b=3c =3.
Vi bét ding thirc chira cic cin bac ba nén dé pha can ta sir dung bét ding thirc Cauchy cho ba sb 1a 3a,
b +2c va3,... Dén day ta c6 10i giai nhu sau:

Loi giai
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X+y+z

Ap dung bt dang thic Cauchy dang ¥/xyz < cho cac sb thuc duong ta duoc

m:i/g-i/3a.(b+2c).3 < 3%.3a+b;2c+3
W:i/g-{‘/3b.(c+2a)_3 < 3%_3b+c-§2a+3
W=i/g-§/3c.(a+2b),3 < 3%3C+a;2b+3

Suy ra %/a(b+2(:) +§/b(c+2a) +§/c(a+2b) < i/g.(j(aer;C)Jrg = 33/5

Bit dang thirc dugc chimg minh. Dau dang thirc xay rakhi vachikhia=b =c =1.

. 1 1 1 .
Vi du 2.4: Cho a, b, ¢ la cac s6 thuc duong thoa man — + — + — = 4. Chirng minh rang:

a b c
1 1 1
+ + <1
2a+b+c a+2b+c a+b+2c

1 s .
< —+ —. Pau tién ta du doan dau dang
X+y X ¥y

Phan tich: Quan sat bat ding thirc ta nghi dén danh gia

: : 3 : X . :
thirc xay ra tai a =b:C=Z, khi d6 ta ¢c6 2a=b+c va b=c nén ta c6 danh gida nhu sau

1 1( 1 1 111 1(1 1 112 1 1) .
— < —| —+ <—|—+—|—+—-||=—| —+—+—|. Ap dung tuong tu ta duogc
2a+b+c 4\2a b+c 412a 4\b c 16la b ¢

1 1 1 111 1 1 £ e . NPT
+ + <—| —+—+— | =1.Dbén day ta trinh bay lai 101 giai nhu sau
2a+b+c a+2b+c a+b+2c 4la b c
Loi giai

1 .
< — + — cho hai s6 duong. Ta co:
X+y X ¥y

1 1( 1 1 111 1(1 1 1(2 1 1
— < | —+ < | —4+| =+ ||l=—|=4+—+=
2a+b+c 4\2a b+c 412a 4(b c 16la b ¢

, 1 1(1 2 1) 1 1[1 1 2J
Tuwongtytac) ———— < —| —+—+~-|; —————— < —| —+—+ =

Ap dung bét dang thirc Cauchy dang

a+2b+c 16la b c a b ¢

Cong theo vé cac bat dang thirc trén ta dugc

1 1 1 1(1 1 1
+ + S—|—+—+—-|=1
2a+b+c a+2b+c a+b+2¢c 4la b c

(s . . 3
Bat dang thirc duge chirng minh. Pang thirc xay ra khi vachikhi a =b =c = 1

Vi du 2.5: Cho a, b, ¢ 1a cac s6 thuc duong bét ki. Chimg minh ring:

+ + > 2
b+c c+a a+b

Phan tich: Trong chu dé thir hai ta di chimg minh bat ding thirc trén bang phuong phap st dung tinh

chat cua ti s0, nhung & do dicu kién cua bai toan cho a, b, ¢ 1a cac canh cia mot tam gidc. Vi bai toan
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nay ta khong ching minh duge nhu vy ma phai s dung cac danh gia khac. Quan sat bat ding thirc ta
thdy can phai khir cac cin béc hai bén vé trai.

- Cach thtr nhat 13 binh phuong hai vé, tuy nhién lic d6 bén vé trai van con chira cin bac hai, do d6
ta khong nén st dung céch nay.

X+y

- Cach thir hai 13 st dung bat dang thic Cauchy dang \/X}/ < , & y dén chiéu cua bat ding

thirc nén ta sir dung bat dang thirc Cauchy cho cac mau sd. Tir d6 mét cach tw nhién ta nghi dén phép bién

A: a a LA A A A qA 4l , 2 A Y .y

doi 1/ = va vi khong can quan tam dén dau dang thuc xay ra nén ta c6 danh gia
b+c a (b + c)
a 2a £ oan ;A g . L C s pss s
> . Bén day chi can ap dung tuong tu cho hai cén thirc con lai 1a bai toan dugc

a (b n c) a+b+c

ching minh
Loi giai

\ A ~ , a a

Vi a la s6 thuc duong nén ta cé ) / =
b+c a (b + c)
X+y a 2a

>

ta duoc >
/a(b+c) a+b+c
b 2b 2
Chtrng minh tuong ty ta dugc 1, > ; 4/ ¢ > ¢
c+a a+b+c Va+b a+b+c

Cong theo vé cac bat dang thirc trén ta dugc

I TR
+ + > 2
b+c c+a a+b

Ding thirc xy ra khi va chi khi a = b = ¢ = 0, diéu nay trdi v6i gia thiét a, b, ¢ 1a cac sd thuc dwong.
Do vay dang thirc khong xay ra.

Ture 1a ta duoc \/a +\/ b +\/ ¢ > 2
b+c c+a a+b

Vay bai toan dugc ching minh.

Ap dung bét dang thirc Cauchy dang /xy <

Vidu 2.6: Cho a, b, ¢ 1a cac s6 thue khong 4m thoa man a + b + ¢ = 3. Chirng minh réng:
a+b b+c c+a

+ + > 2
\/a2+b2+6c \/b2+c2+6a \/02+a2+6b

Phan tich: Dé y dén gia thiét a+b+c =3, ta thudwoe ¢ = 3 —(a +b), khi 6 ta c6

2 2
a’+b’ +6c=a’ +b2+6(3—a—b)=(3—a) +(3—b)
Lai ciing tir gia thiét trénta c6 a +b = 3 —c. Khi d6

a+b 3—-c B (3_6)2

\/a2+b2+6c_\/(3_a)2+(3—b)2 (3_a)2+(3_b)2l
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, , 2 2 2 )
DéndéydédongiénhéatadétX=(3—a) >O;y:(3—b) >O;z=(3—c) > 0, lac nay bat

Y
Z+X

, ) . X v/ L
dang thirc can chirng minh duoc viét lai la + \/ + > 2, day chinh la bat dang thirc
y+7z X+y

O vi du trén.
, Loi giai
T giathict a+b+c=3,tacod
2 2
a’ + b’ +6¢c = a’ +b2+6(3—a—b)=(3—a) +(3—b)

Do a, b, ¢ 1a cac sb thuc duong néntir a+b+c =3 tasuyra 0 < a,b,c < 3.

Do d6 ta dugc ath = ¢ = (S_C)2
a2+ b+ 6c \/(3_a)2+(3_b)2 (3-a) +(3-b)
Ap dung tuong tu ta dugc bt dang thire
(3-a) EE ~b) ) (3-c)
(3-b) +(3-¢) \(3-c) +(3-a) \(3-a) +(3-D)

bat x = (3 —a)2 >0y = (3 —b)2 >0;z= (3 —C)2 > 0, lic nay bat dang thic can ching

minh duoc viét lai la | |— +\/ LA
y+z Z+X X+y

Pén day ta ching minh tuwong ty nhu vi du trén.

> 2

Vi du 2.7: Cho a, b, ¢ 1a cac sb thyc duong bét ki. Chirng minh rang:

Fb e e

c+2+4ab a+2 bc b +24ca

<1

Phan tich: Trudc hét ta du doan déu dang thic xdy ratai a = b = ¢. Quan sat bat dang thirc ta nghi dén

r 2 X + A 4 ” \ I , .y I3 5 A
str dung bat dang thirc /xy < , tuy nhién néu str dung ngay thi ta chi danh gia cho céc tir s6 duoc,

nhu vay dudi mau van con chira cin thitc. Cho nén dé sir dung duoc bat dang thic do ta can phai khir
duogc cac can ¢ dudi mau trude, tuy nhién viée nay khong thuc hién duge. Cha ¥ dén chiéu bat dang thic
ta thy, chi can ddi duoc chidu bt dang thirc thi ta co thé sir dung bat dang thirc trén ¢6 cac can thic &

mau va viéc khur cac can ¢ tir sO cling don gian hon. Tur sy phan tich do ta c6 thé lam nhu sau

e Am

c+2\/_ a+2vbc b+24ca
ab 2\/E eca

<1

& 1- +l-—F—23-2=1
c+2\/ a+2 b +2+ca
b >1
c+2\/ a+2\/bc b +2+ca
Luc nay ap dung bat ding thirc \/xy < Xry ta dugc ¢ , thuc hién tuong

C+2\/_ a+b+c

ti ta duoc bat dang thirc can phai chimg minh.
Loi giai
Bat dang thuc can chirng minh twong duong véi
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e Am

c+2vab a+2vbc b+2Vca

oo b, 2*/& +1——2\/; >3-2=1

c+2\/ a+2 b+ 24/ca

>1

<1

c+2\/ a+2 be b+2 ca

Ap dung bt dang thuc \/ Xy < Xt

Y ta duoc

C _ a S a _ b S b

> , > , >
c+2/ab a+b+c 419Jbe a+b+c b+2\/£ a+b+c

Cong theo vé cac bat dang thirc trén ta dugc

b

¢+ 2vab a+2 bc b+2 ca
Vay bat dang thirc dugc chimg minh xong. ang thire x7ay ra khi va chikhi a = b=c. . )
Nhan xét: Khi danh gia mot bat dang thurc bang bat dang thirc Cauchy néu bi nguwoc chiéu thi ta co the

>1

déi chiéu bat dang thirc bang cdch nhan hai vé véi — 1 réi cong thém hang sé dé cd hai vé déu dwong. Ki
thudt sir dung bat dang thirc Cauchy nhw trén con duwoc goi la ki thudt Cauchy nguoc ddu, vdan dé nay sé

dwoe ban cu thé hon trong chii dé “Ki thudt Cauchy ngwoc diu”

Vi du 2.8: Cho a, b, ¢ 1a cac s6 thuc khong am théa man ab + be + ca > 0. Chting minh ring:

Ja(b+c) +\/b(c+a) +\/c(a+b) Y

a’ +be b’ + ca ¢’ +ab

Phan tich: Dau tién ta thir v6i a = b = ¢ thay rang ddu dang thirc khong xay ra, nén ta dy doan né xay
ra tai mot bién bang 0, diéu ‘nay cang c6 co s khi bai toan cho a, b, ¢ khong am. Cho ¢ nhan gia tri 0 va
a = b thi ddu dang thirc xdy ra. Nhu vay ta chon dugc diém roi cua bat ding thicla a =b; ¢ =0 va

cac hoan vi. Cing tur diéu kién ‘ab + bc +ca>0ta thgy trong ba s6 ¢6 nhidu nhat mot sb bang 0. Do d6
khi dadnh gid bat dang thuc ta can chu y dén bao toan dau bang.

Quan sat bat dang thirc ta nhan thdy a’® + bc + a(b + c) = (a + b)(a + c), nhu vay néu dudi

mau co tich \/(a2 + bc) (ab + ac) thi theo chiéu bat dang thirc can phai chimg minh ta c6 ngay dénh

2
i a” +ab+bc+ca . . . x
gia \/(a2 + bc) (ab + ac) < 5 , nhung dé c6 dugc diéu nay ta phai nhan cé to va mau

cia mdi phan s trong cin véi tir sb. Tuy nhién vi cho cac bién a, b, ¢ khong 4m nén viéc nhan thém
khong thé thyc hién dugc. Trong tinh hudng nay chi y dén diém roi va nhan xét trong a, b, ¢ ¢6 nhiéu
nhat mot sb bang 0 ta co the chia truong hop dé danh gia bat dang thic.

- Truong hop trong ba sd a, b, ¢ c6 mot sé bang 0 va ta gia sir 1a ¢, khi d6 bat dang thic tré thanh

\/% + \/: > 2, bat dang thirc nay hién nhién dung.
a

- Trudng hop ca ba sd a, b, ¢ déu duong, lic nay thi viéc nhan thém khong bi anh anh huong gi dén cac
danh gia ca. Bén day ta c6 danh gid nhu sau

’ b+c b+c) . 2a(b+c) B 2a(b+c)
a’ +bc \/a +be ab+ac)_a2+ab+bC+Ca_(a+b)(a+C)
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b(c+a)> 2b(c+a) . C(a+b)> 2C(a+b)

b + ca _(a+b)(b+c)’ ¢’ +ab _(b+c)(c+a)

Luc nay ta dugc bat dang thire

\/a(b+c)+\/b(c+a)+\/c(a+b) N 2a(b+c) N 2b(c+a) . 26(a+b)
a’ +bc b® + ca ¢’ +ab (a+b)(a+c) (a+b)(b+c) (b+c)(c+a)

ching minh s€ hoan tat n€u ta chi ra dugc

Ap dung tuong tu ta dugc

Phep

a(b+c) . b(c+a) s c(a+b) 1
(a+b)(a+c) (a+b)(b+c) (b+c)(c+a)_
(a+b)(b+c)(c+a)+4abc

Bién do6i twong dwong bét dang thic trén ta thu dugc >1

(a + b)(b +c)(c +a)
Panh gia cudi cung hién nhién dung, ta trinh bay lai 16i giai nhu sau
Loi giai
Vicacsba,b,c khong am va ab + bc + ca > 0 nén trong ba s6 a, b, ¢ c6 nhiéu nhat mot sd béng
0. Ta xét cac truong hop sau
- Trudng hop trong ba sb a, b, ¢ c6 mdt s6 bang khong, khi d6 khong mat tinh tong quat ta gia st ¢ = 0
, luc nay bat dang thirc can chimg minh tré thanh

J;ngz@(@g)

- Trudng hop ca ba sd a, b, ¢ déu duong, khi dé ta c6
/ b+c b+c 2a(b+c) B 2a(b+c)
a’ +bc \/a +bc ab+ac ~a’+ab+bc+ca (a+b)(a+c)
(c+a)> 2b(c+a) . c(a+b)> 2c(a+b)

b + ca (a+b)(b+c)’ ¢’ +ab _(b+c)(c+a)
LGc nay ta dugc bat dang thirc

\/a(b+c)+\/b(c+a)+\/c(a+b)> 2a (b +c) ) 2b(c +a) ) 2¢(a+b)

Ap dung tuong tu ta duoc

a’ +bc b* + ca ¢’ +ab (a+b)<a+c) (a+b)(b+c) (b+c)(c+a)
. a(b+c) b(c+a) c(a+b)
Ta can chung minh dugc + + >1
(a+b)(a+c) (a+b)(b+c) (b+c)(c+a)
Bién d6i twong dwong va thu gon ta duge 1 + dabe >1

(a+b)(b+c)(c+a) -

Bét dang thirc cudi cing ludn dung do 4abe > Ova dang thirc khong xay ra trong trudng hop nay. Vay
bai toan dugc ching minh xong.

Nhan xet Trong chitng minh bat ddng thirc viéc chia truong hop dé chimg minh gdy ra nhiéu khé khan.
Do dé néu tim dwoc mot cach giai ma khéng can phdi quan tam dén viéc xét cdc truong hop thi sé tot hon
nhiéu. Vi bai todn trén ta thir tim 10i gidi khdc ma khong phdi chia truong hop xem sao?

Ciing xudt phat tir nhdn xét nhw trén nhung ma khi tich ,\/(CLQ + bc) (ab + ac) nam o trén tir thi

khong anh hwong gi ca. Do do ta co danh gia nhuw sau
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o (er)(ere) e J(a2+bc)(ab+ac)<
(o )b ac) <=5 (ar0)(are)

a(b+c) a(b+c)
> 0 thi ta dwoc
a’® +be (a+b)(a+c>

Deén day ta nhdn ca hai ve voi

a(b+c) 2a(b+c)

a’ +be _(a+b)(a+c

Hay ) va cong viéc con lai hoan toan nhuw trén.

Vi du 2.9: Cho a, b, ¢ 1a cac s6 thuc duong thoéa méin a + b + ¢ = 6. Ching minh ring:
a b

c
+ + >
Vb'+1 Nt +1 Wa®+1

2

Phan tich: Pau tién ta dy doan ding thic xdy ra tai a=b=c =2, cha y dén hing ding thirc
b’ +1=(b+1)(b*~b+1) vakhi b=2 thi b+1=b*~b+1=3 do do ta c6 dénh gi sau

2 2
\/b3+1=\/(b+1)(b2—b+1)£b+1+b _b+1=b+2 tr day ta suy ra duoc

2 2
a 2a , X, 32 ,
> 5 , &p dung tuong tu ta dugc bat dang thirc
b+l b2
a b c 2a 2b 2c
+ + 2 — +— +—
JbP 41 Nt 41 at+l P42 P42 at42
. 2 2b 2 . .
Ta can phai ching minh duge — 2 4 5 +— € 59 , dén day ta danh gia trén tir s6 hay
o o b"+2 ¢ +2 a +2 ’
dudi mau déu dugc bat dang thirc nguoc chiéu. Do d6 mot cach tu nhién ta nghi dén tu tuong Cauchy
, C e 2 b’ e :
nguoc diu, tirc 14 ta bién ddi ——— = a ——~—, chu  dén déng thirc xdy ra tai a =b = ¢ = 2 ta lai
b” +2 b™ +2
co
ab®> _ 2ab’ < 2ab’ _ a¥2b’  ai2bb < a(2 +b+ b)
b*+2 b +b’+4  3¥hiy4 3 3 9
Ap dung tuong tur ta duoc
%2a 2h %2 2(a+b+c) 2(ab+bc+ca)
- +— +— >a+b+c— -
b’ +2 +2 a’+2 9 9
2
(a +b+ c)
Ma theo mdt danh gia quen thudc ta co6 ab + be + ca < T — =12
. 2 2b 2 2.6 2.12 N
Bén luc nay ta c6 — 2 4 5 +— € s 2t 2. Pay chinh 1a di€u can phai
b"+2 ¢ +2 a +2 9 9
ching minh. Ta trinh bay lai 101 gidi nhu sau.
Loi giai
Ap dung bat ding thitc Cauchy dang 24/xy < x +y ta dugc
a a 2a 2a

bt [bra) (ot -b+) “helebobel b2

Ap dung tuong tu ta duoc bét ding thire
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a b c 2a 2b 2c
+ + >t
JbP+1 NP+l Aat+1 D42 42 at+2

2a 2b 2c

Ta cén phai chimg minh duoc + + > 2
P s b +2 c+2 a’+2
Ae A . 2a ab’ v~ A, a2 ,
That vy, ta co — =a—— , ma cling theo bat dang thirc Cauchy ta dugc
b” +2 b” +2
ab’ _ 2ab’  _ 2ap’ _adl2’ _atlbb _a(2+Db+Db)
b’ +2 b +b’+4 33ty 3 3 9
2a a(2+2b)
Suy ra — > a — —— . Chung minh tuong ty ta dugc
b” +2 9
%2a 2b 2 2(a+b+c) 2(ab+bc+ca)
- +— +— >a+b+c— -
b"+2 ¢ +2 a " +2 9 9
2
(a+b+c)
Mat khac theo mot danh gid quen thudc ta co6 ab + be + ca < T =12
2 2 2 2.6 2.12
Do d6 ta duoc Qa + 2b + 2C 26——6——=2
b"+2 ¢ +2 a " +2 9 9

Viy bét ding thic dugc chirg minh xong. Pang thirc xay rakhi vachikhi a=b=c=2.

Vi du 2.10: Cho a, b, ¢ 13 cac s6 thyc duong thoéa man a + b + ¢ = 1. Chirng minh rang:
bc ca ab 1

+ + <
\/a+bc \/b+ca \/c+ab 2

Phan tich: Bé y 1a va + bc = \/a(a +b +c) + bc = \/(a + b)(a +c) . Do d6 theo bét dang thirc

b b 1{ b b
Cauchy ta dugc. Do do c - ¢ < —( ¢ + ¢ j
Ja+be \/(a+b)(a+c) 2lath a+c
- , Lisi gidi
Str dung bat dang thirc Cauchy va két hop gia thiét, ta co:
bc bc bc 1 [ bc bc j
= = <— +
Ja+be \/a(a+b+c)+bc \/(a+b)(a+c) 2\a+b a+c

ac 1{ ac ac ab 1{ ab ab
Tuong tu ta dugc < — + ; < — +
\/b+ac 2\{b+a b+c \/c+ab 2\c+a c+b

Cong vé theo vé cac bat dang thire trén, ta duoc

bc ca ab 1( ab ab bc bc ca ca
+ + <= + + + + +
\/a+bc \/b+ca \/c+ab 2\a+c b+c a+b a+c b+a b+c
1({ab+bc ab+ac bc+ca 1 1
== + + :—(a+b+c)=—
2 a+c b+c a+b 2 2

(e . 1
Vay bat dang thirc duoc chirmg minh. DPang thirc xay rakhi vachikhi a=b =c = § .
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ca 3

a C
+ + <=
J2+3 Na?+3 b 43

Vi du 2.11: Cho a, b, ¢ 1a cac s6 thuc duong thoa mén diéu kién a + b + ¢ = 3. Chirmg minh rang:
b b

Phan tich: Dé v 1a (a+b+c

2
)2 23(ab+bc+ca) nén ab+bc+ca<3, do d ta duoc

c+3>c’+ab+bc+ca= (b + c)(c +a), suy ra ta duoc bat dang thuc sau

ab < ab ab
\/CQ+3_\/CQ+ab+bc+ca \/(c+a)(c+b)
Ciing theo bat dang thirc Cauchy ta lai co ab < 1( ab + ab ]
\/(c+a)(c+b) 2lc+a c¢c+b
Loi giai

e 2
Tur bat dang thirc (a+b+c) 23(ab+bc+ca) vaa+b+c=3.

Suy ra ab + bc + ca < 3. Nhu vy theo bat dang thirc Cauchy ta dugc
b

a
2
Ve

< ab

ab 1( ab ab j
< = <= +
+3 N +ab+be+ca \/(c+a)(c+b) 2{cta c+b

Tuong tu ta dugc be Sl be T be ; ca <l ca ca

< +
a+b b2+3 2\b+a b+c
Cong theo vé cac bat dang thirc trén ta dugc

ab bc ca a+b+c 3
+ + < = —
Je2+3 Wa?+3 b2+3 2 2
Bét dang thirc dugc chimg minh. Dau déng thiic xdy rakhi a =b =c =1.
Vi du 2.12: Cho a, b, ¢ 1a c4c s6 thyc duong bat ki. Chirg minh rang:
ab bc

ca a+b+c
+ + <
a+3b+2¢c b+3c+2a c+3a+2b 6
Phan tich: Pai lugng —————— va chiéu bét dang thic 1am ta lién tuong dén bat dang thirc dang
a+3b+2c
le+l+—,khidétadu’qc
X+y+z X Yy %
9 9 1 1 1
a+3b+2¢c a+c+b+c+2b a+c b+c 2b
i 9ab 9ab ab ab a
Suyrataco = <
a+3b+2¢c a+c+b+c+2b

+ +
a+c b+c 2

. ... ..  ca+ab ca+bc bc+ab
Ap dung tuong tu va cht y dén tong + +

=a+b+c.
c+b b+a c+a
Loi giai
. Lo , 9 1 1
Ap dung bat dang thuc Cauchy dang < —+—+—,taduoc
X+y+z X y zZ
9 _ 9 < 1 1 1
a+3b+2c a+c+b+c+2b

+ +—
a+c b+c 2b
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9ab 9ab b b
Tu d6 suy ra a = a < a + a + a . Tuong tu ta chung minh dugc
a+3b+2c a+c+b+c+2b a+c b+c
9bc bc bc b 9ca ca ca c
< + +—; < + —
b+3c+2a b+a c+a 2 c+3a+2b c+b b+a 2
Cong theo veé cac bat dang thirc trén ta co

9ab N 9bc N 9ca ca+ab+ca+bc+bc+ab+a+b+c
a+3b+2c b+3c+2a c+3a+2b c+b b+a c+a 2
3(a+b+c)
_#
ab be ca a+b+c
Hay + + <
a+3b+2¢c b+3c+2a c+3a+2b 6

Bét ding thirc dwgc ching minh. Diu dang thirc xay rakhi vachikhi a=b =c.
Vi du 2.13: Cho a, b 1a c4c s6 thuc duong théa mén a,b > 1; a + b + 3 = ab. Ching minh rang:

\/a2—1+\/b2—1+ 1 £1+8\/§
a b a+b 6

Phén tich va loi giai
Trudc hét ta nhan thay vai tro nhu nhau trong bat dang thire cta a, b va dy doan dugc dau dang
3

thirc xdy ratai a = b = 3. Tir gia thiét a+b+3 = ab, tasuy ra _+E+_b:1'
a a

. 1 1 . .
D¢ don gian hoa ta dat x = —; y = —. Khi do gia thiét tré thanh x + y + 3xy =1 va bat dang

thirc can ching minh duogc viét lai thanh

\/1—X2 +\/1—y2 T Sl+8\/§
X+y 6

2 . .
Chu ¥ 1a cac dai luong xy; x° +y; (X + y) lién h¢ v6i1 nhau béi hang dang thue quen thudc.

Do d6 ta s& cb biéu dién gia thiét cling nhu bat dang thirc qua mot dai lugng.
2
o 3 (X + y)
Theo bat dang Cauchy tadugc 1 =x+y+3xy <x+y+

2 e
X+y2 3 Ciing theo bat dang thuc quen thude \/; + \/H <. /2(m + n) ta dugc

Tt do6 suy ra

\/1—X2 +\/1—'y2 S\/Q[Z—(X2+y2ﬂ < 1212-

1—(x+y)_ 1

Va Xy _ _1
X+y_ 3<X+y) _3(X+y) 3

Luc nay ta duoc
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Vi-x? +\/1—y2 4= <\/2[2—(X2+y2)}+1_(x+y)

x+y 3(x+y)
< 22_(X+Y)2 P . 22_1_(2T L1 1 1482
2 3(x+y) 3 2(3) | 32 3 6
3

. e . 1
Vay bat dang thirc dugc ching minh. Pang thirc xdy rakhi x =y = g & a=b=3.

Vi du 2.14: Cho a, b, ¢ 12 cac s6 thuc duong tuy y. Ching minh ring:

(a+b)(a+b+2c) gl

(Ba + 3b + 2c)2 8

‘ P 1 2 )
Phan tich: Ta viét lai bt ding thirc thanh (a +b)(a +b+2c) < S (3a+3b+2c) . Cach phat biéu

ctia bat dang thie 1am ta lién tuong dén bat dang thirc xy <

o Loi gidi
That vay, ap dung bat dang thirc Cauchy ta c6

(a+b)(a+b+2c) = (2a+2b)(a+b+2)

2

2a+2b)+(a+b+2c 5
sl( )+ ) =1(3a+3b+2c)
2 2 8
a+b)la+b+2c
T do6 ta duogc ( )( 5 )Sl
(3a+3b+2c) 8
Ding thirc xay ra khi va chi khi a +b = 2c.
. . 32
Vi du 2.15: Cho cac so thuc a > b > 0. Chirng minh rang: 2a + > 9

(a-Db)(2b+3)

Phan tich: Quan sat bat dang thirc ta thiy co cac ¥ tuong sau:
+ Y tudng thur nhat 1a st dung bat dang thie Cauchy véi danh gia tir trung binh cong sang trung

\ . 2 .
binh nhan, ¢ day dé ta can khu dugc dai luong (a—b) (2b+3) thi ta can phan tich dugc

a=k(a—b)+m(2b+3)+m(2b+3)—6m,dédéngtimraduqc k =2; m:%.

’ 2
+ Y tuong thir hai la dénh gid (a —b)(2b +3) theo danh gié tir trung binh nhan sang trung binh

cong, chu y dén dau dang xay ra ta dugc

(4a—4b)(2b+3)(2b+3) < (4a—4b+2b+3+2b+3}3 :(4a+6j3

3 3
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. \ 2 .
Deén day ta chi can chiing minh dugc 2a + 3 3 > 5 bang danh gia tur trung binh cong
3
sang trung binh nhan la xong.
7 , Loi giai
Cach 1: Biéu thuce viét lai nhu sau
P=(2a—2b)+2b+3+2b+3+ 32 _3

2 (a-b)(2b+3)
Ap dung bét dang thirc Cauchy ta co
2b+3 N 2b+3 N 32

2 (a-b)(2b+3)

> 4,[(2a - 213)[2]02+ 3

(2a-2b)+

32

j (a—b)(2b+3)

=38

Do d6 P > 5. Pang thuc xay ra khi va chi khi
%b+3 32

2 (a-b)(2b+3)
Céch 2: Ap dung bat dang thitc Cauchy ta dugc

2a—2b =

3 1
hay a =—, b=—.
Y 2 2

3 3
(4&—4b)(2b+3)(2b+3)£ 4a—4b+2b+3+2b+3 _ 4a +6 :§(2a+3)3
3 3 27
Tirdo ta co
P>+ - 32 :2a;3+2a;3+2a;3+ 432 __3
3
© 2a+3
- 27(2a+3) (a )
Ciing theo bat dang thirc Cauchy ta dugc
2a+3 2a+3 2a+3 432
+ + + ;28
303 3 (ne)
Do @6 P > 5. Pang thirc xay ra khi va chi khi
9a—2b = 22 *+3 _ 52 haya:g,b:%.

2 (a-b)(2b+3)

Vi du 2.16: Cho a, b, ¢ 1a cac sb thuc duong théa man a”> +b” + ¢* < abc . Chimg minh rang:

1
a+b+c£_

a’+bc b +ca c*+ab 2

Phan tich: Trudc hét ta dy doan dang thirc xay ra tai a = b = ¢ = 3. Bat dang thic chta dai lugng
. . ; . 1 1

5 , d¢ y dén chicu ta lién tuwong dén danh gid quen thudc < —+—, khi do ta co

a” + bc X+y X ¥

a 1{1 a 2 o a a’ a’ .
5 <—|—+—|.Béytieptaco — = < 5— - Nhu vy dp dung tuong tu ta thu
a“+bc 4\la bc bc abc a‘+b’+c

a b c 11 1 1 .
dugc + + < - (— +—+—+ 1j . Bai toan s€ dugc chirng minh xong néu ta

a’+bc b +ca c+ab 4la b ¢
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1 1 . . .
chi ra duoc —+ E +—-<1. Chu y tiép dén gia thiét ta duoc
a c
2 2 2
a~+b"+c _ab+bc+ca 1 1 1 _,
1> > = — + — + —. Dén day ta trinh bay lai 161 giai nhu sau
abc abc a b ¢

Loi giai

1 1
< —+—, taduoc
X+y X ¥y

a al 1 1
<Sl =4 =
a’+bc 4la® bc

2 2

Ap dung bat dang thirc quen thudc dang

. e a a a
Két hop v6i gia thiét a> + b® + ¢ < abc tadugec — = <5
bc abc a"+b” +c
1 1 1(1 ?
Do ds o afl ) 11, @
a’+bc 4la’ bc) 4la a°+b’+c

Ap dung tuong tu ta dugc

a b C 11 1 1
5 +— +— <—|—+—+—-+1
a+bc b +ca c’+ab 4 b

a c
. 1 1 1
Ta can chirng minh —+—+-<1
a b c

That vay, Ap dung mot danh gia quen thudc va két hop voi gia thiét, ta dugc
2 2 2
12& +b" +c 2abb—lrbc+ca:l_i_l_’_l
abc abc a b

c
Vay bét dang thirc dugc chimg minh. Pang thirc xdy rakhi vichikhia=b=c =3

Vidu 2.17: Cho a, b, ¢ 1a cac s6 thyc duong tiry y. Chirng minh rang:

a b a >3\/§

+ +
\/ab+b2 \/bc+c2 \/ca+a2 2

Phan tich: D& dang du doan dugc dang thic xdy ra tai a=b =c, khi d6 dé y dén danh gia

2b b
“(2+b) a3 khi d6 ta duge ——— 242

2 2 *’ab+b2 Za+3b
a b a S 2a\/5 N 2b\/5 N 2(:\/5

+ + >
Jab+b? be+c? Nea+a? a+3b b+3c c+3a

a b C

+ +
a+3b b+3c c+3a
Bunhiacopxki dang phan thirc.

2b.(a + b) < . Ap dung tuong tu thi

, nhu vy ta chi can chi ra duogc

3 o . . L
2 E day 1a mot bat dang thuc co6 thé ching minh bang bat dang thiic

o Loi giai
Ap dung bat dang thirc Cauchy ta co
2b+(a+b) a+3b
2 2

2b.(a+b) <

Ap dung tuong tu ta dugc

a b a S 2a\/§ N 2b\/§ N 2(:\/5

+ + > .
\/ab+b2 \/bc+c2 \/ca+a2 a+3b b+3c c+3a
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a2 . 22 . 232 _ 3\2
a+3b b+3c c+3a 2
a b c

+ +
a+3b b+3c c+3a
Ap dung bat dang thirc Bunhiacopxki dang phan thirc ta duoc

a b c (a+b+c)2

a+3b b+3c c+3a a’+b’>+c’+3ab+3bc+3ca
Mait khac, tir mot danh gia quen thude ta co

(a+b+c)2 ZB(ab+bc+ca)

Ta can chung minh

3
Ha > —.
y 4

Do d6 ta duoc

a2+b2+02+3(ab+bc+ca)=a2+b2+c2+2(ab+bc+ca)+(ab+bc+ca)
S(a+b+c)2+%(a+b+c)2 =%(a+b+c)2

a b N (a+b-|—c)2 :§

+ >
a+3b b+3c c+3a 4(a+b+c)2 4
3

Tir do suy ra

Vay bét ding thire duoc chirng minh. Pang thic xay ra khi va chikhi a = b = c.

1 1 1
+

+ = 6. Chung minh rang:
a+b b+c c+a

Vi du 2.18: Cho a, b, ¢ 1a cac s6 thyc duong thoa mén

1 N 1 N 1 £§
3a+3b+2¢ 3a+2b+3¢c 2a+3b+3c 2
Loi giai

1 1
< —+ — taduoc
X+y X ¥y

Ap dung bt dang thic Cauchy dang

1 1 1 1 1
= <= +
3a+3b+2c (2a+b+c)+(a+2b+c) 4(2a+b+c a+2b+cJ

1 1 . 1 1 1[ 2 1 1 J
! (a+b)+(c+a) (a+b)+(b+c) " 4|4la+b b+c c+a

1 2 1 1
= — + +
16la+b b+c c+a

Hoan toan tuong tu ta dugc

IS S
3a+2b+3c 16
1

IN

2 1 1
+ +
(a+c a+b b+cj
1

2 1 1
_— + +
2a + 3b+ 3¢ 16[b+c a+b c+aJ

Cong theo vé cac bat dang thirc trén ta duoc

IA

1 1 1 1 4 4 4
+ + < — + + =
3a+3b+2¢c 3a+2b+3¢c 2a+3b+3c 1l6la+b b+c c+a

3
2

C =

| =

Vay bt dang thic dugc ching minh. Dang thirc xdy ratai a = b
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Vi du 2.19: Cho a, b, ¢ 12 cac s6 thuc duong thoa man 13a + 5b + 12¢ = 9. Chimg minh ring;

ab 3bc 6ca

+ + <1
2a+b 2b+c 2c+a
o ‘ Loi giai
Bat dang thuc can ching minh tuong duong voi
1 1 1
+ + <1
2 1 2 1 1 1
e e
b a 3¢ 3b 3a 6¢
. C 1 1 1
Ap dung bat dang thirc dang —+—+—ZL,Tacé
X V 2 X+y+z
2 1 1 1 1 9
b a b b a 2b+a
2 1 1 1 1 9
—_—t—=—4—4+—2
3c 3b 3¢ 3¢ 3b 6¢+3b
1 1 1 1 1 9
3a 6c 6Ga 6a 6c 12a+6¢
Do d6 ta duogc
1 1 1 1 1 1
+ + < + +
2,12 1 1 1 9 9 9
b a 3¢ 3b 3a 6c 2b+a 6¢c+3b 12a+6¢
_2b+a+6c+3b+12a+60_13a+5b+120_1
9 9
A A M /. ’ . A M ’ A . 3
Viy bat dang thirc duge chirng minh. Dau dang thirc xyratai a =b =c = 0
Vi du 2.20: Cho a, b, ¢ 1a cac s6 thuc duong thoa min ab + be + ca = 3. Ching minh ring:
1 4 3
+ > 2
abc (a+b)(b+c)(c+a) 2
o Loi giai
Ap dung bat dang thie Cauchy ta c6
alb+c)+blc+a)+cla+b
i/abc(a+b)(b+c)(c+a)£ ( ) ( ) ( ):2
3
Tu d6 suy ra
Mg 2 jabc< 4

{/(a+b)(b+c)(c+a) 2 _(a+b)(b+c)(c+a)
Mit khac, ciing theo bat ding thirc Cauchy ta dugc

3 =ab+ bc+ca > 3Va’b’c® < abe < 1.
Do d6 ta duoc

1 4 > L ojabe 1 e abey, 13

+
abc (a+b)(b+c)(c+a) abc 2 abc 2 2 2
Vay bét ding thirc duoc ching minh. Pang thic xay rakhivachikhia=b=c=1

Vi du 2.21: Cho a, b, ¢ 1a cac s6 thuc duong tuy y. Ching minh ring:
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2\ 3a N 6b N 6c <5\/§
\/(a+b)(a+c) \/(b+a)(b+c) \/(c+a)(c+b)

Bét déng thirc duoc viét lai 1a

2 Lo 208 23
\/(a+b)(a+c) \/(b+a)(b+c) \/(c+a)(c+b)

Ap dung bt dang thic Cauchy ta duoc

<bH

2a < a N a
\/(a+b)(a+c) a+b a+c

23b  _ b L _3b
\/(b+a)(b+c) a+b b+c

2\/§c < C N 3c
\/(c+a)(c+b) a+c b+c

Cong theo vé cac bat dang thirc trén ta duoc

2a Lo 2 2\
\/(a+b)(a+c) \/(b+a)(b+c) \/(c+a)(c+b)

<a+a+b+3b+c+3(::5

~a+b a+c a+b b+c a+c b+c
Do dang thuc khong xay ra nén ta dugc

2 Lo 208 23
\/(a +b)(a +c) \/(b+a)(b+c) \/(c+a)(c+b)

Vay bét dang thirc dugc chimg minh.

A

<5H

Vi du 2.22: Cho a, b, ¢ 1a cac s6 thyc duong thoéa mén a + b + ¢ = 1. Ching minh rang;
ab bc ca 3
; + ; + 7S 3
1-¢c 1-a~ 1-b 8

Loi giai
Tu gia thiet a+b+c=1taco

1-¢? =(a+b+c)2—(32 =a2+b2+2(ab+bc+ca)ZQ(ab+bc)+2(ab+ca)

1 1
< —+ — ta duogc
X+y X ¥y

Mit khac 4p dung bat dang thirc Cauchy dang

ab <l ab N ab
2(&b+bc)+2(ab+0a) 4 2(ab+bc) 2(ab+ca)

) ) ab 1 ab ab
Do do ta co < -— +
1-c¢2 8lab+bc ab+ca

Ap dung tuong tu

bc 1 bc bc ca 1 ca ca
< — + ; < -— +
1—-a> 8lbc+ca ab+bc) 1-b* 8lca+ab bc+ca

Cong theo vé cac bat dang thirc trén ta dugc
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ab N bc N ca
1-¢¢ 1-a> 1-b’
1 ab ab bc bc ca ca 3
< - + + + + = —
8 ab+bc ab+ca bc+ca ab+bc ca+ab bc+ca 8

Vay bét ding thirc duoc ching minh. Dang thirc xay ra khi vachikhi a =b =c¢

. N 3 N
Vi du 2.23: Cho cac so6 thuc duong a, b, ¢ thoa mén diéu kién a+ b +c = Z . Cirng minh rang:

1 1 1
+ + >3
%/a+3b §/b+30 §/c+3a
Loi giai

Ap dung bét dang thirc Cauchy ta duoc

Ja+3b =gf(a+3b)11< %b”
13
Ya+r3p a+3b+2

Do d6 ta duogc

Ap dung tuong tu ta dugc
1 > 3 : 1 > 3
Ib+3c Db+3c+2 o430 c+3a+2
Cong theo vé cac bat dang thirc trén ta dugc
1 1 1 3 3 3
+ + > + +
%/a+3b %/b+3(: %/c+3a a+3b+2 b+3c+2 c+3a+2

Mit khac theo bat dang thirc Bunhiacopxki ta dugc

3 3 3 3.9

+ + > =3
a+3b+2 b+3c+2 c+3a+2 zqa+b+c)+6

1 1 1
Do d6 ta duoc + + >3

3/a+3b §/b+30 %/c+3a

.. . . 1
Vay bat dang thirc dugc chirng minh. Dang thirc xay rakhi va chikhi a =b =c = Z .

3. Ky thuit ghép cap trong bat dang thirc Cauchy
Trong nhiéu bai toan ma biéu thirc ¢ hai vé tuong d6i phirc tap, viéc chimg minh tryc tiép tré nén
khé khan thi ta ¢6 thé str dung k¥ thuat “Ghép cap” dé bai toan trd nén don gian.
O céc bai toan bat dang thirc, thong thudng ching ta hay gip phai hai dang toan sau:
-Dang 1: Chung minh X+Y +7Z>A+B+C.

Y twéng 1: Néu ta ching minh duge X +Y > 2 XY > 2A.
Sau d6 twong tu hda dé chira Y +7 > 2B; Z + X > 2C (Nho tinh chat doi x(rng cua bai toan).
Cong ba bat déng thuc trén lai theo vé rdi rit gon cho 2, ta co:

X+Y+Z>A+B+C

Y twéng 2: Néu ta ching minh duge X + A > 2 XA > 2B
Sau d6 twong tw héa dé chira Y +7Z > 2C; Z + X > 2A (Nho tinh chit dbi xing cia bai toan).

Cong ba bat dang thirc trén lai theo vé rdi rat gon cho 2, ta ¢6 ngay diéu phai ching minh.
- Dang 2: Ching minh XYZ > ABCv6iX,Y,Z >0

Y twéng: Néu ta chimg minh duwgc XY > A”.
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Sau d6 twong tu héa dé chira YZ > B*; ZX > C’(nho tinh chit dbi xtmg cta bai toan). Sau do
nhan ba bit ding thirc trén vé theo vé rdi 1y cin bac hai, ta co
XYZ > VA’B'C’=|ABC| = ABC.

Chu y mgt so cach ghép doi xirng:
2(X+y+z) =X+y+y+z+z+X
Phép cong: Xty y+z z+X

2 2 2

2_2 2
o [ )

X+y+z=

Vidu 3.1: Cho a, b, ¢ 1a ba s6 thyc duong. Chitng minh rang:

ab bc ca
—+—+—2=a+b+c
c a

Phan tich: Bai toan nay c6 dang X +Y +7Z> A + B+ C, trong d6

X:@ Y—E Z——A—aB b,C =c.
C a b

LN .z ., ab bec oo \ Lo
bé y rang hai bicu thirc — va — 1a do6i xung voi b (tire vai tro cua a va ¢ nhu nhau). Do d6 st
c a
bc

ab
dung ky thuat ghép cap ta s& thir chitng minh — + — > 2b.
¢ a

Loi giai

b b / b b
Ap dung bét dang thirc Cauchy ta co b DC5 o [AR.PC oy
c a c a

ca ab bc
Tuong tu ta c6 —+—2>2a; —+—2>12c
¢ a

bc ca

ab
Cong vé véi vé cua 3 bat dang thic trén ta duge — +—+-—>a+b+c
¢ a

Bét dang thirc duoc chimg minh. Pang thirc xdy rakhivachikhia=b =c.

Vi du 3.2: Cho a, b, ¢ 1a cac sb thuc duong. Chimg minh rang:
abcZ(b+c—a)(c+a—b)(a+b—c)

Phan tich: Néu (b +c— a) (c +a— b) (a +b - c) <0 thi bat dang thic hién nhién dung. Ta xét
truong hop (b+c—a)(c+a—b)(a+b—c) >0.
Dé ¥ rang bét dang thirc nay c6 dang XYZ > ABC, vi vay sir dung k¥ thuat ghép ddi xing, ta
chi can chimg minh b® > (a +b— c)(b +c— a) :
- , , Loigiai :
Bat dang thirc ¢ tinh doi xtng giira cac bién, do d6 khong mat tinh tong quat ta gia st a > b > ¢, Khi
doa+b—c>0vaa+c—b=>0.

+Néu b+c—a < 0, bat dang thirc hién nhién dung.
+Néu b+c—a>0.Khinaytacé b+c—a; c+a—b; a+b—c lacacso duong.

/ 5 2
Str dung bat dang thirc Cosi dang (X + y) > 4xy, suy ra
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2
(a+b—c)(b+c—a) < [(a+b—c)1(b+c—a)] = Db’

(b+c—a)(c+a—b)£[(b+c_a)+(c+a_b)] 2

4

2
[(c+a—b)+(a+b—c)]
(c+a—b)(a+b—c)£ ?
4

Nhan theo vé cac bat déng thirc trén ta dugc didu can chimg minh.

Bai toan duoc giai quyét xong. Dau bang xay ra khi va chikhi a = b=c.

Nhdn xét: Khi chua xdac dinh dwoc cac so khong am ma ap dung ngay bat dang thirc Cauchy thi sé dan

dén sai lam. Trong tinh hudng dé ta cé thé chia nhd thanh cdc truong hop riéng dé chirng minh bai todn.

Vi du 3.3: Cho a, b, ¢ 13 cac sb thuc duong. Chimg minh rang:
a’ b> ¢ _b ¢ a
— >+ —+—
b> ¢ a* a b c

, 4p dung twong tu va cong theo vé cac bat dang thirc

2 2 2
Phan tich: Pé y Ia a—+b—>2,,a—2 b —2
b* ¢ b

thu duoc.
Loi giai
2 2 2
. O b b
Ap dung bat dang thuc Cauchy ta c6 4,2 59 a” =22
b* b2 c
b* ¢ bl ¢ a’ c
Tuong tu ta dugc —2+—2>2 —+—2>2—
¢ a al a~ b
Cong theo vé cac bat dang thirc trén ta duoc
2 2 2
b b b
2a_2+_2+c_2 >ol 2|+ [+ 12 |22] 2+ 542
b® ¢ a al |b| |c a b ¢

Hay — t—t

Bai toan duoc giai quyét xong. Dau bang xay ra khi va chi kh1 a=b=c.

Vi du 3.4: Cho a, b, ¢ 14 cac sb thuc duong thoa min abc = 1. Chimg minh ring;

b+c+c+a+a+b2\/;+\/g+\/g+3

Ja b e
b+c 2bc bc

Phan tich: Dé y 1a theo bat dang thirc Cauchy ta co 2 va ciing theo bét ding

NN Y

/b / f /b
thirc Cauchy ta lai c6 e + e >2 I
a b a b

Loi giai
] C b+ c 2\bc
Ap dung bat dang thuc Cauchy ta co
a \/g a
+ +b b
Tuong tu ta dugc cra > 2 @; a >2 an
NS T
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Cong theo vé cac bat dang thirc trén ta dugc

b+c c+a a+b bc ca ab
+ + 220 4[— F4— +]—
Ja b e a Vb Ve
~ L, 32 , ., bc ca be Cca
Ciing theo bat dang thirc Cauchy ta lai cO ([— + ([— = 24[4|— *4|— = 2\/2
a b a b
Ap dung tuong tu ta duoc 1,% +1/@ 22\/;; /@ + /E >
c c a

. . /bc /ca ab
Cong theo veé cac bat dang thuc trén ta dugc ,|— + f +.— 2 \/; + \/g + \/Z
a c

Do dé ta suy ra b+c+c+a+a+b22(\/;+\/g+\/g)

NN Y
Ta can chimg minh dugc 2(\/;+\/E+\/Z)2\/a_+\/g+\/g+3<:>\/a_+\/g+\/gz3

Panh gia cudi cung 1a mot danh gia dung theo bét dang thae Cauchy va gia thiét abc = 1
Bai toan dugc giai quyet xong. Dau bang xay ra khi vachikhi a=b=c=1.

Vi du 3.5: Cho a, b, ¢ 12 d dai ba canh ctia mot tam gidc va p 13 ntra chu vi. Chimg minh rang:

(p_a)(p_b)(P—C) < éabc

Phan tich: Tu gia thiét ta nhan duoc (p—a); (p—b); (p—c) 13 cac s6 duong va chu dén

p—a+p-b

p—a+p—b=c.Dodob tanghi dén danh gia \/(p—a)(p—b) < 5

c A .
= 2" Nhu vay ta c6

thé chimg minh bat dang thic nhu sau:
Loi giai
Ap dung bat dang thtrc Cauchy ta co
(p=a)(p-D)( J 2)(p=b)(p-b)(p=c)y(p-c)(p-2)
(p-2)+(p=b) (p-b)+(p-c) (p-c)+(p-2)
2 2 2

S2p (a+b) 2p (b+c) 2p - (C+a)_labc

Bai toan duoc giai quyét xong. Dau bang xay ra khi va ch1 khia=b=c=1.

Vidu 3.6: Cho a, b, c 1a d dai ba canh cua mot tam giac va p 1a nira chu vi. Chirng minh réng:

1 1 1 1 1 1
+ + 22| —+—+—
p—-a p—-b p-c a b ¢

Loi giai
Ap dung bat dang thirc Cauchy ta c6

1 1 1 1{ 1 1 (1 1 1 1 1
+ + == + + = + + = +
p—-a p-b p-c 2{(p-a p-b) 2{p-b p-c) 2(p-c p-a
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1 1 1
>

) b)) b)) (p-o)r(p-a)

2 2 2
22(l+l+lJ
a b ¢

Vay bat dang thirc dugc chimg minh. Pang thirc xay ra khi va chikhi a =b =c

Vi du 3.7: Cho a, b, ¢ 14 cac sb thuc duong théa min ab + be + ca = 1. Ching minh ring:
10a’ +10b° +¢* > 4

Loi giai
Ap dung bat dang thuc Cauchy ta co:

2 2
8a2+%221/8a2-% = 4ac
2 2
8b2+%224/8b2~% — 4bc

2a” +2b° > 24/2a’.2b° = 4ab
Cong theo vé ba bat dang thirc trén ta co 10a” +10b° +c* > 4 (ab + bc + ca) =41=4

ab+bc+ca=1 1

, . c’ a=b=-

Diéng thirc xy ra khi va chi khi {8a* = 8b* = 7 A 3
2a’ = 2b’ °=3

Nhén xét: Ddy la mét loi gidi ngdn gon nhung cé vé hoi thiéu tw nhién. Chiing ta sé thac mdc tai sao lai
tach dwoce 10 =8+ 2. Néu tach cach khdc, chang han 10 =6+ 4 liéu c6 gidi dwoc khong? Tdt nhién moi
cach tach khac déu khéng dan dén két qua, va tach 10 =8+ 2 ciing khéng phdi la sw may mdn. Bdy gio
ta sé tim li do viéc tach 10 =8+ 2 ¢ bai toadn trén.

Tir bat dang thirc can chirng minh ta thdy vai tro ciia a, b nhie nhau nén ta can chia déu c ra thanh

. . . c , .
hai phan va ciing ldy ra ka, kb dé ghép cap voi 5 Tiec la voi 0 < k <10. Ap dung bat dang thirc

2 2
ka® + % > 21/1%7,2.% = \/ﬁac

2

2
b +§ >9 kb%% = 2kbe

Cauchy ta co:

(10~ k)a* + (10— k)b* 2\/(10 ~k)a* (10~ k)b* = (20— 2k) ab
Céng theo vé 3 bat dang thirc trén, ta co:
10a”® +10b6* + ¢* > \/ﬁ(ac + bc) + (20 — Qk) ab

Luc nay ta can bang hé so dé lam xuat hién gia thiet, tuc la:

k=8
N2k =20 -2k < 2k = 400 — 80k + 4k* < 2k* — 41k +200 = 0 = I
=—>

2

Ta chon gia tri k = 8. Khi do ta co loi giai bai todan nhu trén.

Vi du 3.8: Cho a, b, ¢ 14 cac sb thuc duong théa min ab + be + ca = 5. Chirng minh rang:
3a’ +3b° +¢* > 10
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Loi giai
Ap dung bat dang thuc Cauchy ta co:

2 2

2a’ +C— > 2 2a2.c— = 2ac
2 \} 2
2 2

oh? +C—z24/2b2.c— — %hc
2 2

a’ +b? >2va’b’ =2ab

Cong theo vé ba bat ding thuc trén ta co:
3a’ +3b> +c” > 2(ab+bc+ca) =2.5=10

Ding thirc xdy rakhivachikhi a=b=1c=2
Vi du 3.9: Cho a, b, ¢ 1a céc s6 thuc dwong théa manab > 12, be > 8 . Chimg minh rang:
11 j 8 121

1
a+b+c+2| —+—+—|+—2
ab bc ca abc 12

Phan tich: Trudc hét ta du doan dugc dang thic ra tai a = 3,b = 4, ¢ = 2, Khi d6 ta s& tach cac dai
lugng bén vé trai va ap dung bat dang thire Cauchy, cha ¥ 1 qua trinh ghép cdp phai dam bao dau ding
thirc xay ra. V&i phan tich d6 ta thuc hién ghép cdp nhu sau
2 a b _1 2 b 3 2
—t—+— 2> —+—F+— > —+
ab18242b(:1684a
5b 7 2 2 2 9 \
¢ + —+ 2 Ve khi nay ta can phai ching

8,95
9 6

Cong cac két qua trén ta duoc a +— —
6 48 24 ab bc ca

) 43b 17 8 47
minh dugc oa + + ¢ + > — . Pé y 1a néu bay gid ta ghép cip bdn dai luong trén thi s&
6 48 24 abc

khong bao toan dau dfmg thirc. Cho nén ta s& ghép cép dé triét tiéu dai luong T truede, do do ta co
abc

8 b 4
danh gia — +2 E +< 5 > — . Cudi ciing bat dang thirc s& duge chimg minh néu ta chi ra dugc chi

abc 9
13a 13b 13c _ 13
ra dugc + + > —,
18 16 24 2
du trén ta c6 cac danh gid sau

Thuc hién ghép cdp tuong tu nhu cac vi
13 13b _ 13 13c 13b 13
a > —; —— > ——, cong theo vé hai danh gia d6 ta dugc diéu phai ching minh.

_+___’
18 24 "3 248" 6
Loi giai

Ap dung bat dang thirc Cauchy ta co

2 a b 1 2 b ¢_3 2 a c¢
—t—+t—2 - —F+—F+—-—2—; —+—+-21

ab 18 24 2"bc 16 8 4'ca 9 6

8 a b c¢c_4 13a 13b 13 13c 13b _ 13
i e e e
abc 9 12 6 3 18 2 3 24 8 6

Cong ting vé cac bit dang thirc trén ta dugc
11}81% 4 13 13 121

1
a+b+c+2 —+—+— |+ +—+14+—+—+—
ab bc ca) abc 2 4 3 3 6 12

Bét ddng thirc dugc ching minh. Pang thirc xay rakhivachikhi a=3, b=4, ¢ =2.
| Vi du 3.10: Cho a, b, ¢ 1 c4c sé thuc duong. Chitng minh ring;
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2la+b+c
[1+3j(1+hj(1+£j22+g
b ¢ a abe

Phan tich: Trudc hét ta viét lai bat dang thirc can chimg minh thanh
a b ¢ b ¢ a 2(a+b+c)
44—+ ——=

c a a b c 3abe

a+b+c b

C
+
{/abe \/abc g/abc g/abc

Dé y bén vé phai ta viét dugc thanh . Do d6 ta nghi dén

bét ddng thirc Cauchy voi cac nhom

, a b ¢ b ¢ a 3la+b+c , .
Lucne‘lytadufc_rc—+—+—+—+—+—+32Q. Phép chirng minh s€ hoan tat
c a a C Jabe
, 3la+b+c) 2la+b+c a+b+c )
néu ta chi ra dugc ( )2 ( )+3 hay —=—=— > 3. R0 rang danh gia cudi cung
{/abc {abc abc

ludn dung theo bét ding thire Cauchy.
7 Loi giai
Bién doi twong duong bat dang thuc ta dugce

2la+b+c 2(a+b+c
(1+3J(1+EJ(1+EJ>2+Q<:>3+E+E+E+E+i>u
b c a dabe b c¢c a a b c Yabe

Str dung bat dang thirc Cauchy, ta duoc

3+3+E2 3Ja. b b b> 3b -£+£+E> 3c

e ; 2
b ¢ a 3abe a b c «3/abc a b ¢ 3abe

Cong theo vé cac bat dang thirc trén ta dugc

3la+b+c
E+E+£+E+£+E+32 ( )
c a a b c abe
Mit khac, cling theo bat dang thirc Cauchy ta lai co
+b+
a+b+c > 3iabc hayuzfi
abc
3la+b+c) 2la+b+c
Suy ra i+E+E+E+£+i+32 ( )2 ( )+3
b ¢ a a b c abe Habe
a b ¢ b ¢ a 2(a+b+c)
Hay =+ 4+ 42—
b ¢ a a b c dabe

Vay bét dang thirc dugc chimg minh. Pang thirc xay rakhivachikhi a=b=c=1.

Vi du 3.11: Cho a, b, ¢ 1a cac s6 thuc duong thoéa mén a + b + ¢ = 1. Ching minh rang:
b 10

224+ 5+ ¥abe >

c a b 9(a2+b2+62)
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x , . 1
Phan tich: Dé dang du doan dugc dang thirc xay ratai a =b =c¢ = 3 Theo mot danh gia quen thude

. 10 10 5
ta nhan thay < =—. Nhu vay ta chi can ching minh

9(a2 +b° +C2) 3(a,+b+c)2

a b ¢ 10 ) S , N "
—+—+ E +{/abc > E bé chirng minh dugc bat dang thirc do thi ta can tri¢t tiéu dugc Jabc , didu
c a

> 24k, chti y dén ding thirc xy ra ta chon

ndy c6 nghia 14 ta cdn c6 mot danh gia kiéu Jabc + ;
abc

\ , a b c 1
: thi ta can ching minh dugc — + — + — > - .
9:/abe c a b abe

, . a a ¢ 3\/ 3a
bé y rang —+—+— ,
c cC b be \/abc
a b

a b cg a+b+c
c a b \/abc \/abc

8 . .
duoc k = 5 . Tuy nhién dé€ lam xuat hién

ap dung ghép cdp tuong tu ta duoc

Pén day ta trinh bay lai 16i giai nhu sau

Loi giai

U3 3a
\/E \/ abc

b b 3b 3
Ap dung tuong tu ta dugc — + — +E ; £+£+i2 ¢

Jabc b b ¢ Iabe

. . A a b a+b+c 1
Cong vé theo vé ba bat dang thuc trénta c6 — + — + = %/
abc

Theo bat dang thirc Cauchy ta c6 — + —+—

Q
Q
U‘

o
V)
oo

L

oY)

=

A

s a b c
Do dé ta duogc bat dang thtc —+ — + —
C a b 3 abc

Ta can ching minh

That vay, theo bat dang thitc Cauchy ta dugc

A 8
nén

1

3 93/abc
+3/abc = L +abc + A8 22+§:E

Jabe 93/abc 9%abc 3 3

Mait khac, theo mgt danh gia quen thudc ta co

Ma a+b+c=1,suyra abc <

Do d6

10 .l 10
9(az+b2+cz)_3(a_,_wb_|_c)2 3
Tur do ta duoc L+ abc > 10
Yabe 9(a’ +b” + )

L e , 1
Vay bat dang thirc dugc chirng minh. Pang thirc xay ra khi vachikhi a=b =c = 3"
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Vi du 3.12: Cho a, b, ¢ 12 cac s6 thuc khong am thoa man ab + be + ca > 0. Ching minh rang:

\/a2+1 \/b2+1 \/c2+1
+ + >3
b+c c+a a+b

Phan tich: Quan sat bt dang thirc can chimg minh ta dé y dén danh gia a® +1 > 2a, khi d6 ta duoc

bét dang thic
\/a2+1 \/b2+1 \/(:2+1 \/ % \/ 2b \/ %
+ + > + +
b+c c+a a+b b+c c+a a+b

) 2 2b 2 C
Nhu vay ta can phai chimg minh \/ a + \/ + \/ ¢ > 3, day lamot bat dang thire nhin
b+c c+a a+b

hinh thire thi dep nhung dang tiéc no lai khong dung, ta co thé kiém tra véi a = b; ¢ = 0. Nhu vay danh

gia trén khong hi€u qua. ‘ ) ) o o
Dé y ta thay vé phai 1a hang s6 3, do d6 néu ta &p dung bat dang thirc Cauchy cho ba s6 vé trai thi
(a2 + 1)(b2 + 1) ((12 + 1)

khi d6 ta dugc 33

(b+c)(c+a)(a+b)

hon hodc bang 1 1a duoc. Diéu niy c6 nghia 1a ta can chimg minh dugc
(a2 + 1)(b2 + 1)((32 +1) > (b + c)(c + a)(a + b)
Chu y dén tinh di xtng trong bat dang thuc trén ta nghi dén danh gia
(a2 + 1)(b2 + 1) > (a + b)2

Day 1a mot danh gia dung theo bat dang thirc Cauchy hodc Bunhiacopxki.
Loi gidi

va nhu vy ta chi can chi ra dai lugng dudi dau can 16n

Ap dung bét dang thirc Cauchy ta duoc

\/a2+1+\/b2+1+\/c2+1> (a2+1)<b2+1)(‘32+1)

bre Vera Vatb |\ (bre)(cra)(a+b)

(a2 +1)(b2 +1)(c2 +1) .
(b+c)(c+a)(a+b)
Hai/ A | (a2+1)(b2+1)(02+1)2(b+c)(c+a)(a+b)

(a2+1)(b2+1)2(a+b)2 < a’b’+a’+b*+1>a”>+b”> +2ab < a’b*+12>2ab

Nhu vy ta can chimg minh dugc

Panh gia cudi cung 1a mot danh gia dung theo bét ding thirc Cauchy

H 2 2 2 2 2 2
Ap dung tuog tu ta dugc (b + 1)(0 + 1) > (b + c) ; (a + 1)(0 + 1) > (a + c)
Nhén theo vé ba bat dang thirc trén ta duoc

(a2 +1)(b2 +1)(C2 +1) > (b+c)(c+a)(a+b)

Vay bai toan duoc chimg minh xong. Dang thirc xdy ra khi vachikhi a=b=c =1.

Vi du 3.13: Cho a, b, ¢ 12 cac s6 thuc dwong thoa mén a + b + ¢ = 3. Chirng minh rang:
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\/a+b \/b+c \/c+a
+ + >3
c+ab a+ be b+ ca

’ o Loi giai
Ap dung bat dang thirc Cauchy ta duoc

J ot J e J bren” 3§/ J (c(j ;b};)(ib++bi))((1++ac)a)
(a+b)(b+c)(c+a) 1

(c + ab) (a + bc) (b + ca)

Hay (a+b)(b+c)(c+a)2(C+ab)(a+bc)(b+ca)

That vay, ap dung bat déng thirc Cauchy ta duogc

6
(a+1) (1o+1)2 (c+1) < (L;C”] _ 64

Ta can ching minh

Va ZJE(CJrab)(aerc)S(C+ab+a+bc)2=(b+1)2(a+c)2
Tuong tu ta dugc
64((: + ab)2 (a + bc)2 (b + ca)2 < (a + 1)2 (b + 1)2 (c + 1)2 (a + b)Q (b + c)2 (c + a)
<64 (a + b)2 (b + C)2 (c + a)2
Hay (a+b)(b+c)(c+a)Z(a+ab)(a+bc)(b+ca)
Vay bét dang thirc dugc chimg minh. Pang thirc xdyrakhi a=b=c =1.

2

Vi du 3.14: Cho a, b, ¢ 1a cac s6 thyc duong tiry y. Chirng minh rang:

a’ + 2b? b? + 2¢? ¢’ +2a”
> + 5 +4l5 >3
a“ +ab+bc b” +bc +ca ¢ +ca+ab

o Loi giai
Ap dung bat dang thuc Cauchy ta duogc

\/ a’ +2b° +\/ b? + 2¢? +\/ ¢’ +2a’
a? +ab + bc b’ + be + ca ¢’ +ca +ab
a’ +2b? )(b* +2¢% ) c* +2a°
ngJ( (2 +20%) (b + 2¢*) (¢ + 2a°)

a’ +ab+bc)(b2 +bc+ca)(c2 + ca +ab)

Ta can ching minh
(a2 +2b ) (b2 + 202)(c2 + 2&2)
(a2 +ab + bc) (b2 + bc + ca) (02 +ca + ab)

>1

Hay (a2 + 2b2)(b2 + 2(:2)((:2 + 2a2) > (a2 +ab + bc)(b2 +bc + ca)(02 +ca+ ab)
Thét vay, ap dung bat dang thirc Bunhiacopxki ta dugc
(a2 +2b2)(b2 +2(:2) = (a2 +b’ +b2)(b2 +c’ +(32) > (b2 +bc+ac)2
(b2 +2c2)(c2 +2a2) = (b2 +c’ +(:2>((32 +a’+ az) > ((:2 +ca Jrab)2
(02 +2a2)(a2 +2b2) = <C2 +a’+ aQ)(a2 +b” + b2) > (a2 +ab +bc)2
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Nhan theo vé cac bt dang thirc trén ta dugc bét dang thirc can ching minh

Vay bat dang thirc duge chimg minh. Pang thirc xay rakhi a = b = c.

Vi du 3.15: Cho a, b, ¢ 1a cac s6 thuc duong tuy y. Ching minh ring:
(a2 + bQ)(b2 + (32)((32 + aQ)(a +b+ 0)2 > 8(ab2b2 +b*c? + 02a2)2

Loi gidi
Pit x = a’; y = b%; z = ¢’. Khi d6 bét dang thirc cdn chimg minh trd thanh

(st 3) (3 +2) (o) (Vo Al 44 2 8 (o g )

4 r 2 4

Ap dung bat dang thirc Cauchy ta dugec x +y > 2 lxy o 2/xy > Xy
X+y

A 4 4 4

Ap dung tuong tu duge 24Xy +24/yz +2Vzx 2 Xy | 2yz | 22X

x+y y+z z+X

Do d6 ta dugc (\/;+\/;+\/;)2 Z(x+y+Z)+ 4xy N dyz, N 47x
X+y y+z z+X

Nhu vay ta dugc

(st y) (3 +2) () (Vo Ay + )

e S

Ta can chung minh

(X+y)(y+z)(z+x){(x+y+z)+ ijy + ;ZZZ n jfj > 8(xy +yz+7x)

Hay

(X+y)(y+z)(z+x){(x+y+z)+ ;b_?; + ;ZZZ + Z4i};}_8(xy+yz+zx)2 >0

Hay xy (X — y)2 +yz (y - z)2 +7x (z - X)2 > (), bat dang thirc cudi cing dung.

Vay bét dang thirc ban ddu dugc ching minh. Dau dang thirc xdy ratai a=b =c.

Vi du 3.16: Cho a, b, ¢ 1a cac s6 thyc duong tiry y. Chirng minh rang:
(1 + a3)(1 + b3)(1 + c3) > (1 + ab2)(1 + bc2)(1 + caQ)

Phan tich: Quan sat dai luong (1 +a’ ) (1 +b’ ) (1 + (:3) ta lién tuong dén bt dang thirc da duoc ching

3 \ e
minh (1 + XS)(l + y3)(1 + z3) > (1 + Xyz) , tuy nhién d€ y cac dai lugng bén vé phai thi ta 4p dung
bét ddng thire trén kiéu nhu
3
(1+a3)(1+b3)(1+b3) > (1+ab2) :
, - Lisi i
Trudc hét ta ching minh bat dang thic sau: Vo1 moi s6 thuc duong x, y, z ta cé
3 3 3 3
(1+X )(1+y )(1+Z )2 (1+Xyz)
That vay, bat dang thirc twong duong véi

1+x° +v +2° + X%y’ + 2" + 2°x%° + x°y’2® > 1+ 3xyz + 3x°y*2” + x°y’Z”
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Hay X +y° +72° + X% + ¥ +2°%° > 3xyz + 3xy’7

Ap dung bt dang thic Cauchy ta duoc
X' +y' +7° 2 3xyz, X'y’ +y°7’ +2°%" > 3x’y’7
Cong theo vé cac bat dang thirc trén ta dugc
X’ +y° +72° + X% + ¥+ 2°%° > 3xyz + 3xy’7
Vay bét ding thirc trén duoc chirng minh. Ap dung bat dang thirc trén ta duoc
3
(1 + a3)(1 + b?’)(l + b3) > (1 + abQ)
3
(1+b3)(1+ c3)(1+ c3) > (1+bc2)
‘ 3
(1 + c‘g)(l + ag)(l + a3) > (1 + caQ)
Nhan timg vé ctia ba bt dang thirc trén ta dugc
(1 + a3)(1 + b3)(1 + 03) > (1 + ab2)(1 + bc2)(1 + caQ)
Vay bat dang thirc duge chimg minh. Pang thic xdy ra khi va chi khia=b = c.

Vidu 3.17: Cho a, b, ¢ 1a 46 dai ba canh cia mot tam giac. Chting minh ring:

(a+b—c)3+(b+c—a)3+(c+a—b)3 >a’+b*+¢’

Phan tich: Dé ¥ ta thay (a +b- c) + (b +c— a) = 2b, nhu vay néu ta chimg minh duoc danh gia

(a+b—c) +(b+c-a) 2k [(a+b-c)+(b+c- a)T thi bai todn c6 co hoi duge ching minh.

. s . 1
Chu y dén dang thic xay ratai a = b = ¢ ta chon dugc k = 1 bé ap dung cho cac truong hop khac ta
quy vé ching minh b6 dé:
3
- s (XY)
Véimoi x; y >0tacd x° +y ZT.

bay la mot bat ding thic dang va dugc ching minh bang phép bién d6i twong duong dong thoi
su dung bat dang thtirc Cauchy.

Loi giai
3
R A, re . r 3 3 (X + y)
Bo dé: Voimoix,y>0,taco X" +y ZT
Chtrng minh: Do x® + y3 = (X + y) (X2 - Xy + y2) nén bd dé trén tuong duong voi
2
: ., (x1y)
X —-xy+y 22—
4
2
» | (x+y)
Str dung bat dang thirc Cauchy hai s6 dang xy < , ta duogc
2 2
9 ) 2 2 (X + y) (X + y)
X —xy+y =(x+ —-3xy =2 (x+ -3- =
yTy ( Y) Yy ( Y) 1 1

B6 dé duogc chimg minh.
Dé y rang a, b, c 1a ba canh cua tam giac thi hién nhién ta co:
a+b-c>0,b+c—a>0,c+a—b>0

Ap dung b d¢, ta co:
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- -3
(a+b—c)3+(b+c—a)32-(a+b_c)—;(b+c_a)- = 2b’
- -3
(b+c—a)3+(c+a—b)32-<b+c_a)z(c+a_b)- = 2¢°
- -3
_(c+a—b)+(a+b—c)_ oy

v

(c-l—a—b)3 +(a+b—c)3
Cong ba bét déng thure trén lai vé theo ta duoc
(amtb—c)3 +(b+c—a)3 +(c+a—b)3 >a’+b’+¢’

Vay bét ding thire duoc chirg minh xong. Pang thirc xay ra khi vachikhi a=b =c.

. 1 1 1 .
Vi du 3.18: Cho cic so0 thuc a, b, ¢ > 2 théa man —+ — + — = 1. Chirng minh rang :

a b c
(a—2)(b—2)(c—2)£1
Loi giai

bita=x+2,b=y+2c=2z+2 véi x,y,z>0.Taco:
1 1
+
x+2 y+2 z+2

Khi d6 gia thiét dugc viét lai thanh

duoc viét lai thanh xyz < 1.
Bién doi gia thiét 4p dung bat dang thirc Cauchy ta dugc

1_1_1_1_1_14_1_#
z+2 Xx+2 y+2 2 x+2 2 y+2

Xy Xy
2(x+2) 2(v+2) \(x+2)(y+2)
Zx 1 VZ

Tuong tu ta dugc ——

o2 (o) (xr2) x+2 |y +2)(z+2)
Nhén ba bit dang thirc trén theo vé, ta dugc
1 XyZ

+2)(v+2)(z+2) (x+2)(y +2)(z+2)
Bét dang thirc dugc chimg minh. Pang thirc x4y ra khi va chikhi a =b =c¢ = 3.

=>xyz <1

=1 va bat dang thirc cAn ching minh

Vi du 3.19: Cho a, b, ¢ cac sd thuc duong bt ki. Chtrng minh ring :
1 1 1 1 1 1
+ + < + +
a+2b+c b+2c+a c+2a+b a+3b b+3c c+3a

L . 1 4
Phén tich: Bat dang thirc lam ta lién tuong dén danh gid quen thuoc — +— =
X Yy X+y

(a+3b)+(b+2c+a) = 2(a+2b+c) nén rat ty nhién ta nghi dén danh gia
1 1 4 2
+ > =
a+3b b+2c+a (a+3b)+(b+20+a) a+2b+c

Loi giai

.Péyla
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. L 1 1
Ap dung bat dang thuc Cauchy dang — + — >

ta co
X Yy X+y
1 1 2
+ > =
a+3b b+2c+a (a+3b)+(b+20+a) a+2b+c
1 1 4 2
+ > =
b+3c c¢c+2a+b (b+30)+(c+2a+b) b+2c+a
1 1 2
>

+ 2 =
c+3a a+2b+c (c+3a) (a+2b+c) c+2a+Db

Cong vé véi vé cac bat dang thic trén va rit gon ta dugc
1 1 1 1 1 1
+ + < + +
a+2b+c b+2c+a c+2a+b a+3b b+3c c+3a

a+3b=b+2c+a
Dang thirc xay rakhi va chikhi {b+3c=c+2a+b < a=b=c
c+3a=a+2b+c

4. K¥ thuit thém bét

Néu & céc k¥ thuat trén, ta dugc rén luyén thoéi quen dinh hudng dya vao bé ngoai cua mot bai toan.
Thi tir day ta bat dau gip ~nhimg 16p bat dang thirc phong pht hon — nhitng bat dang thirc ma 16 giai cho
chung ludn doi hoi moét tim nhin bao quat ciing nhu sy dot pha y tuong Ky thuat thém bot la mot minh
chtng rd rang nhét cho 16i tu duy sir dung nhirng ‘yéu t6 bén ngoai” trong viéc giai quyét van dé.

Ngay tir ddy ching ta s& bat dau lam quen v6i k¥ thuat nay voi nhimng vi du ma cach danh gia nd
tuong d6i da dang.

Vi du 4.1: Cho a, b, ¢ 1a cac sb thyc dwong. Ching minh ring:
2 b2 2
i +S >a+b+e
b ¢ a

Phan tich: Bat ding thirc trén di dugc ching minh bang phép bién d6i trong dwong va ciing c6 thé ching
minh bang cach st dung bat dang thirc Bunhiacopxki dang phén thirc. Tuy nhién bay gio ta s€ ap dung
ngay bat dang thirc Cauchy dé chimg minh bai toan. Dé dang nhan ra khong thé st dung tryc tiép bét
dang thirc Cauchy ciing khong thé sir dung ki thuat ghép dbi xtimg dé giai quyét bai toan. Ta du doan dang

2 2 2

. 2 . I ST I . a A A qae g oa .
thirc xay ratai a = b = c. Bén vé trai xuat hién cac dai luong g ; —; — vabén ve phai c6 dai lugng
c a

a + b+ c, cha y dén dau dang thirc x4y ra ta nghi dén sir dung bat dang thirc Cauchy cho cic cip sau

2 2 2
a b ¢
b c a
Dé str dung bat dang thirc Cauchy cho cac cap trén, trude hét ta cAn phai thém vao vé trai mot tong

a + b+ ¢ rdi méi tién hanh ghép theo cip.

o ) Loi giai
Ap dung bat dang thirc Cauchy cho céac s6 duong ta co
2 2 2
b
2 4b > 2a; — +c¢ = 2b; £ ra>2c
b ¢ a

Cong theo vé ba bét dang thuc trén ta duoc

2 2 2 2 2 2
a

c a~ b” ¢
—+b+—+c+—+a22a+2b+2c=> —+—+—2=2a+b+c
c a b ¢ a

Bai toan dugc ching minh xong. Dau dang thirc xay ra khi va chikhi a=b =¢
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Vi du 4.2: Cho a, b, ¢ 14 cac s thuc duong. Ching minh ring:

a’ b’ c’ a+b+c
+ + >
b+c a+c¢c b+a 2

Phan tich: Ap dung ¥ tuong nhu trén, tuy nhién & day ta can triét tiéu b + ¢ ¢ duéi mau nén ta thém cho
2

a . c LA a2 . . A . .
b mot sO va chu y dén dau dang thirc xay ratai a = b = ¢ nén ta tim dugc k =4.Do do ta

+C
c6 101 giai nhu sau.

Loi giai
Ap dung bat dang thirc Cauchy cho céac s6 duong ta co
2 2 2
a b+c b c+a c a+b
+ > a; + 2= b; + >C
b+c 4 c+a 4 a+b 4

Cong theo vé cac bat dang thirc trén ta duoc
a> b+c b® c+a ¢ a+b
+ + + + +
b+c 4 c+a 4 a+b
a’ b’ c’ a+b+c
Suy ra + + >
b+c c+a a+b 2

Bai toan dugc ching minh xong. Dau dang thic xay ra khi vachikhi a=b =c

>a+b+c

Vi du 4.3: Cho a, b, ¢ 1a cac sb thyc duong thoa mén abc = 1. Chimg minh rang:
a’ N b’ N c’ .3
(1+Db)(1+¢c) (1+c)(1+a) (1+a)(1+b) 4

Phan tich: Quan sat bat dang thirc ta nhan thay c6 thé chimg minh dugc bai toan theo y twéng nhur trén,
nhung ta can tra 101 duoc cac cau hoi dit ra la

- Ap dung bat dang thirc Cauchy cho may s6?

- Cac dai luong duoc thém vao c6 dang nhu thé nao?

3

(1+—b3(14—c)

thém vao can triét tiéu duoc tich (b + 1) (c + 1) & dudi mau, do do ta nghi dén cac dai lugong kiéu

Pé y dén dai luong ta thay nén ap dung bat ddng thirc cho ba sd, khi d6 dai luong

b+1 c+1

o v6i k 1a mot s6 dwong niao d6. Chu y dén diu dang thirc xdy ratai a =b =c =1, khido

a’ _b+1 c+1
(14—b)(1+(ﬂ k

s€ cho ta k = 4. Vi vay ta c6 chung minh sau

’ o Loi giai
Ap dung bat dang thuc Cauchy ta co:
a’ 1+b 1+c a’ 1+b 14+4c 3
+ + >3, . . =—a
(1+Db)(1+c) 8 8 (1+b)(1+c) 8 &8 4
Ap dung tuong ty ta duoc
b 1+c 1+a2§b; ¢ +1+a+1+b>§c

(1+c)(1+a)+ g 8 4 (1+a)(1+b) 8 8 4

Cong theo vé cac bat dang thirc ta duoc
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aiﬁ 'b3 C3

(“b)(ljc)+(1+c)(143ra)+(1+a)(1jb)+1(a+b+c)+1>Z(a+b+c)
Hay (1+b)(1+c)+(1+c)(1+a)+(1+a)(1+b) 2§(a+b+c)—Z

Ap dung bat dang thire Cauchy két hop voi gia thiét abe = 1, ta lai co
%(a+b+c)—§2§@—%=%

aS + b3 + C3
(14—b)(1+—c) (1+—c)(1+—a) (14—a)(1+—b)

Bai toan dugc ching minh xong. Dau dang thirc xay rakhivachikhia=b=c =1.

Suy ra

>3
4

Vi du 4.4: Cho a, b, ¢ 1a cac s6 thuc duong thoa man abc = 1. Ching minh rang:

a’ b* c’ 51
b(c+2)+c(a+2)+a(b+2) -

Phan tich: D& dang dy doan duoc dang thirc xay ratai a = b = ¢ = 1, khi d6 ta chti y dén danh gia sau

a’ b c+2 .
—t+ =+ = a va ap dung tuong tu.
b (C + 2) 3
’ o ’ Loi giai
Ap dung bat dang thirc Cauchy cho ba s6 duong ta duoc
a’ b c+2 b’ c a+2 c’ a b+2
—t+ =+ > a; +—+ > b; +—+ >c
b(c+2) 3 9 cla+2) 3 9 a(b+2) 3 9
Cong theo vé cac bat dang thirc trén ta duoc
a’ b’ c’ a+b+c a+b+c+6
+ + + + >a+b+c
b(c+2) c(a+2) a(b+2) 3 9
~ b3 c3 ) (a +b+ c) 92
= + + > -=
b(c+2) c(a+2) a(b+2) 9 3

Miat khac theo bat ding thirc Cauchy ta c6 a +b +c¢ > 33/abc = 3. Do d6
a’ b? c? 53 2

+ + 2————==
b(c+2) c(a+2) a(b+2) 9 3

Bit dang thirc dugc chimg minh. Du dang thirc xay rakhi vachikhia=b=c =1.

1

Vi du 4.5: Cho a, b, ¢ d6 dai ba canh cua mot tam giac thdoa man a + b+ c = 3. Ching minh réng:
a+b-c c+a—-b b+c—a
prboc) (exa-b) (bre-a)
3c 3b 3a

Phan tich: D& dang du doan duoc dang thirc xay ratai a = b = ¢ = 1, khi d6 ta chti y dén danh gia sau

(a+b—c)3 c 123\/(a+b—c)3 c 1

+—+= -—-— 2 a+b—c vaap dung tuong tu.
3¢ 3 3 3¢ 3 3

o ’ Loi giai
Ap dung bat dang thirc Cauchy cho ba s6 duong ta duoc
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(a+b—c)3

+£+12a+b—c
3¢ ; 3 3
c+a—-b
g+E+12c+a—b
3b ; 3 3
b+c—a
L————l+i+12b+c—a
’ o 3a 3 3
Cong theo ve ba bat dang thtrc trén ta duoc
a+b-c) (c+a-b) (b+c—a)
( )+( ) +< ) 2a+b+c—ii§i£—1=1
3c 3b 3a

Vay bai toan dugc chimg minh xong.

Vi du 4.6: Cho a, b, ¢ 14 cac s6 thuc duong. Ching minh rang
b’c c’a a’b 11 1 1
- +— +— > =4+ =
a (b+c) b (c+a) c <a+b) 2

a b c
Phan tich: D& dang du doan dugc dang thic xdy ra tai a =b = c, khi d6 ta chi ¥ dén danh gia

b’c b+c 1 b’c b+c 1 3 .
+ + 3 : -— = — va ap dung tuong tu.
a*(b+c) 4bc  2b a’(b+c) 4bc 2b  2a
) o ’ Loi giai
Ap dung bat dang thirc Cauchy cho ba s6 duong

b’c b+c 1 b’c b+c 1 3
+ +— 233 : =
a3(b+c) 4bec  2b a3(b+c) 4bec 2b  2a
2 1 1
Tir do suy ta in_m__:i_i__
a’ (b+c) 2 4bc 2b 2a 4b 4c
2 2
Tu’o’ngtu’tacé L>i_i_i &>i_i_i

b(c+a) 2b de 4a;c3(a+b)_20 da  4b

Cong theo vé ba bat dang thirc trén ta duoc

b ’a a’b [3 3 1](1 1 1} 1 (1 1 1}
+ + > ———=—= =+t
a?’(b+c) b?’(c+a) 03(a+b) 2 4 4)la b c¢) 2a b c

Bét dang thirc dugc chimg minh. Diu déng thic xdyrakhi a=b =c.

Vi du 4.7: Cho a, b, ¢ 1a cac sb thuc duong tiy y. Chimg minh rang:
a’ b’ c’
Za+—

b(c+a)+c(a+b)+b+c_ 2

Phan tich: Bét ding thirc can chig minh cé hinh thirc khac so v6i cc vi du trén, tuy nhién dang thirc
van xay ratai a = b = c. D¢ y hai dai lugng dau ta st dung cach thém — bdt nhu cac vi du trén thi dugc

3 3
A byevan 3 b e avbn 3y khi d6 ta dugc
b(c+a) 2 4 2 c(a+b) 2 4 2
3 3 2 2
b 3
2 + b PR +a+3——§ va ta can phdi ching minh duoc

b(c+a) C(a+b) b+c b+c 4 4
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2 2
3b 3 b b . e
¢ + o0 oC > a + — hay ¢ + > ¢, danh giéa cuoi cung luon dung theo bat dang thirc
b+c 4 4 2 b+c
Cauchy
’ o ’ Loi gidi
Ap dung bat dang thirc Cauchy cho céc so6 duong ta dugc
a’ b c+a _3 b’ c a+b_3 ¢ b+c
; — = —D; + =C

—t—+ > —a; ———— > —b;
b(c+a) 2 4 2 c(a+b) 2 4 2 "b+c 4
Cong theo vé cac bat dang thirc trén ta duoc
3 3 2
2 + b + ¢ +i+b+cz§a+§b+c
b(c+a) c(a+b) b+c 2 2 2
a’ b? c?
< + + >a+—
b(c+a) c(a+b) b+c 2

Bét dang thirc dugc chimg minh. Du dang thirc xdy rakhi a=b =c.

Vi du 4.8: Cho a, b, ¢ 1a cac s6 thuc dwong tily y. Ching minh rang:
2 2 2
b
%+_+c_ > a2 —ab+b? + Vb’ —bc+ ¢ +/c? —ca + a’
c a

Phan tich: Du doan dang thirc xay ra tai a = b = ¢, quan st bat dang thirc ta nhan thdy bén trai c6 dai
2

lugng % va vé phai lai chta +a’ —ab+b’, do d6 dé sir dung bat ding thirc Cauchy dang

X+y >2yxyta cin lam xuit hién dai lugng a’—ab+b’, do d6 ta dé ¥ dén phép bién ddi

2 2 2 2

a a a-—ab+b L s .

F:g—a+b+a—b=T+a—b,hicnéychﬁydéndéudéngthﬁcxéyratacédénh
2 2

., a —ab+b .

gia T+b22\/a2—ab+b2.Ap dung hoan toan twong tu ta duoc

2 2 2
a°g+b—+C—+a+b+(322\/aZ—ab+b2 +2\/b2—bc+c2 +2\/c2—ca-1-a2
c a

Phép chirg minh s& hoan tit néu ta chi ra dwoc mot trong hai kha nang sau

2 2 2 2 2 2
a b C a b C
2l —+—+—|=2—+—+—+a+b+c
c a c a

\/aQ—aber2 Jr\/bQ—bc+c2 Jr\/cQ—Ca+a2 >a+b+c
2 2 2

3 ‘ a ,
D¢ y ta nhan thay g +—+ — > a+ b+ c do d6 kha ning thir nhat luén ding. Nhu vy bai toan
c a

dugc chirng minh.

Loi gidi
2 2 2 2
. a a a“—ab+b
Tac6O —=——-a+b+a—-b=———+a—Db, twong tu ta dugc
b b b
a’> b?> ¢ a’—ab+b® Db’—bc+c® ¢ —ca+a’
—+—+—= + +
b C a b C a

Theo bat ding thirc Cauchy ta dugc
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2 2
a —ab+ b s oo _abt b

b

b* —bc + ¢

——— +c=2yb*—bc+c’
c

2 2

c—ca+a

— = = ta>2Jc’—ca+a’
a

2 2 2
a~ b” ¢

Suy ra €+—+—+a+b+022 a’—ab+b> +2yJb* —bc+c” +2Vc’ —ca+a
c a

2

2 2 2 2 2 2
; . a~ b” ¢ a~ b” ¢

Ta can ching minh dwgc 2| —+ —+— (2| —+ —+ — |+a+b+c
b ¢ a c a

2 2 2
Hay a—+b—+c—2a+b+c
b ¢ a

Bét ddng thirc cudi ciing chinh 13 bat dang thirc trong vi du 1.
Vay bai toan dugc chiing minh xong.
Nhdn xét: Tir nhitng vi du trén ta da thday dwoc sie hiéu qua ciia ky thudt thém - bot trong ching minh bat
dding thire. Tuy nhién khong phdi véi bat dang thire ndo ciing ¢6 thé lam dwoc theo cach nhi trén, ma déi
khi ta can phdi thuce hién viéc bién doi twong bat dcfng thire trude roi méi thuce hién thém bét. Dudi day
la mot s6 vi du nhue vay.

Vi du 4.9: Cho a, b, ¢ 1a cac s6 thuc dwong tily y. Ching minh rang:

a b C a b C
+ >

> + +
b+c¢c c¢c+a a+b a+b b+c a+c

Phan tich: Nhan thay ta chua thé sir dung bat dang thirc Cauchy dé danh gia ngay bat dang thuc trén, do
a—-b b-c c-a
+ +
b+c c+a a+b
duoc bat dang thuc Cauchy. Bay gio ta can tim cach loai di cac dau trir moi ¢6 thé ap dung duoc, dé y

d6 ta can bién doi bt dang thirc thanh > (), dén day ta ciing chua thé ap dung

a—b+1:c+a

lac nay ta co thé ap dung duoc bat dang thirc Cauchy.
b+c b+c

dén
Loi giai
Bat dang thurc can ching minh c6 thé viét lai thanh
a—-b b-c c—a

>0
b+c c+a a+b
P a—b c+a b-c a+b c—a b+c
bé y rang +1= , +1= , +1=
b+c b+c c+a c+a a+b a+b

Vay sau khi thém b6t nhu vay, ta dd quy bai toan vé ching minh.
a+b c+a b+c
+ +

>3
c+a b+c a+b

Mit khac bat dang thirc nay hién nhién ding vi

a+b+c+a+b+c 23#a+b c+a b+c _3

c+a b+c a+b c+a b+c a+b
Phép chiing minh hoan tit. Dau dang thic xay ra khi va chikhi a =b =c.

Vi du 4.10: Cho a, b, ¢ 1a cac s6 dwong thoa méin a + b + ¢ = 3. Chimg minh ring :

\/;+\/g+\/22ab+bc+ca

o Loi giai
Str dung k¥ thuat thém bat ta ¢ bat dang thire twong duong véi




Giasutienbo.com - Trung tim Gia sw Tién B - 0973361591

2(\/;+\/g+\/g)22(ab+bc+ca)
<:>(a2+b2+c2)+2(\/g+\/g+\/g)2(a2+b2+c2)+2(ab+bc+ca)
<:>(a2+b2+02)+2(\/;+\/E+\/E)2(a+b+c)2 >9
Véy ta cin chimg minh: a2 + b? + ¢ +2(\/;+\/E+\/E)29
Hay la (a2+\/;+\/;)+(b2+\/B+\/E)+(C2+\/Z+\/E)29

Diéu nay hién nhién ding vi theo bat ding thirc Cauchy bo ba sb ta co

a’ +\/g+\/; > 3\3/a2.\/;. a = 3a
b2 +\b + b > 3Yb%Jbalb = 3b
c? + \/E+ \/g > 3\3/(:2.\/5. c =3c

Bai toan dugc giai quyét. Bat dang thirc xay rakhi vichikhia=b=c=1

Vidu 4.11: Cho a, b, ¢ 1a cic s6 duong théa man a + b +c > 3. Chting minh rang :

a’ b c’ 3
+ + > —
a+vbc b++vca c++ab 2

Phan tich: Dau dang thirc xay ra tai a = b = ¢ = 1. Quan sat bat dang thic thi diéu dau tién 13 sir dung
bét dang thirc Bunhiacopxki dang phan thirc. Tuy nhién ta xem c6 thé st dung bat dang thirc Cauchy duoc

khong? Nhan thay dudi cadc mau co6 chlra can bac hai va ta tim cach khir can trude.

Cht ¥ dén chidu bat ding thuc ta c6 danh gia 2vVbc <b+c, khi d6 ta duoc

2 2
2 .
2 > 2 , hoan toan tuong tu ta dugc bat dang thic
a’ b® c’ 2a 2b° 2¢?
+ + > + +
a++vbc b++ca c++ab 2a+b+c 2b+c+a 2c+a+b
‘ 2a° 2b° 2¢” 3
Ta can chi ra duoc a + + ¢ > —
2a+b+c 2b+c+a 2c+a+b 2

2a” . 2a+b+c
2a+b+c 8
2a” 2b? 2¢? a+b+c
+ + >
2a+b+c 2b+c+a 2c+a+b 2
Dén day bai toan dugc chiing minh xong.

> a, 4p dung twong tu ta duoc bat dang thirc

Dé y dén danh gia

>3
2

Loi giai
a’ 2a”

> .

Ap dung bét dang thirc Cauchy ta duge2y/be < b + ¢ suy ra

Ap dung tuong ty ta dugc bat dang thirc

a’ b c’ 2a’ 2b* 2¢”
+ + > + +
a++vbc b++ca c++ab 2a+b+c 2b+c+a 2c+a+b
. 2a° 2b° 2¢
Ta can chirmg minh dugc a + + = = —, that vay

2a+b+c 2b+cta 2c+a+b 2
Ap dung bét dang thirc Cauchy ta lai ¢6
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2a’ 2a+b+c 2b? 2b+c+a 2¢? 2c+a+Db
+ > a; + > b; + >c
2a+b+c ’ ’8 2b+c+a 8 2c+a+b 8
Cong theo vé cac bat dang thirc trén ta dugc
2a’ 2b* 2¢? a+b+c_ 3
+ + 2> > —
2a+b+c 2b+c+a 2c+a+b 2 2

Vay bat dang thirc duge chimg minh xong.

Vi du 4.12: Cho a, b, ¢ 1a cac s6 dwong thoa méin a + b + ¢ > 3. Ching minh rang :

a’ b? c? 3
+ + > —
a+abc b++ca c++ab 2
Loi giai
a’ 2a°

Ap dung bét dang thirc Cauchy ta duge 2¢bc < b +c suy ra > .

Ap dung tuong tu ta duoc bat ding thirc

a’ b? c? 2a° 2b? 2¢?
— + — + — > + +
X 2a° 2b* 2¢* 3
Ta can chirng minh dugc a + + ¢ > —, that vay

2a+b+c 2b+c+a 2c+a+b
Ap dung bat dang thirc Cauchy ta lai c6
233 a (2& +b+ c)
+

> a’
2a+b+c 8
3 b(2b+c+a
2b + ( )zb2
2b+c+a 8
2¢3 C(26+a+b)2(:2
’ o 2c+a+b 8
Cong theo ve céc bat dang thuc trén ta dugc
2a° 2b° 2¢? a’+b>+c’+ab+bc+ca 5 19 9
+ + + >a +b +c
2a+b+c¢c 2b+c+a 2c+a+b 4
243 2h* 2¢3 E’)(a2 +b® + cz) - (ab +bc+ ca)
Hay + + >
2a+b+c 2b+c+a 2c+a+b 4
3(a2+b2+c2)—(ab+bc+ca)

. (4 3
Chung minh s€ hoan tat néu ta chi ra duogc > 5

4
That vay, tir gia thiéttacé a® +b* +c*> >3 vaa’+ b’ +c* > ab+bc+ca

Do d6 suy ra 3(a2+b2+62)—(ab+bc+ca> N 2(a2+b2+02) 2§

4 4 2
Vay bat dang thirc duge chimg minh xong.

Vi du 4.13: Cho a, b, ¢ 1a cac s6 duong thoa méin a + b + ¢ = 3. Chimg minh ring :
ala—2b+c) blb—-2c+a) clc—2a+b
(-2b+c) blb-2c+a) clc-2us)

ab+1 be +1 ca+1

>0

Phan tich: Bé ap dung bat dang thirc Cauchy ta can phai bién doi bat dang thirc trén sao cho vé phai 1a
mot sO khac khong, dicu nay lam ta nghi dén cong vao hai vé cta bat dang thirc véi mot so duong nao
do?
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. o ala—2b+c a(3—3b _ ) o
P& § ta thiy ( ): ( )z 32 38D 415 46 dé lam mét ddu tir ta cong thém 3
ab+1 ab+1 ab+1

3a — 3ab 3a+3

A 3=
ab+1 ab+1

a+1 b+1 c+1

+

+
ab+1 bc+1 ca+l1

a+1 .\ b+1 ) c+1 . (a+1)(b+1)(c+1)
ab+1 bc+l ca+l (ab-+1)(bc-+1)(ca-+1)
Phép chirg minh s& hoan tat néu ta chi ra dwoc
(a+1)(b+1)(c+1) > (ab+1)(bc+1)(ca+1)
Pén day ta bién ddi twong duong ddi trong duong thi duge
(a+1)(b+1)(c+1) > (ab+1)(bc+1)(ca+1)
< abc+a+b+c+1>a’hc’ +abc(a+b+c)+1
= abc(l—abc)+a+b+c(1—abc) >0

Bat dang thtic cudi cung ludn dang do abc < 1. Pén day ta trinh bay lai 101 giai nhu sau

thi duoc , thyc hién twong tu ta duoc bAt déng thire

> 3. Pén day ta 4p dung bét ddng thirc Cauchy thi dugc

Loi giai
. ~ala—-2b+c) a(3-3b _ o .
bé y ta thay ( )= ( )= 32 3ab,ép dung tuong tu ta dugc bat dang thuc can
ab+1 ab+1 ab+1
chitng minh 13 3a—3ab+3b—3bc+3c—36a >0
ab+1 bc+1 ca+1
Bét déng thirc trén tuong duong véi 3a—3ab+3+3b—3bc+3+—30—3ca+329
ab+1 bc+1 ca+1
Hay a+1+b+1+c+1 >3

ab+1 bc+1 ca+1
Ap dung bat dang thirc Cauchy ta duoc

atl b+l e+l o (a+1ﬂb+1ﬂc+1)
ab+1 bc+1 ca+l (ab+£Q(bc+&Q(ca-+1)
Phép chirng minh s€ hoan tat néu ta chi ra dugc
(a + 1)(b + 1)((} +1) > (ab + 1)(bc + 1)(0& + 1)
Pén day ta bién ddi twong duong ddi trong duong thi duge
(a +1)(b+1)(c+1) > (ab +1)(bc+1)(ca +1)
< abc+a+b+c+1>a’hc’ +abc(a+b+c)+1

& abc(l—abc)+(a+b+c)(1—abc) >0

Theo bét déng thirc Cauchy taco 3 =a+b+c > 33abc suyra abc <1
Do vay bat dang thirc cudi cling ludn dang. Vay bai toan dugc chimg minh xong.
Nhén xét: Thong qua cdc vi du trén ta nhdn thdy dwoc hiéu qua ciia ki thudt thém - b6t trong bat ddng
thire Cauchy
- Bat ddang thite Cauchy cé thé ginp ta loai bé cdc rao can nhw cdc cdn thire, cdc lily thira bdc
cao, ...
- Kithudt thém - bot ¢6 thé gip ta ddi xirng héa bdt dang thirc ciing nhir cdc danh gia hop li
trong quda trinh tim loi gidi.
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- Chi y dén diém roi giip ta bdo toan dau ddng thirc trong chudi danh gid.
Sau day la mot so vi du khac

Vi du 4.14: Cho a, b, ¢ 1a cac sb dwong théa min ab + bc + ca = 2abc. Ching minh rang :

1 1 1 1
; + ; t ;25
a(2a-1) b(2b-1) c(2c-1) 2
Loi giai
N 1 1 1
Tug1athletab+bc+ca:2abcsuyra—+E+—=2.
a ¢
1 1 1
baitx=—; y=—; z=—,khidotaco x+y+z=2.
a b c
3 3 3
e . 1
Bét déing thirc duoc viét lai la ——— + —>—— + ———— >~
(2-x) (2-v) (2-2) 2
x° v 7z’ 1
Hay o+ o+ S 2
(y+z) (z+x) (X+y) 2

Ap dung bt dang thirc Cauchy ta duoc

X y+2z y+223_x
(y+zf 8 8 1
v z+x z+x _ 3y
(c+x) & 8 4
(x+v)
Cong theo vé cac bat dang thirc trén ta duoc
< - v - /3 2+X+y+z_3(X+y+Z)
(y+z) (z+x) (X+y) 2 24
3 3 3
H X y zZ 2X+y+z:l
Y (oa) (ex) (cey) 4 2

3

Vay bét ding thirc duoc ching minh. Pang thie xay rakhi vachikhi a=b =c =

Vi duy 4.15: Cho a, b, ¢ la cac sd thye khong am trong d6 khong c6 hai sé ndo c¢6 tong bang 0. Ching
minh rang :

\/bg—bc+cg \/02—ca+a2 \/aQ—ab+b2 2(ab+bc+ca)
+ + + >4

a’ + be b% +ca ¢ +ab a?+b’ +c?

Phan tich: Bat ding thirc c6 dau dang thiic xdy ra tai a = b;c = 0 va cac hoan vi ctia nd, nhu vay két
hop vé6i gia thiét ta c6 thé xét hai truong hop. Tuy nhién dé y biéu thirc trong cin ta nhan thiy

a’+bc+b’—bc+c® =a’+b’+c” va dé y dén chidu cua bit ding thic ta co danh gia

2\/(a2 + bc) (b2 —bc+ 02) <a’+Db’+c’. Khido ta duoc
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’ be + ¢? be + ¢? >2(b2—bc+02)
a’ +bc \/a +bc bc+c2)_ a’+b’+¢”

Dén day ap dung twong tu ta duoc

\/b2—bc+c2 _'_\/(:2—cau+ab2 +\/a2—ab+b2
a’ + bc b’ + ca ¢ +ab
2(b2—bc+02) 2(02—0a+a2) Q(aQ—aberQ) 2(ab+bc+ca)
2 2 2 2 T 2 2 st 2 2 2 =4- 2 2 2
’z}+b+‘c a“+b +c a“+b +c a“+b” +c
bay chinh la bat dang thirc can chung minh.

o Loi gidi
Ap dung bat dang thuc Cauchy ta duoc

2\/ a’ +bc)(b2—bc+(:2) <a’+b’+¢’

_ 2(b* —=bc + ¢
Khi d6 ta suy ra be+c” —betc > <2 5 2)
V a® + bc \/a +bc bc+(:2) a+b’ +c

Ap dung tuong tu ta dugc

\/b2—bc+02 +\/C2—Ca+&2 +\/af—ab+b2
a’ + bc b’ + ca ¢ +ab

2(b2—bc+cz) 2((:2—ca+a2) Q(aQ—aberQ) 2(ab+bc+ca)
> + + =4 -
a’+b’ +c? a’+b’ +c? a?+b’ +c? a’+b’+c’
b*> —bec + ¢’ ¢’ —ca+a’ a’ —ab+b’ 2(ab+bc+ca)
Hay ; + ; + - t——— " 24
a” +bc b® +ca ¢ +ab a“+b +c

Viy bét dang thic duoc chirng minh.

Ping thic xdy ra khi va chi khi a = b;c = 0 va cac hoan vi.

Vi du 4.16: Cho a, b, ¢ 13 cac s6 thuc duong tiry ¥ . Ching minh rang :

2\/_ ! + L £l+—

1+1 3 N 3 N 3
\/(a+2b \/b b+20) \/C(c+2a) a b ¢ 2a+b 2b+c 2c+a

Phan tich va loi giai
Trudce hét ta du doan dau dang thire xay ra tai a = b = ¢. Quan sat bat dang thirc va cha y dén dau
dang thure xay ra ta c6 danh gia

4/ a+2b

Khi d6 twong tu ta duoc bét dang thirc

2\/5 L + L + L < 1 +
\/a (a +2b) \/b (b+2c) \/c (c +2a) a
vy phép chirng minh s& hoan tat néu ta chi ra duoc

3 3 3 3 3 3
+ + + +

21
a

+1+3+3+3Nhu

1
E ¢ a+2b b+2c c+2a

<
a+2b b+2c c+2a 2a+b 2b+c 2c+a
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R& rang bat ding thirc trén khong thé chimg minh dugc, diéu nay cho thdy cach danh gia nhu trén
khong dem lai hi¢u qua va ta can phai tim cach khac.
. 1 1
bé¢ y 1a trong phép danh gia trén ta triét ti€u duoc dai luong — + E + — nhung khong dem lai hiéu
a c

3

+ +
a+2b b+2c c+2a
duoc nhu vay ta can lam xuat hién cic 2a + b; 2b + ¢; 2¢ +a trong cac can va sy xuat hién do chi ¢

thi s& c6 két qua nhu thé nao? Bé lam

qua. Vay ta thur danh gia lam triét tiéu

thé duoc giai quyét bang ki thuat thém - bot. Khi d6 cha ¥ dén dau ding thire xdy ra ta duoc
w3 [ 3 2asb _ 3 % +b

a(a+2b) 23+b'a<a+2b)_2a+b+a(a+2b)

Hoan toan twong ty ta dugc bat dang thirc

1 1 1
2\/5 + +
\/a(a+2b) \/b(b+2(:) \/c(c+2a)
2a+b 2b+c 2c+a 3 3 3
< + + + + +
a(a+2b) b(b+2(:) c(c+2a) 2a+b 2b+c 2c+a
Phép chtng minh s& hoan tit néu ta chi ra dugc
2a+b 2b+c 2c+a 1 1 1
+ + <—4+—4+=
a(a+2b) b(b+20) c(c+2a) a b ¢
Quan st bat dang thirc ta nghi dén cach ghép doi ximg. Nhung ghép nhu thé nao dy va néu khong
chirmg minh duoc bat dang thire trén thi chuoi danh gia trén hoan toan vo tac dung. Sau mot thoi gian may
mo cudi cung cting phat hién ra

2a+b 2 1
— < —4—
a (a + 2b) a b
2
Panh gia nay twong duong vaoi (a + 2b) > 3b (2a + b) la mot danh gia dung.

Thuc hién hoan toan tuong tu ta dugc diéu can phai ching minh.

Vi du 4.17: Cho a, b, ¢ 13 cic s6 thyc dwong thoéa man a + b + ¢ = 3. Ching minh rang:
1 1 1
2(ab+bc+ca)+—+—+— >9
ab bc ca

Phan tich va loi giai
Trudc hét ta du doan dang thirc xay ratai a = b = ¢ = 1. Khi d6 dé thay theo bat dang thirc Cauchy
ta co

ab+bc+ca+i+i+i=ab+i+bc+i+ca+i23
ab bc ca ab bc ca

q Nhu vay ta can chimg minh ab + bc + ca > 3 nita 1a xong. Tuy nhién véi a +b+c = 3 thi b‘ét
dang thuc ab + bc + ca > 3 lai khong dung. Nhu vay cach danh gia nhu trén khong hiéu qua. Ta can
tim cach khac.

Trong bét dang thic c¢6 dai luong 2 (ab +bc + ca) va gia thiét thi co a + b + ¢ = 3, giita ching
c6 mdi lién hé 1a
2 2 2 2
a“+b +c +2<ab+bc+ca) = (a+b+c)

Diéu nay goi ¥ cho ta thém vao hai vé ciia bat dang thuc dai luong a’ + b’ +c?, khi do bat dang
thirc can chung minh tré thanh
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(a+b+cf+j;+j;+l—29+£4if+§
ab bc ca
Hay I B PR S

ab bc ca

Két hop v6i gia thiét a + b + ¢ = 3 thi bat dang thic trén duoc viét 1a

i2302+b2+c2 <:>32abc(a2+b2+c2)
abc

2
Theo mdt danh gid quen thudc thi abc (a +b+ C) < (ab + bc + Ca)

W |~

Do d6 ta duoc
(ab +be + ca)2 (a2 +b° + CQ)
9

abbc:(a2 +Db* + CQ) = labc(a +b+ c:)(a2 +Db? + CQ) <
3
Ma theo bat dang thirc Cauchy ta co
(ab+bc+ca)2 <a2 +b? +02) = (ab+bc+ca)(ab+bc+ca)(a2 +b? +(32)

3

(a+b+c)2 _(a+b+c)6_
< 3 =y 7

Suy ra ta dugc abc (a2 +b” + 02) < 3. Vay bai toan dugc chirng minh xong.

Vi du 4.18: Cho a, b, ¢, d 12 cac s6 thuc duong ty y. Ching minh rang:
a—-d d-b b-c c-a

+ +
b+d c¢c+b a+c a+d

>0

Phan tich va loi giai
Dé dang dy dodn duoc déng thirc xdyratai a=b =c = d. Quan sat bat dang thirc ta nhan théy
chua thé xac dinh duoc cac phén s6 da khong am hay chua va vé phai luc nay 1a 0 nén viée str dung bat
dang thirc Cauchy la khong the dugc. Bay gio ta can thay ddi cac tir sb dé dam bao cac phan s6 khong 4m
va vé phai cling 1a mot hang sb dwong. Yéu cau nay goi ¥ cho ta sir dung ki thuat thém - bot

a—d a+b
+1=
+d b+d

aJ_d+1 + d_b+1 + b_C+1 +H £ 954

b+d c+b c+a d+a

a+b d+c¢c b+a c+d
+ + +

d+b c+b c+a d+a
Lai thay céc phan s6 khong cung mau nhung c6 cac cdp cung tir, do do ta viét dugc bat dang

thirc trén thanh
(a+b) 1 + 1 +(c+d) 1 + 1 >4
d+b c+a b+c a+d

L C s 1 4
Bat dang thuc trén 1am ta lién tudng dén bat dang thirc Cauchy dang — + — =
X y X+y

1 1 4(a+b)
(a+b)(d+b+c+aJ2a+b+c+d

Dé ¥ ta thiy b , hoan toan tuong tu ta dugc
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1 1 4(c+d)
+ >
b+c¢c a+d a+b+c+d

Cong hai bat dang thic trén theo vé ta c6 ngay diéu phai chimg minh.

Hoan toan tuong tu ta cling c6 (c + d)(

Vi du 4.19: Cho a, b, ¢ 1a cac s6 thyc dwong. Ching minh ring:
a’ b’ c’

b(b+c)+c(c+a)+a(a+b)

21(a+b+c)

14b+c) 2 4 b+c) 4 2

Loi giai

3 3
. s b b+ b b+ 3
Phan tich: Dé ¥ dén danh gid ——— + — + C>3i/b(a o ©-2,

Ap dung bat dang thire Cauchy ta co:
3

a b b+c a’ b b+c 3
_— =+ > 33 —. =—a
2 b( 2 2

b(b+c) 4 b+c) 2 4
Hoan toan tuong tu ta co
b c c+a _3 c’ a a+b_3
+—+ >—b; ——+—+ >—c
c(c+a) 2 4 2 a(a+b) 2 1
Cong vé véi vé cua cac bat dang thirc trén, ta duoc:
3 3 3
b
a + 4 +a+b+cz§@+b+c)
b(b+c) c(c+a) a(a+b) 2
3 3 3
1
R + b TR 2—{a+b+c)
b(b+c) c(c+a) a(a+b) 2
Vay bét dang thirc dugc chimg minh. Pang thirc xdy rakhivachikhi a=b =c
Vi du 4.20: Cho a, b, ¢ 1a cac s6 thyc duong. Chimg minh rang:
3 3 3
2
a -+ b -+ © 22—-(a+b+c)
(b+2c) (c+2a) (a+2b)
Phan tich: Bé y dén danh gia
a’ b+2c b+2c a’ b+2c b+2c a
>+ + >3, > : =—
(b+2c) 27 27 (b n c) 27 27 3
) o Loi giai
Ap dung bat dang thuc Cauchy ta co:
a’ b+2c b+2c a’ b+2c b+2c a
5+ + >3, X : =—
(b+2c) 27 27 (b 4 c) 27 27 3
Hoan toan tuong tu ta co
b’ c+2a c+2a _b c’ a+2b a+2b _c
+ + > g, + + > g

(C +2a)2 27 27

Cong ve véi vé cua cac bat dang thuc trén, ta dugc:

(a + 2b)2 27 27
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a’ b? c’ a+b+c_a+b+c
-+ S+ -+ 5 > ;
(b + 2(:) (c + 2a) (a + 2b)
@( a3 )2+( b3 )2+( c3 )222(a+9b+c)
b+ 2c¢ c+2a a+2b

Vay bat dang thirc dugc chimg minh. Pang thirc xay ra khi va chikhi a =b =c

Vi du 4.21: Cho céc s duong a, b, ¢ thoa man ab + bc + ca = 1. Chirng minh rang:

1
a’+b’ +c’ >—

Phan tich: Bé y dén danh gia a’ + b’ + — > 33fa b“ a3

) o Loi giai
Ap dung bat dang thuc Cauchy ta co

a+b3+—2ab\/_ b’ + ¢’ + —= > bev3; ¢’ +a° +L20a\/_
343 3\/_ 3V3

Cong vé voi vé cua cac bat dang thuc trén, ta duogc:

2(a3+b3+c3)+%Z\/§<ab+bc+ca):\/g

. A 2
=2(a*+b*+c*)> = =a*+b*+¢? >—
( G 5

Vay bét dang thirc dugc chimg minh. Dau déng thirc xay ra khi va chi khi

1
a=h=_——
V3
b:c:L 1
3 Sa=b=c=—
8 N
c=a=—f4
J§
ab+bc+ =1

1 1 1 _3
= >Z
a’ b’ ¢ 8
1 1 3
Phan tich: Bién doi gia thiét ta dugc — + — + — = —. Chu y dén danh gia
a c ca 4
1 1 1
1, gt 11 31
a’ b 8 a’ b® 8 2 ab
Loi giai
. 1 1 1 3
Tir gia thiét ta co 4(a+b+c)=3abc<:>—+—+—:—
ab bc ca 4
Ap dung bat dang thirc Cauchy ta co
1 1 1
1t byt 11 31
a’ b’ 8 a’ b® 8 2 ab

Hoan toan tuong tu ta duoc
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1 N 1 N 1
b* c¢* 8
Cong theo veé cac bat dang thirc trén ta dugc

1 1 1 3 31 1 1 9 1 1 1 3
2l -+ —+ - |+ 2>t =t — 4+ — > 2
al b ol 8 2lab bc ca 8 al b ¢ 8

Viy bét dang thirc duoc chirng minh. Pang thirc xay ra khi va chi khi

11 _1_1
a b ¢ 2 oa=b=c=2
1,1,1_3
ab bc ca 4

5. K§ thuit Cauchy nguoc dau.

Trong qua trinh tim 101 giai cho mot bai toan bat dang thirc, mot sai lam thudng gip d6 1a sau mot
loat cac danh gia ta thu duge mot bat dang thire ngugc chiéu. Piéu nay lam khong it nguoi cam thdy nan
long. Lic ndy néu ta binh tinh suy nghi mét chut thi thiy véi danh gia nguoc chiéu bang cach nao d6 ta
thém vao trudec mot dau am thi 1ap tic danh gia d6 sé cing chidu. Str dung ¥ tuéng tuong tu nhu ky thuat
thém bat, tham chi co phén khéo 1¢o hon, ky thuat Cauchy ngugc dau da «ching t6 su dot pha don gian
nhung dem lai hiéu qua bat ngo dén ngac nhién khi giai quyét 10p bat ding thirc hoan vi chat va kho.
Chung ta sé& bat dau lam quen VO'l mot sO vi du sau

Vidu5.1: Cho a, b, clacac sb thyc duong thoa min a + b + ¢ = 3. Chirng minh rang:
1 1 1 3
+ + >

al+1 b>+1 c+1 2

Phan tich: Quan sat bat dang thirc khong it ban s& danh gia a” +1 > 2a,, 4p dung tuong ty khi d6 ta
duoc bat dang thirc

1 1 1 1 1 1
Tt 5t 5 S+ —
o a+1 b +1 c+1 2a 2b 2c
Tuy nhién bat dang thirc thu dugc lai bi ngugc chiéu. Bén day chung ta s€ bi ling ting trong cach
giai. Ta van phai danh gia mau nhung néu co6 thé thém duoc dau am trude danh gia do thi tot biét may.
Diéu ta mong mudn s€ dugc gidi quyéet bang phép bién doi sau day

1 2 2
P T
’ i a”+1 a”+1 2a 2
bén day thi ta c6 thé danh gia mau ma khong s¢ bi nguoc chi€u nira
o Loi giai
Ap dung bat dang thtrc Cacuchy ta dugc
1 2 2
5 = 1 — 2& 2 1 - a— = 1 - i
a” +1 a” +1 2a 2
s , b 1 c
Hoan toan tuong tu ta c6:  —; zl-—:— >1——
S
Cong theo vé theo veé cac bat dang thirc trén ta dugc:
1 1 1 a+b+c 3
5+ —5—23-———— =
a’+1 b"+1 c +1 2 2

Bai toan duoc giai quyét xong. Pang thirc xdy rakhi vachikhi a=b=c=1.

Vidu 5.2: Cho a, b, ¢ 1a cac sb thuc dwong thoa mén a + b + ¢ = 3. Chirng minh rang:
1 1 1

+ + >3

l1+ab 1+bc 1+4+ca 2

Phan tich: Néu 4p dung bat ding thirc Cauchy truc tiép ta thu dugc
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1 N 1 N 1 1
1+ab 1+bc 1+4ca 21/

wlw

1
Do d6 ta s& ap dung bt ddng Cauchy theo ¥ tudng nhu tren
o Loi giai
Ap dung bat dang thic Cauchy ta co
1 ab ab \/
=1- >1- =1-——
1+ab 1+ab 24/ab

1 £ 1 ca

>1- 2
1+bc 2 "1+ca 2

Cong theo vé theo vé cac bat ding thirc trén ta dugc

1 + 1 + 1 23—%(\/5+\/g+\/a)

1+ab 1+bc 1+ca

Pé 1 %(@+&+&)S%[a;b+b+c+c+aj:a+b+c:§

Eal

Tuong tu ta co

2 2 2 2

Do d6 ta duoc 1 + 1 + 1 Z§
1+ab 1+bc 1+4+ca 2

Bai toan duoc giai quyét xong. Dang thirc xdy ra khi va chikhi a+b+c=1

Nhén xét: K3 thudt Cauchy ngwoc ddu cé thé hiéu 1a ta ldy nghich ddo hai vé ciia mét danh gid theo bt
dding thirc Cauchy sau dé nhdn hai vé véi -1. Khi d6 bat dang thire ban dau sé khéng bi doi chiéu. Duéi

day la mot 56 vi du tuong tu.

Vidu 5.3: Cho a, b, ¢ 1a cac sb thyc dwong thoa man a + b + ¢ = 3. Chirng minh rang:

a b c 3
2 T T z
b"+1 ¢ +1 a " +1 2
o Loi giai
Ap dung bat dang thirc Cauchy ta co
a ab’ ab2 ab
5 =a-—— >a-— =a——
b”+1 b”+1 2b 2
b bc C ca
Tuong tu ta ¢o 5 2b—-—; — >c——
’ ’ o +1 2 a“+1 2
Cong theo ve theo vé cac bat dang thirc trén ta dugc:
a b d ab +bc +ca
+ >a+b+c——F——

+
b*+1 c+1 d°+1
1 2
Mit khac theo mot danh gid quen thudc ab + be + ca < g(a +b+ C) =3

a b L_C 23_§:§

+
b+l P41 at+1 2 2
Bai toan duoc giai quyét xong. DPang thirc xay ra khi va chi khi a= b=c=1

Do d6 ta duogc

Vi du 5.4: Cho a, b, ¢ 1a cac s thuc dwong tiy y. Chimg minh rang;

a’ b? c? a+b+c
2 2+ 2 + 2 2Z
a“~+b b*+c> *+a 2
Loi giai

Ap dung bt dang thirc Cauchy ta co
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a’ ab’ ab’ b
a’ + b’ al+b> 2ab 2
b c c’ a
Tuong tu ta ¢o —— 2b-——;——F2c-—
b +c 2 ¢ +a 2
Cong ve theo vé cac bat dang thuc trén ta dugc
a’ b’ c’ a+b+c a+b+c
St 5 5t F=2atb+c— =
a~+b” b'+c¢” c +a 2 2

Bai toan dugc giai quyét. Pang thiic xay ra khi va chikhi a =b =c.

Vidu 5.5: Cho a, b, c1a cac sb thuc dwong thoa mén a + b + ¢ = 3. Chirng minh ring:
a+l b+l c+1
2 + 2 + 2 =
b"+1 ¢ +1 a +1

o Loi giai
Ap dung bat dang thuc Cauchy ta c6
1 a+1)b’ a+1)b’ b+b
a2 :a+1—¥2a+1—u=a+l—a
b”+1 b”+1 2b
+1 bec + +1 +
Tuong ty ta c6: — >ht1- 2 C; 02 >cp1-2TA
o+l 2 a” +1
Cong theo vé céc bat dang thurc trén ta duoc
a+l b+l c+1 a+b+c+ab+bc+ca
> += +— >a+b+c+3-
b"+1 ¢ +1 a +1 2
a+b+c ab +bc +ca
=t —
2 2
2
(a+b+c)
Ma theo mdt danh gia quen thudc ta c6 ab + bc + ca ST =3

a+l b+l c+1
Do vay ta dugc + + >3

b’+1 ¢ +1 a’+1
Bai toan dugc giai quyet xong. Pang thirc xay rakhi vachikhi a =b=c =1.

Vidu 5.6: Cho a, b, cla cac s6 thyc duong thoéa min a + b + ¢ = 3. Chung minh rang:

a b ¢ 3
2 T T 2o
b’c+1 ca+1 ab+1 2
) o Loi giai
Ap dung bat dang thuc Cauchy ta c6
a ablc o ablc _ab\/g ~ a_b a(ac)>a_b(a+ac)
blc+1 ble+1  2pye 2 2 4
a 1
Suy ratacé >a——(ab+abc
Y b*c +1 4( )
Hoan toan tuong tu ta co
b 1 1
5 2b——(bc+abc); 5 Zc——(ca+abc)
’ o ca+l 4 a’b+1
Cong theo ve cac bat dang thirc trén ta dugc
a b c ab+bc+ca 3abc
> +— +— >3- -
b’c+1 ca+1 ab+1 4 4

Mat khac ta c6 theo mot danh gia quen thudce ta dugc
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2
a+b+c
3=Q2ab+bc+cac>§zm
3 4 4
Va 3:a+b+023\/3abc<:>2232bc
Do d6 ta duoc
2a +2b +2C +§+§23hay Qa +2]D +QC 2§
b’c+1 ca+1 ab+1 4 4 b’c+1 ca+1 ab+1 2

Bai toan dugc giai quyét xong. Pang thic xay rakhi vachikhi a=b=c =1.

Vidu 5.7: Cho a, b, ¢ 1a cac sb thuc dwong thoa mén ab + bc + ac = 3. Ching minh rang:

a b C
s =
2b°+1 2¢’+1 2a”°+1
o Loi giai
Ap dung bat dang thirc Cauchy ta co
a 2ab’ ab® 2ab
3 =a—ﬁ2a——2= T
2b° +1 b’ +b” +1 3b 3
2b 2
Tuong tu ta co 3 Zb——c; 3(: > _za
2¢’ +1 3 2a°+1 3
Cong theo vé céac bat déng thirc trén ta duoc
2(ab+bc+ca
f’ + 3b + SC 2a+b+c—( )=a+b+c—2
2b°+1 2¢’+1 2a”°+1 3
Mat khéac ta lai co
2
(a+b+c)

2ab+bc+ca:>a+b+c2\/3(ab+bc+ca):3

a N b N c S
2b* +1 2¢°+1 2a°+1

Bai toan dugc giai quyét xong. Dang thic xay ra khi vachikhi a=b =c =1.

Do d6 ta duogc

Vidu 5.8: Cho a, b, cla cac s6 thyc duong théa min a + b + ¢ = 3. Ching minh rang:

2 2 2
L b 21
a+2b” b+2c” c+2a
o Loi giai
Ap dung bat dang thuc Cauchy ta c6

2 2 2
2 2 2 2
a - azb >a- ab =a——3(ab)

a+2b a+b +b 3¥ab?

Tuong tu ta co

b 2 / ? 2
b +2¢ 2b—§3(bc)2; c+(:2a2 2c—§3(ca)2

Cong theo vé cac bat dang thirc trén ta duoc

2 b2 2
N —?2b2 + Y + . +02a2 >a+b+ c—%{i/(abf + i/(bc)2 + %/(ca)ﬂ

_3 %H(abf +3fve) + #(ca)ﬂ
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Mitkbictacs J(ab)’ = franb < 22D

b+bc+c 2 2 c+ca+a
A O

Hoan toan tuong tu ta duogc (bc)

Cong theo vé cac bat dang thirc trén ta dugc

%mf+%mf+%%fg;wm+q+aw+M+?)

<— (a+b+c)+1 (a+b+c) _2_3+1_3_2_3
3 3 3 3 3 3
Suy rata co %{i/(abf + 3/(bc)2 + i/(ca)g} < %.3 =2
Do d6 ta duoc a” + b’ + ¢ >1

a+2b2’ b+2(:% c+2a’
Bai toan dugc giai quyet xong. Pang thirc xay rakhi vachikhi a =b =c =1.

Vidu 5.9: Cho a, b, clacac sb thyc duong thoéa min a + b + ¢ = 3. Chung minh rang:
2 2 2
a b ¢

+ + >1
a+2b’ b+2¢® c+2a’

o Loi giai
Ap dung bat dang thuc Cauchy ta c6

2 3 3
a ,=a—$2a— 2ab :a—gbé/a—2
a+2b’ ab+b5+bd 33/ab’ 3

b? 2 .
3Zb——csb2 >c——a\/_
) . b+2c 3 c+2a’
Cong theo ve cac bat dang thuc trén ta dugc
2 2

2
@ b P 2a+b+c—z(b%/a_2+cé/b_2+aé/c_2)
a+2b® b+2¢® c+2a’ 3
—%(b%/a_2+c§/k?+a§/<?)

Mit khac ciing theo bat ding thirc Cauchy ta c¢6

1t)%/5172 — biaal < b(%mj — b(23+1J _ 2ab+Db

3 3

Tuong tu ta co

2bc+c 2ca +a
Tuong twtacd ci/b’ < ————: allc® <

Cong theo vé cac bit dang thu’c trén ta dugc

2
3 «/ / 2 b
bila? + c¥lb? +adle? S%bﬂ:+§(ab+bc+ca)ga+§+c+ (a;3+c) _

2 2 2
a b C
Do d6 ta co o+ -+ 321
a+2b b +2¢ c+2a

Bai toan dugc giai quyét xong. Péng thic xay rakhi vachikhia=b =c =1.

Vidu 5.10: Cho a, b, ¢ 1a cac sd thuc duong tiiy ¥. Chirng minh ring:

a’ b? c? a+b+c
+ >

+
a’+ab+b®> b *+bc+c? c+ca+a’ 3

Loi giai
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Ap dung bét dang thirc Cauchy ta c6

a’ . a’b + ab’ S ab(a+b)_a a+b 2a-b
a’+ab + b’ a’+ab+b® 3ab 3 3
b? 2b—-c c? 2c—a
Tuongtytaco —; 5 2 5 5 2
b +bc+t+c 3 ¢ +ca+a 3
Cong theo vé cac bat dang thirc trén ta dugc
a’ b? c? a+b+c
2 2+ 2 2+ 2 2 2
a~+ab+b” b +bc+c® ¢ +ca+a 3

Bai toan dugc giai quyét xong. Pang thirc xay rakhi vachikhi a=b=c.

Vi du 5.11: Cho a, b, ¢, d 14 cac s6 thuc duong théamin a+b+c+d =4.

. b d
Chtng minh rang: a -+ -+ ¢ -+ - 22
1+b” 14+4c¢ 14+4d” 1+a
o Loi giai
Ap dung bat dang thirc Cauchy ta c6
a a (1 + b2) —ab’ ab? ab
= =a— za——
, 1+b’ 1+b’ 1+b’ 2
Ap dung twong tu ta dugc
b Zb—E; ¢ Zc—g; d Zc—d—a
, 1+c 2 1+d’ 2 1+a’ 2
Ap dung tuong tu ta dugc
a b c d ab+bc+cd+da
-+ >+ -+ 24—
I+b” 1+c¢ 1+4d° 1+a 2
Mait khac cling theo bat dang thirc Cauchy ta co
2
aJ]O_H[)C_H;d_|_01a_(a+c)(b+d)<(a+b+c+d) s
2 2 - 8
b d
Do vay ta dugc 2 + + ¢ + >2

1+b* 1+c¢® 1+d® 1+a’
Bai toan duoc giai quyét xong. Pang thirc xay rakhivachikhi a=b=c=d =1

Vi du 5.12: Cho a, b, ¢, d 14 céc sb thuc duong théa min a + b + ¢ +d = 4. Ching minh ring;
1 1 1 1
+ + +

al+1 b*+1 c+1 d¥+1

o Loi giai
Ap dung bat dang thic Cauchy ta co
2 2
1 a“+1)—-a 2 2
- _( 2) =1- 2a 21—a—:1—i
a” +1 a” +1 a” +1 2a 2
Hoan toan tuong tu ta dugc
Losgob by by d
, b+l 2 c+1 2 d°+1 2
Cong theo veé cac bat dang thirc trén ta dugc
1 1 1 1
+ +

+ 2
A+l b4l g+l dP+1
Bai toan duogc giai quyét. Pang thitc xay rakhivachikhia=b=c=d =1

Vi du 5.13: Cho a, b, ¢, d 14 cac sb thuc duong théa min a +b +c +d = 4. Ching minh ring;
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a b c d
—+ —+ —+ 22
1+b'c 1+cd 1+da 1+ab
o Loi giai
Ap dung bat dang thirc Cauchy ta co
2 2
a a(1+bc)—abc ab’c ab’c aby/c
2 2 —a- =8~ —a-
1+b’c 1+b’c 1+b’c Qb\/g 2

Hoan toan tuong tu ta dugc

b, bevd ¢ _  cdfa_d dab

> ; > ; >d-
, 1-’|-C27d 2 1+d% 2 1+a’b 2
Cong theo vé cac bat dang thuc trén ta dugc
a_ b L_c . d >4 ab\/ngbC\/aJrcd\/;era\/g
1+b’%c 1+c*d 1+d’a 1+a’ 2 2 2 2
b/a.ac g b(a + ac)
5 =

4

Mit khac ciing theo bét dang thirc Cauchy ta co

Tuong tu ta dugc

bva.ac +cyb.bd + d\/c.ca + a\/d.db < ab + bc + cd +da + abc + bed + cda + dab

2 4
M ta c6 ab+bc+cd+da (a+c)(b+d) - (a+c+b+d)2 v
4 - 4 B 16 B
abc + bed + cda + dab _ bc(a+d)+da(b+c)

4 4
- (a+d)(b+c)2+(b+c)(a+d)2 Py (a+b+c+d)3 B
- 16 - 4.16 B

a b C d

Do d6 ta duoc >2

2 + 2 + 2 + 2
I+b’c 1+cd 1+da 1+ab
Bai toan dugc giai quyet xong. Pang thirc xay rakhivachikhi a=b=c=d =1

6. Ky thuat doi bién sb

Trong bat dang thirc, c6 mot quy luat chung, d6 1a “Trong mot dang cu thé, thi nhiing bat dang
thirc cang nhiéu bién cang kh6”. Diéu nay ciing dong nghia véi viéc khang dinh “Bai toan sé& trd nén don
gian hon néu ta dua duoc mot bat dang thirc nhiéu bién vé dang it bién hon” K§ thuét doi bién chinh la
mot cong cu hitu ich dé thyc hién ¥ tudong nay.

Vi du 6.1: Cho a, b 1 hai sb thuc khac 0. Chimg minh rang:

212 2 2
da’b +a—+b—23

(arev?) VW

Phan tich: Nhin vao bét dang thirc can chirng minh ta thay hai hang tir sau & vé trai c6 vé nhu tao ra duoc
nghich ddo ctia hang tir thr nhat. Vi vay ta thir phan tich tong hai hang tir d6 d€ xem keét qua c6 nhu du
doan hay khong.
2 2 4 4 212 212 a’ + b’ ’
a~ b a +b +2a’b” —-2a’b” 9
b? ’ a? a’b’ Toam?
Vi két qua nhu vay ta co thé sir dung cach dit an phu dé dua bat dang thic can chirng minh vé bat

dang thtrc don gian hon.
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Loi giai
b¢ y rang bat dang thirc can chiing minh c6 thé viét lai thanh

4a])? ) <a2 e )2

(a?+b2)2 a’b’ =
2
bat tzwtacét24.T&d65uyra LbQQZé
a’b (a2+b2) t

Bit dang thtrc can chimg minh tré thanh

t t* —5t +4 t-1)(t—4

T R N G LA
4 t t

Bat dang thure cudi cung ding do t > 4 . Bai toan dugc giai quyét hoan toan.

Ding thirc x4y ra khi va chi khi a = +b

. 1 .
Vi du 6.2: Cho cac so thyc a,b,c > 2 thoamin — + E + — = 1. Chtirng minh rang :
a c

(a-2)(b-2)(c-2)<1

Phan tich: Dé triét tiéu cac dau trir trong bat dang thic cin ching minh ta co thé d6i bién
1 1
+
X+2 y+2 z+2
minh xyz < 1. Bay 1a mt bat déng thirc ¢6 thé chung minh bﬁng cach ghép cap aéi xtng. Tuy nhién
trong 101 giai dudi day ta chimg minh bai toan bang k¥ thuat doi bién.
Loi giai
bitx=a—-2y=b—-2; z=c—2 vbix,y, zla cc sb thuc duong. Bai toan quy vé chirng minh

X=a—-2;y=b-2;z=c—2, khid6 gia thiét tro thanh =1 va ta can ching

xyz <1 véi x, y, z> 0 thoa man

! + 1 + 1 leo 2 4 Y 4 2

X+2 y+2 z2+2 X+2 y+2 z2+2
Pén day ta dat tiép m = x ‘N = Y ip= z Sm+n+p=1
x+2 y+2 zZ+2
1 +2 2 2 1 + 2
Khi 6 ta ¢6 N P N
m X X X m m n+p
2 2
Tuong tu ta duoc y = = ;7= P
p+m m+n

Do d6 bat dang thirc can chimg minh trg thanh
2m 2n 2p

n+p.p+m.m+nSl<:>(m+n)(n+p)(p+m)28mnp

Str dung bét dang thirc Cauchy, ta c6

(m + n) (n + p) (p + m) > 2\/@.2\/@.2\/13_111 = 8mnp

Bai toan dugc giai quyét xong. Dang thirc xay ra khi va chi khi
m=n=p<&a=b=c=lox=y=2=3

Vi du 6.3: Cho a, b, ¢ 14 cac sé duong théa man abc = 1. Ching minh ring:

1 1 1
+ + >1
2a+1 2b+1 2c+1
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Phan tich: Gia thiét abc =1 goi ¥ cho ta cach d6i bién a = z; b= X; c= z Vol X, y, z 1a cac sd
Z X
thuc duong.
Loi giai
Pita=—>:b= X; c=2 véix, y, z 14 cac s6 thyc duong. Bit dang thirc can chimg minh tré
y v/ X
thanh
1+1+121<:>y+Z+X21
9X.1 oY1 92%.41 2x+y 2y+z 2z+x
y v/ X
Ap dung bét dang thirc Cési ta c6
y y(2z+y) S y(2z+y) _ y(2z+y)
- 2 2
2x+y (2X+y)(2z+y) [(2X+y)+(2z+y)] (X+y+z)

4
N Z(2X+Z); x ZX(2y+X)
2x+y (x+y+zf 2z +x (x+y+zf
Cong ba bat dang thirc nay lai vé theo vé, ta duoc:
y .z . X >y(2z+y)+z(2x+z)+x(2y+x)
2x+y 2y+z 2z+X

Tuong tu ta co

(X+y+Z)2

2(Xy+yz+zx)+x2+yQ+Z2
= :1

2
(X + y + Z)
Chung minh hoan tit. Pang thic xay rakhivachikhi a=b=c =1.

Vi du 6.4: Cho a, b, ¢ 1a cac sb thyc théa man abc = 1. ching minh rang:
1 1 1
+ + <1
a+b+1 b+c+1 c+a+l

Phan tich: Ta nhan thay sy twong tu ctia bat dang thiic trén voi bat dang thirc
1 N 1 N 1

a’+b’+1 b’+c*+1 d+a’+1

Do d6 y tuong dau tién d6 ta dit x° = a; y° = b; z° = ¢, khi nay ta van duge xyz = 1 va khi

<1

d6 ta viét lai dugc bat dang thirc can chimg minh
1 1 1
+ +

4y 41 v+ 41 2 exP+1 =1
Ngoai ra tir gia thiét abc = 1, ta c6 thé sir dung cac phép doi nhu sau
2 2 2
azi;bzz;c:E,a:X—;bzy—;C=Z—;a:y—j;b=%;c=%
y v/ X VZ ZX Xy X y v/
Loi giai
bat x* =a; y* =b; z° = ¢, khi d6 ta duge xyz = 1.
Bét dang thirc can ching minh tré thanh
1 1 1
+ + <1

+yi+1l v+ +1l x4+l
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Ap dung bat dang thirc Cauchy ta dugc
x° +y3 = (X+y)(x2 +y2 —Xy) 2> Xy(x+y)
1 1 v/

Khi d6 ta duoc 3 3 < =
x"+y +1 Xy(x+y)+XyZ X+y+z

Chirng minh tuong ty ta dugc

1 1 1 zZ X y
3, .3 Tty 3 tS 5 S + + =1
x"+y'+1 y'+z°+1 z7+x"+1 X+y+z X+ty+z X+y+z

Viy bat dang thirc dugc chimg minh. Péng thirc xdy rakhi vachikhi a=b=c =1.

Vi du 6.5: Cho a, b, ¢ 1a cac s6 thuc duong bat ki. Chirmg minh rang:
1 1 1 3

(o+1) b)) efar1) " Yo 1 Y

Phan tich: Quan sat bat ding thirc ta thdy vé phai chtra cin bac ba. Do d6 diéu dau tién ta nghi dén 1a
lam mat cac can bac ba nay va ta cé hai y twéng doi bién dé lam mat can bac ba la

-bat x = {3/5, y = %, Z = % . Khi d6 bat dang thirc can chimg minh tré thanh
1 N 1 N 1 S 3
x° (y3 + 1) v (23 + 1) 7z’ (X3 + 1) - XyZ (Xyz + 1)
-Piat abe = k. Khi d6 bt dang thirc can chimg minh trd thanh
1 N 1 N 1 S 3
a(b+1) b(c+1) c(a+1)_k(1+k)

Ta thtr chirng minh bai todn véi cace cach doi bién trén nhu sau

Loi giai
bat x = 3/;, y = 3/5, Z = % . Khi d6 bat dang thirc cin chimg minh tré thanh
1 N 1 N 1 > 3

x° (y3 + 1) y’ (z3 + 1) 7’ (x3 + 1) Xyz (Xyz + 1)

Taco
M= 3+(1+X5dej) X3(y13 +1) " v (zi +1) " 7z’ (Xé +1)
_ 1 N 1 N 1 N xy? N y'z® 7%’ 43
:><3(y3 +1) y?’(z3 +1) z?’(x3 +1) X +1 y'+1 72 +1
14+ x° 1+y° 1473 yS(X3+1) z3(y3+1) XS(Z3+1)

TRl e) Y () A ) () (14) (144
Theo bat dang thue Caucy ta dugc
1+x° N 1+y° N 1+2° S 3
x (y3 + 1) v’ (Z3 + 1) 7z’ (X3 + 1) - Xyz
v’ (X3 + 1) 7z’ (y3 + 1) x° (23 +1
+ + > 3Xyz

(1+y3) (1+z3) (1+z3)
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3 3
Tudosuyra M > 3xyz+ — = (1+X3y323)P > 3xyz +———3
XyZ XYz

Mat khac ta lai co

3 (ngsz?, + 1) _ 3(X2y2z2 —Xyz+ 1)  Sxyz—3+ 3
XyZ (Xyz + 1) XyZ XyZ
Do d6 ta dugc
3,33 333 3 3
(1+X vz )P > (1+X N/ )—Xyz(xyz+1) <P Z—Xyz(xyz+1)

Chung minh hoan tit. Dang thic xay ra khi vachikhi a=b=c¢
Nhdn xét: Ta ciing co thé chung minh bai toan trén theo cach sau

Véi cach dat abe = k*, khi dé ton tai cdc s6 thue dirong x,7, z sao cho

a:@;b:@;c:k—x
T Y z
Khi dé6 bat dang thirc can chitng minh twong dwong véi
1 1 1 3
+ + >
ky[kzﬂj k[klj kx(kyﬂj b(k+1)
T\ vy y\ z z\x

T Y z 3
+ + >
y+kz z+kr x+ky k+1
Ap dung bat dang thirc Bunhiacopxki ta dwoc

Hay
T Y z z’ y2 2’

Y+ kz z+k:p+x+ky:g:(y+kz)+y(z+kx)+z($+ky)
(:1:+y+z)2

x(y+kz)+y(z+kx)+z(x+ky)

>

_ (a:+y+z)2 .3

(k+1)(:1:y+yz+z:(:) kE+1
Vay bat dang thire dwoc chirng minh. Ddu ddng thire xdy ra khi a =b = c.

Vi du 6.6: Cho a, b, ¢ 14 cac sb thuc duong théa min a + b + ¢ = abc . Chimg minh rang:

b N ¢ N a S 3
a\/b2 +1 b\/02+1 cva’+1 2
. . 1 1 1 3 .
Phan tich: Ta viét lai gia thiét thanh — + — 4+ — =1, diéu nay goi y cho ta cac dat bién phu

ab bc ca

1 : 1A .
z = —. Khi d6 gia thiét cua bai toan tré thanh xy + yz+zx =1.

1o 1
a’y b’ C

X .y .z
\/y2+1 \/z2+1 \/X2+1

Xy + yz + zx = 1 ta viét dugc \/X2 +1 =\/X2+Xy+yz+zx :\/(X+y)(x+z) khi d6 ta suy ra

Bét dang thirc can chimg minh tré thanh

Zg.Chﬁydén

bét ddng thirc can ching minh 1a
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X y Z

b7 Jorn)rs) Jerv)9)

Dén day ta sir dung danh gia Cauchy dé giai quyét bai toan.
Loi giai
T 1 1 1
Tu gia thiet a+b+c=abc suyra —+ —+—=1.
ab bc ca

>

N | o

bat x =

Q| =

1 : N S . s
z = —, Khi d6 gia thiét cua bai toan tré thanh xy +yz +zx = 1.
¢

N
7y b?

x .y .z
\/y2 11 V2241 x4l
D@ thay \/X2+1=\/X2+Xy+yZ+ZXZ\/(X+y)(X+Z)

Tuong tu ta dugc \/y2 +1 = \/(y + z)(y + X); \/22 +1= \/(z + X)(Z + y)
Ap dung bt dang thtrc Cauchy ta duoc

Bit dang thtrc can chimg minh tré thanh

>3
2

X .y .z _ X N y N z
\/y2+1 \/Z2+1 \/X2+1 \/(y+x>(y+z) \/(Z+X)(Z+y) \/(X+y)(x+z)
2x 2y 2z
> + +
X+2y+z X+y+2z2 2x+y+z
2x 2y 27 3

+ + > =
X+2y+7z X+y+2z2 2x+y+z 2

That vay, 4p dung bat dang thirc Bunhiacopxki dang phan thirc ta dugc

Ta can ching minh

2x 2y 2z 2x” 2y° 27
+ + = + +
X+2y+z X+y+2z 2x+y+z X(X+2y+z) y(x+y+2z) z(2x+y+z)
N 2(><2+y+z)2 N 2(X+y+z)2 2 :§
(x+y+z) + XY+ yz +2x (X+y+z)2+(x+3;+z) 2

Nhu vay bit dang thirc ban dau duoc chimg minh. Dau ding thirc xdy ratai a =b =c = \/5 .

Vi du 6.7: Cho a, b, ¢ 14 cac s6 thuc duong tiy y. Chirng minh rang:
a+b+3c N a+3b+c N 3a+b+c >E
3a+3b+2c 3a+2b+3c 2a+3b+3c 8

Phan tich: Dé don gian hoa cac dai lugng vé trai ta co thé dat
3y + 3z —5Hx
. _ 3y +3z-5x

x =2a+3b+3c 8

y=3a+2b+3c = bzw

z=3a+3b+2c 3x + 3y - bz
C:T

Khi d6 ta viét lai bat dang thirc can chirng minh thanh

7(X+y+y+z+z+xj_§>15

8
Dén day ta ap dung bat dang thirc Cauchy dé danh gia tiép.

8 8

z X y
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Loi giai
biat x =2a+3b+3c; y=3a+2b+3c; z=3a+3b+ 2c, khi d6 ta duogc

_ 3y +3z-5x b= 3z +3x — 5y = 3x 4+ 3y — 5z
, 7 ‘ 8 Y , 8 Y
Khi d6 bat dang thirc can chung minh dugc viét lai thanh
7 X+y+y+z +Z+X 27 15
8\ =z X y
Theo bét ddng thirc Cauchy ta chimg minh dugc

X+y+y+z+z+x>6

v/ X y

Do d6 ta duoc ZEX+y+y+Z+Z+Xj_§ E_g 15

8 8 8 8 8
Viy bét ding thic dugc chimg minh. Pang thirc xdy rakhivachikhi a=b=c.

zZ X y

Vi du 6.8: Cho a, b, ¢ 1a cac s6 thuc dwong. Ching minh rang:
a+b b+c c+a 16
+ + > —
a+b+c b+c+4a a+c+16b 15

Loi giai
x=a+b+c Ja=y—-X
bit {<y=b+c+4a =15b=2z-x
z=c+a+16b 15¢ =21x -5y -z
Khi d6 bat dang thiic can chimg minh duoc viét lai thanh
—6x+5y+z 20x-5 16x—2z _ 16
15xy i 15yy+ 152 1
y 3x 7z 16x_16 4 _28

Hay L > — 4=
3x 4y 15x 15z 15 b 15

Ap dung bét dang thirc Cauchy ta co

Y dx, 4oz 16x. 8
3x Jy 3 15x 15z 15
Do do ta duoc ath + bte + cra >EBangthucxayrakhlvachlkhl

a+b+c b+c+4a a+c+16b 15

y  4x oC

_—— a=—

3x 3y o 7

2 _ M6y Sc

15x 15z 7

Bai todn dugc chiing minh xong.

Vi du 6.9: Cho a, b, ¢ 1a cac sb thuc duwong tiy y. Chimg minh rang:

(a3+b3+c3) Lyt 1), 3[athb brc c+a
a’ b 2 C a b

Phan tich: Quan sat bat dang thirc ta chwa thay c6 dau hidu dit bién phuy, do do ta can phai bién doi bat
dang thirc trude. O day ta chon bién doi ve trai trude

3 3 3 3 3 3
(a3+b3+c3)[i+i+ij:3+a +b +b +c LG +a

a’ b c? a’ b?
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, ‘ 3
1A , TIPS Ao A e oag . a’ + b’ ya+b A o g
Quan sat biéu thtrc sau khi bién doi ta thay can phai danh gia ve , dieu nay co

c? c

A . 3 ;o A A 2 ’ A 1
nghia 13 ta can chimg minh duoc a’® +b® > k(a + b) , chi y dén dau dang thuc xay ra ta tim dugc

1 1 3 )
k = 1 Nhu vy ta di ching minh a® + b® > 1 (a + b) , day 1a mot danh gia ding va co6 thé ching
minh bang cach sir dung bat dang thirc Cauchy.
. . a+b b+c c+a o \ .
Dén day ta co the dat x = Yy = ; 7= o va bat dang thirc can chirng minh duoc
¢ a

x* +y* +72° Z?)(Xer+z)

viét lai thanh 3 + . Chu y lac nay dang thirc xdy ratai x =y =z =2 va

ta str dung bat dang thirc Cauchy dé ching minh bai toan trén.
o ’ Loi giai
Bat dang thue dugce vict lai 1a
a’+b> b’+c® +a’ _3[a+b b+c c+a
3+———+ —+ 2T + +
¢ a b 2

Ap dung bét dang thirc Cauchy ta duoc

4(a3 +b3) =a’+b’ +3(a3 +b3) =a’+b’ +3(a +b)(a2 +b’ —ab)

Za?’+b3-1—3&b(a-|—b)z(a+b)3

C a b

a’+b’ (a + b)3
Suy ra 3 > 3

r I4 2 C 4C
Ap dung tuong tu ta c6 bat dang thuc

a’+b’ b’ +c’ _i_c3+a3 S (a+b)3 +(b+c)3 +(c+a)3

‘ c’ a’ b* 4c? 4a° 4b°
Ta can ching minh
3 3 3
(a+b) (b+c) (c+a) 3(a+b b+c c+a
3+ + + > — + +
4c° 4a° 4b° 20 ¢ a b
+b b+ + e
bat x = a ;Y = C; 7 = ¢ a,bétdéng thirc tré thanh
¢ a b
3 34,3 3lx+y+z
3+X +y 4z > ( y )
4 2
Hay 12+X3+y3+2326(x+y+z)

Ap dung bt dang thic Cauchy ta duoc
X" +8+82>12x; v +8+8>12y; 2" +8+8 > 12z

Suy ra
X3+y3+23+48212(X+y+z)=6(X+y+z)+6(x+y+z)
26(X+y+z)+36
Hay 12+X3+y3+z326(x+y+z)

Vay bét ding thirc duoc ching minh. Pang thire x4y ra khi va chikhi a = b = c.
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Vi du 6.10: Cho a, b, ¢ 1a cac s6 thuc duong tuy y. Ching minh rang:

a b ¢ ’ 3(a+b b+c c+a
—+—4+—| == + +
b ¢ a 2 C a b

Phan tich: Ciing turong tu nhu vi du trén ta can bién doi bat dang thirc trude khi dua ra cach doi bién.
Trong vi du nay ta chon cac bién doi vé phai

a+b b+c ¢c+a a b b ¢ ¢ a
+ + =t -t —+—F+—+—

C a b cC ¢ a a b
, \ 2, X , . A 1 cn , . a b c . 2, " A X
Lic nay dé y ta thay ca hai v€ xuat hién cac dai lugng E; —; —, lai dé y ta nhan thay rang

c a

a ab b bec c ¢ a , a b C .
—=—.—;—=—.—;—=—.—.Dodotacothédat x = —; y = —; z = —,khidotaduoc xyz =1
c bc a ca b ab b C a

va bat dang thtc can ching minh dugc viét lai thanh

3(Xy+yz+zx+x+y+z)

(X+y+z)2 =
2
Dén day ta c6 101 gidi sau
Loi giai
. a b C
bitx=—;y=—; z=—suyraxyz = 1.
b c a

Bét ddng thirc can ching minh duoc viét lai thanh
S(Xy+yz+zx+x+y+z)
2

Ap dung bat dang thirc Cauchy ta duge X +y +2z > 3@ =3

(x+y+z)2 =

2
Nén (X+y+z) 23(X+y+z)
Ta cling c6 (X+y+z)2 > 3(Xy+yz+zx)
Do dé ta dugc 2(X+y+z)2ZS(Xy+yZ+ZX)+3(X+y+Z)

Hay (X+y+z)2:3(Xy+YZ+22X+x+y+Z)

Vay bét dang thirc dugc chimg minh. Pang thirc xdy rakhivachikhi a = b = c.

Vidu 6.11: Cho a, b, ¢ 1a cac s6 thuc duong thoa min ¢ = 8ab. Chimg minh rang:
1 ¢ c 1

+ + <
4a+2b+3 4bc+3c+2 2ac+3c+4 2

Phan tich: Quan sat bat dang thirc ta nhan thiy su khac biét cua gia thiét ciing nhu bat dang thie can
chimg minh so véi cac vi du ¢ trén. T bat dang thirc can chirng minh ta thay vai tro cta a, b nhu nhau.
Do d6 ta du doan dau dang thirc xay ra tai a = b. Mat khac ta thay tir cua bi€u thirc thir hai va thir ba c6

bién c, do do néu ta viét lai hai biéu thirc d6 nhu bi€u thire thir nhat thi dudi mau xuat hién dai luong —,
C

do d6 rat tu nhién ta nghi dang thirc xdy ratai a = b = —, khi nay ta viét lai gia thiét la 8ab— = 1. Dén
¢ c

. 2 C .
day ta thay duoc cach dat la x = 2a; y = 2b; z = — va bat dang thirc duoc viét lai thanh
c
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1 1 1 1
+ - <=
2x+y+3 2y+z+3 2z+x+3 2
Tuy nhién tir hinh thirc ctia bat dang thuc ta thdy twong tu bit dang thirc quen thudce
1 1 1

+ +
2x +y'+3 2y7+72°+3 227 +x°+3

1
<=
2

2 2 . 1
Do d6 ta cho cach dat x* = 2a; y° = 2b; z° = = dé dua bai toan vé dang quen thudc.
¢

Loi giai

2 .
it x° =2a; y° =2b; z° = = . Khi d6 tir gia thiét ta duoc xyz = 1.

c
Bat dang thtrc can chimg minh duoc viét lai thanh
1 1 1 1
P= 2 2 t o T 2 <5
2x"+y +3 2y +z +3 22 4+x +3 2

Ap dung bat dang thic Cauchy ta co
2X2+y2+3=X2+y2+x2+1+222(xy+x+1)

Do d6 ta duoc

1 1 1
P < + +
2(Xy+X+1) 2(yz+y+1) 2(ZX+Z+1)
, . 1 1 1 o
Ta chiing minh + + =1 theo céc céach sau
xy+x+1 yz+y+1 zx+z+1
Céchl:DoXyz=1,nént6ntaicécséduongx,y,zdéX:E;y:E;z:B
n p m
Khi do6 ta co
1 1 1 1 1 1
1+ + +1+ + +1: i
yTxE yery e T R
p 1 m D n m
B np N pm N mn 1

B mn+np+pm mn-+np+pm mn-+np+pm
Cach 2: Do xyz =1, nén ta dugc

1 N 1 N 1 _ XyZ N 1 N y
xy+x+1 yz+y+1 zx+z+1 xy+x+xyz yz+y+1 xyz+yz+y
Yz 1y

= —+ =
vz+y+1 yz+y+1 yz+y+1
1 (e
Suyra P < 5 . Vay bat dang thirc dugc chiing minh xong.

1

Ding thirc xdy rakhivachikhi x =y =z=1lhaya=b==;c=2.

Vi du 6.13: Cho a, b, ¢ 12 cac s6 thuc duong thoéa man ab + bc + ca = 2abc. Ching minh rang:

1 1 1 1
- + ;2=
2

a(2a-1) b(2b-1) c(2c-1)
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A gt x . : . 3 .z . .z
Phan tich: Dé dang du doan dugc dang thirc xay ratai a =b =c¢ = 5 . Gia thiét cua bai toan duoc viét

1 1 . . L xe 1 1 1. ..
lai thanh — + — 4+ — = 2, khi d6 dé don gian hoa gia thiét ta ¢6 thé doi bién x = —; y = —; z = —, khi
a b c a b ¢
nay gia thiét méi la x+y+z=2 voi 0<x,y,z<2. Cang tir ciach dit trén ta suy ra dugc
1 1 1 N A 4 o
a=—; b=—; c=—, thay vao bat dang thirc can chirng minh thi duoc
X y zZ
3 3 3
1
. ; + : ; t - ;25
(2-x) (-y) (2-2) °

Pén day ta co thé chimg minh bat dang thirc bang cach thém bét hodc sir dung bat dang thirc
Bunhiacopxki dang phan thuc.

Loi giai
N 1 1 1
Tu gia thiet ab +bc +ca =2abc suyra —+ —+— = 2,
a b c
1 1 1
batx=—; y=—; z=—,khidotaco x+y+z=2.
a b c
£ a2 , N IET X’ y3 7’ 1
Bat dang thue dugce viét lai 1a 5t o+ 5 > —
(2-x) (2-¥) (2-7) Z
3 3 3
X y zZ 1
Hay + + 25

(v + z)2 (z+ x)2 (x+ y)2
Ap dung bét dang thirc Cauchy ta duoc

3
X +7z +7z _ 3x
Gz YT,

(y+s) & 8 4

3
z7+x z+x _ 3
NA— + > 2

(z4xf 8 8 4
z’ +X+y+x+y>%
(X+y)2 8 8§ 4
Cong theo vé cac bat dang thirc trén ta dugc
x” N v’ N z’ +X+y+z>3(X+Y"‘Z)
(v+2) (z+x) (x+y) 2 2
3 3 3
H X y z 2X+y+z:l
i (or) (ex) (eey) 4 2

Vay bét ding thire duoc ching minh. Pang thic xdy rakhivachikhia=b =c =

Do |

Nhén xét: Ngodi cach sir dung bat dang thirc Cauchy thi ta ciing c6 thé dp dung bdt ding thirc
Bunhiacopxki dang phan thuc
| Vi du 6.14: Cho a, b, ¢ 1a cac s6 thyc duong thoa mén ab + be + ca = 3abc.
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2 2 2
. a b c
Chung minh rang: 5 St — ST 5 2
ca”+2c” ab”+2a” bc +2b
Loi giai
N 1 1 1
Tu gia thiet ab + bc + ca = 3abc ta dugc _+E+_ =3.
a ¢
5 1 1 1 s
batx=—; y=—; z=—.Khidétaduoc x+y+2z=3.
a b c
C . x° v 7’
Bat dang thuc can chirng minh tré thanh + + >1

x+2y° y+272 z+2x°
Ap dung bét dang thirc Cauchy ta duoc

X’ x° 4 2xy” — 2xy° 2xy’ 2xy’ 23/x%y?
X +2y° B X—if?y2 : :X_ﬁg-i—fzx_g?)jy‘i T 3y
Ap dung tuong tu ta dugc
¥ Zy_22y2Z2. . ZZ_QM
y + 27° 3 7 z+2x 3

Cong theo vé cac bat dang thirc trén ta duoc
2 2 2

X y z 2(s[ 52  3[ 22 %/2 2
+ + 2| |xX+y+z ——( Xy +RlyzT +Nz°x
X+2y° y+27 z2+4+2x° ( ) 3\/ \/

Mat khac theo bat dang thirc Cauchy ta lai c¢6

32 2 SXy+Xy+1:2xy+1

3 3
3y2Z2£yz+yz+1:2yz+1
3 3
3/Z2X2SZX+ZX+1:22X+1
3 3
T 55 333 2(Xy+yz+zx) 2(X+y+z)2
Suy ra %/X}f +§/yz +\/ZX < 3 +1< 5 +1=3
2 2 2
2.3
Do d6 ta duoc X St Y S+ z 223——=1.
X+2y" y+2z z+2x 3
Vay bét ding thirc duoc ching minh. Pang thirc xdy rakhi vachikhi a=b=c =1.

. 1 1 1 .
Vidu 6.15: Cho a, b, ¢, d 1a cac so thuc duong théa man —= + —= + —= = 2. Chlirng minh rang:
NN N

1 1 1

+ + <1
\/a+3b \/b+3c \/C+3a

Phan tich: Trudc hét ta don gian hoa gia thiét bang cach dit x = \/g; y = \/E; 7 = \/g, khi nay gia

thiét dugc viét lai thanh — + — 4+ — = 2 va bat dang thtrc can chirng minh trd thanh
X y z

1 1 1
+ + <1

\/X2 + 3y’ \/y2 + 32 \/z2 + 3y’
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. .1 1 1 . (s .
Chay dén gia thiet — + — + — = 2 ta viét lai bat dang thirc can chirng minh Ia
X y z

1 1 1 1(1 1 1}
+ + <Z| =+ =+=
\/X2 + 3y’ \/y2 +37° \/22 + 3y’ 2\x ¥y 2

Dé y theo bat dang thirc Cauchy ta c6 x* + 3y2 =x"+ y2 +y 4yt > 4\4/}(2}76 , nhu vay ta dugc

11 (1 1+2J:1(1 3]
\/X2+3y2 2\/4/X2y6 / \/> x y y) 8lx vy

Dén day ap dung tuong tu ta duoc

Loi gidi
< as 1 1 1
DatX=\/g;yzx/g;z:\/Z.Khldotadu’(_rc——i-—+—=2

X yV z

Bét dédng thirc can ching minh tré thanh
1 N 1 N 1
\/X2 + 3y’ \/y2 + 32> \/z2 + 3y
Ap dung bét dang thirc Cauchy ta duoc

X +3y’ =xP+y +y +y > 4Yx%y°
Ap dung mét bat dang thic Cauchy khac ta dugc
1

1 <l 1 N 1
X+3y ,[ 1, 224 4_4 \4/22 %/}’74
1 2 1{1 3
— _ — | == — 4+ —
X y y 8\x vy

<1

0 |

, 1 1(1 3) 1(1 3j
Tuwongtutacd ———=<—|—+—1|; = =
Vy* +32° 8\y =z 7’ +3y 8 X
Cong theo vé cac bat dang thirc trén ta co
1 1 1 11 1 1
+ + < |2+ 420=1
\/XQ 4 3y? \/}’2 + 3,2 \/Z2 4 3y” 20x vy =z
9

Vay bat dang thirc duge chimg minh. Dang thirc xdy rakhi vachikhi a =b =c = 1

Nhén xét: Ta cé thé sir dung bdt dang thirc Bunhiacopxki dé chirng minh bat dang thirc

1 1(1 3}
_ < —| — 4+ —
Jt+3y7 8\ v
Ap dung bat dang thirc Bunhiacopxki ta dwoc
4(1:2 +3y2):(1+1+1+1)(1‘ ey +y ) (a:+3y)
Do do ta dwoc

1 2 L2 2 <1[1+§j
\/x2+3y2 \/2(x2+3y2)_\/(:1:+3y)2 v+3y 8Lz y

Vi du 6.17: Cho a, b, ¢ 1a cac s6 thyc dwong. Chimg minh ring:
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T

+ + <
c+2\/£ a+2\/g b+ 2+4/ca

\/%_: ! ,do d6 tadat x = a b c
c+2vab L+2
Jab

Phan tich: Béy la

Loi giai
V¢ trai bat dang thurc can ching minh duogc viét lai thanh

Jab Jbe Jea 1 1 1

= + +

+ + =
c+2VJab a+2vVbc b+24ca € 19 b +9 & .9

Vab  Nea  Wbe

Pit x = ——: b= b g = suy ra xyz =1
. \bc ’ \ca ’ \ab 1
R S YPITA 1 1 1
Biéu thirc P dugc viét lai thanh + + <1

X+2 y+2 z+2 B

That vay, bat ding thirc cdn chirng minh twong duong véi
(x+2)(y+2)+(y+2)(z+2)+(z+2)(x+2) < (X+2)(y+2)(z+2)

Trién khai va thu gon ta dugc Xy + yz + xz > 3
Danh gia cudi cing dung theo bét dang thirc Cauchy va xyz =1.
Do d6 bét dang thire trén dugc chirng minh. Ping thirc xdy rakhi vachikhi a=b =c.
Nhﬁn xét: T a co thé chL%ng minh bai toan trén theo cach khac nhuw sau
Biéu thirc veé trai dwoc viét lai la

1 2\/%4_2()0_'_20@ _1(3_ c N a N b J
2 c+2\/£ a+2\/% b+24ca 2 c+2\/£ a+2\/£ b+ 2ca

Dat M ¢ + a + b
a =
c+24ab  a+2Ubc  b+2Vca

Ap dung bat dang thire Cauchy ta ¢é
2\ ab < a +0b; 2\/%Sb+c; 2Vca <c+a

Do do ta co
c a b c a b
M = + + > + + =1
c+2Jab a.,.g\/; b+2Jca a+b+c a+b+c a+b+c
Jab Joe Jea
Suy ra <1

+ - <
c+2\/£ a+2\/b_c b+ 2vca

Do d6 bdt dang thike trén dwgc chirng minh. Dang thire xdy ra khi va chikhi a =b = c.

Vi du 6.18: Cho a, b, ¢ 1a cac s6 thuc duong khong 4m théoa man a + b + ¢ = 3. Chting minh ring:

ava +b\/g+6\/z—\/abc 33\/5
Loi giai

DafltX:\/;; yzx/g; z=\/;.Tf1giéthiéttaduqc X2+y2+z2 =3.

Khi nay bt ding thirc tror thanh P = x° + v° +2° — xyz < 343
Khoéng mat tinh tong quét ta gia sit x >y > z. Khi d6 ta co

7 <xy; X +y ' =3-72"<3
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Do do taco X3+y3+Z(Z2—><}’)§3><3"‘Y3
Mit khac theo bat dang thirc Cauchy ta c6
3
x’ +7° g X+y2 X —xy+y )(x* —xy +y’) < M <27
3

Suy ra x* + y* < 3v3 nén ta duoc P < 3v/3 . Déng thirc xéy ra khi va chi khi
X = \/g; y =2z =0vacachoanvi < a =3; b=c =0 vacac hoan vi
Bét dang thirc duoc chimg minh.
DPang thirc x4y ra khi va chikhi a = 3; b = ¢ = 0 va cc hoan vi.
Nhén xét: Qua cdc vi du trén ta nhdn thdy, doi bién cé mot vai tro to 1om trong chitng minh bat dang
thire, doi bién co thé lam mot bat dang thure tro nén don gian, doi bién co thé dwa mot bat dang thurc hoan

vi vé bat dang thirc doi xirng. Chiing ta cung tham khdo thém mét s6 vi du khdc sau ddy dé thay dwoc su
doc dao cua ky thudt doi biéen

Vi du 6.19: Cho a, b, ¢ 14 cac s6 thyc duong tiy y. Chimg minh rang:

i/a+#b+#c>2
b+c c+a a+b

Loi gidi
Pita=x"b=y" c=2",dodo x, y, z > 0.Khi d6 bit dang thirc cin chimg minh tr thanh

3 3 3
X v/
A s 3+i/3y3+33 7 > 2
vy +z zZ°+ X X" +y
X

3 2
I4 . A < 7 X
Trude hét ta chung minh bat dang thuc sau i/ > \/
3, .3 2, 2
vy 4z y +2z

That vay, bat dang thirc trén twong duong véi

BN R R

y +2z y +2z

Danh gia cudi cung ding theo bat dang thirc Cauchy.
Ap dung tuong tu ta dugc

e v 3 i 32 22
R | s T 5 2,2 T > T 2
vy +z z° + X X" +y y +z 7z +X X +y

2 2 2
. _ X zZ
Ta can chung minh + \/ 4 + > 2
2 2 2 2 2 2
vy +z z +X X +y

Ap dung bét dang thirc Cauchy ta duoc

\/ 2 \/ 2 \/ 2 " 72

< |y |z _

2 2 2 2 2 2

y +z z +X X +y \/ y+z \/y 7' +x \/(X+y)
2

27°
> + =

X +y +7° X+y+z X +y +7°
Viy bat dang thirc ban dau dugc chirng minh.

| Vi du 6.20: Cho a, b, ¢ 13 cic s6 thyc duong thoa man abc = 1. Chiing minh rang:
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@,1+%M;_1+g[;_yfggl

Loi giai

. X
Do abc=1néntacoéthédata =—; b =

y
Bat dang thuce can ching minh dugc viét lai 1a

y y)\ 2z z )\ X X
XyZZ(X+y—z)(y+z—x)(z+x—y)

Do X, y, z ¢4 vai trd nhu nhau, khéng mét tinh tong quat ta gia st x >y >z > 0
Nhu vay x+y—2z > 0; x+2z—y > 0. Nhu vay ta xét cac truong hop

-Néu y 4z —x < 0 thi bat dang thic trén hién nhién ding.
-Néu y +z—x > 0, 4p dung bat dang thirc Cauchy cho hai s6 duong ta co

Jomyva)(y-z+x) <5 [y -m+x)(s-x+¥) <3 Jr-x +y)(x-y +7) <2

Nhan theo vé cac bat dang thirc trén ta dugc didu phai chig minh.

X; Cc = — Vv0iX,Yy, zla céac so thyc duong.
zZ X

Hay

Vi du 6.21: Cho a, b, ¢ 14 cac s6 thyc duong thoa man abc = a + b + ¢ + 2. Chimg minh rang;

Va+ b e < 2 abe

Loi giai
Bién doi gia thiét abc = a + b+ c+2 ta duogc

(a+1)(b+1)(c+1)=(a+1)(b+1)+(b+1)(c+1)+(c+1)(a+1)

1 1 1
+

+ =1
a+1l b+1 c+a
1
bat x = 3y = ;7= suyrax+y+z=1
) a+17y b+1’ c+a Y Y

-X + 7z 1- Z+X 1-z x+
Tl‘Itrénsuyraa:—:y ;b:—y: i c= Y

X X y y v/ Z
Va bat dang thuc duogc viét lai thanh

Jy;z+Jz+x+Jx:y<§J@+yﬂy+6@+x)

XyZ
X y y v/ Z X 3
Hay . + . + . < —
vy+z z+X Z+X X+Yy X+y y+z 2
Ap dung bét dang thirc Cauchy ta duoc

Cong theo vé ba bét dang thirc trén ta thu duoc diéu phai chimg minh

Vi du 6.22: Cho a, b, ¢ 13 cic s6 thuc duong thoa man ab + bc + ca + 2abc = 1. Ching minh ring;
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1 1 1
—+—+—24@+b+@
a b ¢
Loi giai
© e A 1 1 1 1
Tu gia thict suyra —+ —+—+2 = —
a b c abc
< Yy Z s
bit a = ;b= ;C= ,VOiX,y,z>0; x+y+z=1.
y+z Z+X X+y
Khi d6 bat dang thirc can chig minh trd thanh
+ + +
y+z zZ+X Xty X ¥y
X y zZ y+z z+X X+Y

Ap dung bét dang thirc Cauchy ta duoc
X, X 4X;X+X2 4y;5+32 47,
y z y+z X Z Z+X X Yy X+Yy
Cong theo vé ba bét dang thirc trén ta dugc
y+z+z+X+x+yZ4£ X y zZ j

+ +
X y v/ y+z z+X X+Yy

Bat dang thirc dugce chirng minh. Pang thirc xay rakhivachikhi a=b =c¢ = 2

Vidu 6.23: Cho a, b, ¢, d 1a cac s6 thuc duong. Chiing minh réng:

froi e e e
+ + + > 2
b+c+d c+d+a d+a+b a+b+c

Loi gidi
Khong mat tinh tong quat ta ¢6 thé chon a+b+c+d =1
Khi d6 bat dang thuc can chirng minh tuong duong voi

i JC =
+ + + > 2
1-a 1-b 1-c 1-c

Ap dung bt dang thic Cauchy cho hai sé duong ta co

4’ 2 = 2a
\/1 ala

1 a+a)

Hoan toan tuong tu ta ¢ , / > 2b; | / \ /

Cong vé theo vé bdn bit ding thuc ta dugc:

i Jb JC Jd
+ + + 2
1-a 1-b 1-c 1-c

. C . b d
O day dau dang thirc khong xay ra nén \/ a +\/ +\/ ¢ +\/ > 2
1-a 1-b 1-c 1-c

Bit dang thirc dugc chimg minh hoan toan.

Khi dua 101 giai trén cho bai toan trén, chic hin ban doc s& thic mic 14 tai sao lai c6 thé chon dugc
a+b+c+d=1vanéuchon a+b+c+d =k batkithibai toan co giai duoc khong? Va ngoai cach
chon diéu kién nhu trén c6 thé chon theo cach khac (ching han nhu abed = 1) duoc khong? Céu tré 1oi
14 hoan toan duoc, thuc chét viée chon nay bat nguén tir viéc dbi bién. Sau day la cach ddi bién dan dén
két qua a +b+c+d =1. Ta thyc hién bién d6i mot hang tir bén vé trai nhu sau:




Giasutienbo.com - Trung tim Gia sw Tién B - 0973361591

a a

/ a _ |la+b+c+d _ a+b+c+d
b+c+d b+c+d b N C N d
a+b+c+d a+b+c+d a+b+c+d a+b+c+d
T6i day ta d6i bién nhu sau:
a b C d
X=—"T"""",yV= ;2= ; =
a+b+c+d a+b+c+d a+b+c+d a+b+c+d

) a X \
Thay vao biéu thirc trén ta dugc: \/ = vax+y+z+t=1
b+c+d v+z+t

Ap dung cho vé trai cua bat dang thirc can chimg minh ta duoc

X \/ y v/ t
+ + + > 2
yt+tz+t z+t+x t+x+y X+y+z

Vax+y+z+t=1

Nhu vay sau phép doi bién ta c6 mot bat dang thirc mdi co hinh thirc hoan toan gidong nhu bat

dang thic can ching minh va dugc bo sung thém diéu kién gia thiét cho cac bién 1a x + y+z+t=1.

Vidu 6.24: Cho a, b, ¢ 1a cac s6 thuc duong tity ¥ Ching minh rang
(a+b+c)(ab+bc+ca) < %(a+b)(b+c)(c+a)

Loi giai
~ Pay la mot bat dang thire don gian dugc chimg minh bang phép bién doi twong duong két hop voi
bat dang thic Cauchy. Ta thir chimg minh bang phuong phap doi bién xem sao
Bat dang thuc tuong duong véi

8(a+b+c)(ab+bc+ca) < 9<a+b)(b+c)(c+a)
Chia ca hai vé cho (abc)3 ta duoc

8(a+43+c)@ﬂy+bc+ca)S;9G1+b)03+c)0:+a)

abc abc
b ab bc ca
+ +

g 2 c
= (i‘/abc i {abe ’ %/abcj %/(abc)2 %/(abc)2 %/(abc)2

R Crrtrd et Erraeerd

b ¢
Yy = ;2= ——==>xyz=1
3/ abc 3/ abc Jabe
Thay vao bat dang thtrc trén ta duoc
8(X+y+z)(xy+yz +ZX) < 9(X+y)(y+z)(z+x)
Nhu véy sau phep d6i biér} ta c6 mot bat c‘iéng thirc mai c6 hinh thirc hoan toan gidng nhu bat déng
thirc can chung minh va dugc bo sung thém diéu kién cho bién 1a xyz = 1. Bay gio ta chirng minh bat

bat x =

dang thuc trén véi didu kién cta bién 1a xyz = 1.That vay:
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8(X+y+z)(xy+yz+zx) < 9(X+y)(y+z)(z+x)
& 8(3 +Xy +yz+ 2 x +xy’ + vz +ZX2) < 9(2 +Xy+yz+zx+xy +yz +ZX2)
S 6<Xy+yz+2x+xy +yzt +27x° <6 <X E Yy, L2
y 7z X Z X Y
Dé théy ré‘gng theo bat ddng thirc Cauchy thi bat dang thic cudi cung ludn ding.
Vay bat dang thirc dugc chiing minh hoan toan.

Vi du 6.25: Cho a, b, ¢ 14 cac sb thuc duong tiy y. Chirng minh rang:
a(b+c) b(c+a) c(a+b)
2 + 2 + 2
(b+c) +a’ (c+a) +b? (a+b) + ¢

<6
5

’ 7 7 Loi giai
Khong mat tinh tong quat ta ¢6 thé chon a+b+c =1
all—a b(l1-b c(l—c
=) | o0-b) | cli-0) o
o 1-2a+2a~ 1-2b+2b° 1-2c+2c 5
Theo bat dang thirc Cauchy ta co

Za(l_a)g(2a+1—aj _ (a+1)
2 4
2
Suy ra 1-2a+2a’ :1_2a(1_a)21_(a-;1) =(1_a)4(a+3) >0

Do d6 ta duoc

s (1435)1(;)3) 111

Hoan toan tuong tu ta dugc

a(l-a) b(1-b) c(1-c)

- ;T ;T 241—3+1—3+1—3
1-2a+2a 1-2b+2b 1-2c+2c a+3 b+3 c+3

<afz-— 39 |0
a+b+c+9 5

Vay bai toan dugc chlig minh xong. Dau ding thirc xay ra khi va chikhi a=b =c

IN

Vi du 6.26: Cho céc sb duong a, b, ¢ théa man abc = 1. Chimg minh rang:

1 1 1 3
+ + > —
a2(b+c) bz(c—i-a) cz(a+b) 2
Loi giai
. 1 1 1. ...,
bat x = —; y = —; z = — khi d¢ ta thu duoc xyz =1.
a b c
. 1 x> x’yz X
Taco 5 =1 1= =
a(b+c) 1.1 vy+z y+z
y 7z

Bit déng thac can ching minh dugc viét lai thanh
S 2§¢3 S ) A | 29
y+z z+x X4y 2 y+z zZ+X X+y 2
1 1
+
y+z z+X X+Yy

<:>(X+y+z)( Zg
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banh gia guéi cung ding theo bat ding thire Cauchy
Vay bat dang thirc dugc chirng minh. Pang thitc xay rakhivachikhia=b=c=1

Vidu 6.27: Cho a, b, ¢ 1a d0 dai ba canh ciia mdt tam gidc. Chirng minh réng:
3 3 3
2a+2b—c 2b+2c—a 2c+2a—Db
( ) +( ) +( ) 22(a2+b2+02)
a+b+4c b+c+4a c+a+4b 2

Loi giai
bit x =2a+2b—-c; y=2b+2c—a;z=2c+2a—-b
Via, b, ¢ 1a d6 dai ba canh cia mot tam giac nén x;y;z 1a cac sé duong.

Bit dang thtrc can chimg minh duoc viét lai thanh

3 3 3 2, 2 2
X X X +y +2z
+ >X 1Y
vy+z z+X X4y 2
Ap dung bét dang thirc Cauchy ta co
<3 x(y+z) ) y3 y(z+x) ) 73 Z(X+y) )
+ =X + 2y + 27
y+z 4 y+z 4 X+y 4
Cong theo vé cac bat dang thirc trén ta duoc
3 3 3
X X Xy +yz + zx
+ Y >x+y' +7°
vy+z z+X X4y 2
3 3 3
X X Xy +yz + zx
& + > 2 pyd gl o Y TYETER
y+z z+xX X+Yy 2
Ap dung bét déng thic x* +y° +2° > Xy + yz + zx ta dugc
3 3 3 2, 2 2
X X X +y +z
+ Y >X 1Y
y+z zZ+XxX X+Yy 2

Vay bét dang thirc dugc chimg minh. Dang thirc x4y ra khi va chikhi a=b =c.




